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Preface

Observed confidence levels provide an approach to solving multiple testing
problems without the need for specifying a sequence of null and alternative
hypotheses or adjusting the experimentwise error rate. The method is mo-
tivated by the problem of regions, where the practitioner is attempting to
determine which of a set of subsets of a parameter space a parameter belongs
to on the basis of observed data generated by the probability model of interest.
Observed confidence levels measure the amount of confidence there is that the
parameter is within each of the regions of interest. In application, the use of
observed confidence levels is similar to the use of posterior probabilities from
the Bayesian framework, but the method lies within the frequentist framework
and does not require the specification of prior probabilities.

This book describes the basic development, theory, and application of observed
confidence levels for a variety of common problems in statistical inference. The
core of the theoretical development is contained in Chapters 2—4 where the
theory and application of observed confidence levels are developed for general
scalar parameters, vector parameters, and linear models. Chapter 5 consid-
ers nonparametric problems that are often associated with smoothing meth-
ods: nonparametric density estimation and regression. Further applications
are briefly described in Chapter 6, including applications in generalized linear
models, classical nonparametric statistics, multivariate analysis, and survival
analysis. Some comparisons of the method of observed confidence levels to
methods such as hypothesis testing, multiple comparisons, and Bayesian pos-
terior probabilities are presented in Chapter 7. Asymptotic expansion theory
lies at the heart of the theoretical development in this book. The Appendix
provides some background into this theory.

The focus of the book is the modern nonparametric setting where many of
the calculations are based on bootstrap estimates, usually within the smooth
function model popularized in this setting by Peter Hall. It is this framework
that allows for relatively simple solutions to many interesting problems, and
also allows for substantial theoretical development. The use of observed con-
fidence levels is certainly not constrained to these types of applications. Some
examples in the book, therefore, demonstrate the use of observed confidence
levels in classic parametric applications. Results from classical nonparametric
statistics are also briefly discussed in Chapter 6, with obvious extensions to
other problems in that area.

xiii
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xiv PREFACE

There are a myriad of techniques that have been developed to handle the
multiple testing problem, a problem that has generated polarizing views and
substantial controversy. While controversy often breeds radical new ideas and
solutions, it can also overshadow fundamental ideas, especially for newly pro-
posed methods. In this atmosphere it is often majority rule, and not the merits
of new methods that decide their fate. Therefore, this book does not intend to
make the case that observed confidence levels are necessarily superior to these
methods, or that observed confidence levels offer the practicing statistician a
tool that will always solve every problem without fail. It is my opinion that
observed confidence levels do provide a new and simple method for solving
many problems. I have talked with many practitioners of statistics who have
expressed interest and delight at the possibilities that these methods hold.
Therefore, I am willing to let the examples presented in this book stand on
their own and let the readers decide for themselves what their final opinion is
of these methods.

This book could serve as the basis for a graduate course in statistics that
emphasizes both theory and applications. Exercises have been included at the
end of the chapters and the appendix. The most reasonable approach to using
this book in a course would be to cover the chapters in sequential order, as
written. Chapter 6 could certainly be optional as the theoretical development
in that chapter is very light. Nonetheless, applied exercises have been included
at the end of this chapter if one wishes to cover it.

I have endeavored to include as many real data sets as possible in the book.
Many of these will be familiar to some practitioners, and will hopefully provide
a novel way of looking at some standard problems. In some cases I have used
references to suggest a type of problem, but have simulated new data when the
original data had some unrelated problems such as very small sample sizes or
obvious outlying values. In these cases I have attempted to retain the flavor of
the original application with the simulated data. Nearly all of the data used in
the exercises are simulated, but are based on ideas from real applications. This
allowed me to easily control the flow and character of the problems. Again, I
have attempted to retain a flavor of the original applications. Though several
people from other disciplines helped me craft many of these problems, any
obvious errors in magnitudes of effects, units or applications are entirely my
own.

The applied problems in the book are solved using this R statistical computing
environment. This software is one of the few statistical software packages that
is flexible enough to allow for simple application of bootstrap problems. The
fact that R is freely available for download to everyone, including students,
only convinces me further that this package is the wave of the future, and is
certainly used by many practitioners and researchers today. To aid researchers
and students in applying this software package to the problems presented in
the book, most of the chapters include a section that demonstrates how many
of the examples were solved using R. I am not an expert in this language, and
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PREFACE XV

there are certainly more efficient methods for solving some of the problems
that are presented in this book. However, the included code should provide
novice and intermediate users a starting point for solving their own problems.

Many of the data sets and R code used in the book are available on my
professional website. At the time of publication this address is

http://www.math.niu.edu/ polansky/oclbook

This website also includes errata for the book, links to relevant references, and
news about current applications of observed confidence levels in the literature.

I was introduced to the problem of regions by Michael Newton during a visit
to the University of Wisconsin. In my subsequent research there were many
who provided invaluable assistance. Among these are Brad Efron, Rob Tib-
shirani, and Peter Hall who always responded quickly and thoughtfully to my
emailed questions about their research. Brad Efron also provided me with the
data from the cholesterol study used in the regression chapter. I would also
like to thank Dr. Stephen Rappaport and Dr. Peter Egeghy for making the
naphthalene data used in the multiple parameter chapter available for analysis
in the example. Support for collection of the naphthalene data was provided
by a grant from the U.S. Air Force and by NIEHS through Training Grant
T32ES07018 and Project Grant P42ES05948. Many other colleagues have con-
tributed, either directly or indirectly, to the writing of this book. They include
Sanjib Basu, Nader Ebrahimi, Mike Ernst, Dick Gunst, Bala Hosmane, Rama
Lingham, Jeff Reynolds, and Bill Schucany. My Ph.D. student Cathy Poliak
provided special assistance to this project by developing most of the results in
Chapter 4 as part of her dissertation. Special thanks are due to Tom O’Gorman
who provided valuable insights into the research project and also provided
valuable advice on writing and publishing this book. Chiyo Kazuki Bryhan
also provided special assistance by translating an article that was written in
Japanese. The local Tex and Mac guru in the Department of Mathematical
Sciences at Northern Illinois University, Eric Behr, provided extensive help
and advice that helped keep my G5 and MacBook running smoothly through-
out this project. This book would not have been possible without the help and
support of the people from Taylor and Francis who worked on the manuscript,
including Karen Simon, Katy Smith and Samantha White. I especially wish
to thank my editor Bob Stern whose belief in this project made it possible for
this book to become a reality. Of course there is always family, so I wish to
thank Mom, Dad, Gary, Dale, Karin, Mike, Jackie, Frank, and their families
for always being there. Special thanks are also afforded to my wife Catherine
Check, who not only provided the emotional support required to complete
this project, but also read large parts of the manuscript and provided consul-
tation for the examples within her areas of interest which include chemistry,
physics, geology, ecology, and astronomy. Catherine also had infinite patience
with my work schedule as the final copy of the manuscript was prepared. My
son Alton, who was born midway through this project, also provided valuable
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emotional support by just being there when I needed him. Each evening as [
fed him and put him to bed he always provided me with a smile or a laugh
that made it easy to keep working.

Alan M. Polansky
Creston, IL, USA
May 2007
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CHAPTER 1

Introduction

1.1 Introduction

Observed confidence levels provide useful information about the relative truth
of hypotheses in multiple testing problems. In place of the repeated tests of
hypothesis usually associated with multiple comparison techniques, observed
confidence levels provide a level of confidence for each of the hypotheses. This
level of confidence measures the amount of confidence there is, based on the
observed data, that each of the hypotheses are true. This results in a rel-
atively simple method for assessing the truth of a sequence of hypotheses.
This chapter will introduce the basic concepts of observed confidence levels.
Section 1.2 focuses on a problem in statistical inference which provides the ba-
sic framework for the development of observed confidence levels. The section
also introduces the basic definition of observed confidence levels. Section 1.3
presents several applied examples and poses questions where observed confi-
dence levels can provide useful answers. These examples serve as a preview for
the types of problems that will be discussed throughout the book. Section 1.4
provides a preview of the material that is covered in the remaining chapters.

1.2 The Problem of Regions

The development of observed confidence levels begins by constructing a for-
mal framework for the problem. This framework is based on the problem of
regions, which was first formally proposed by Efron and Tibshirani (1998).
An expanded version of the paper is provided in the technical report by Efron
and Tibshirani (1996), and is available for download from Rob Tibshirani’s
website. The problem is constructed as follows.

Let X be a d-dimensional random vector following a d-dimensional distribution
function F'. We will assume that F' is a member of a collection, or family, of
distributions given by F. The collection F may correspond to a parametric
family such as the collection of all d-variate normal distributions, or may be
nonparametric, such as the collection of all continuous distributions with finite
mean. Let @ be the parameter of interest and assume that 6 is a functional
parameter of F. That is, define a function 7' : ¥ — RP such that 8 = T'(F).

1
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2 INTRODUCTION
The parameter space for @ under the collection F is then defined as
0={0:0=T(F),F € J}.

Note that this definition depends on the collection F. Therefore a single pa-
rameter, such as a mean, may have different parameter spaces depending on
the collection F that is being used. For example, suppose that 6 is the mean
parameter defined by

0= /thF(t). (1.1)

If F is the collection of all continuous univariate distributions with finite mean,
then ©® = R, whereas if F is the collection of univariate gamma distributions
then © = RT = (0, 00).

For a given parameter space O, let {0,}52, be a countable sequence of subsets,
or regions, of © such that

0; =0.

o

i=1

For simplicity each region will usually be assumed to be connected, though
many of the methods presented in this book can be applied to the case where
©; is made up of disjoint regions as well. Further, in many of the practical
examples in this book the sequence will be finite, but there are practical
examples that require countable sequences. There will also be examples where
the sequence {©;}52; forms a partition of © in the sense that ©; N ©; = 0
for all 4 # j. In the general case, the possibility that the regions can overlap
will be allowed. In many practical problems the subsets technically overlap
on their boundaries, but the sequence can often be thought of as a partition
from a practical viewpoint.

The statistical interest in such a sequence of regions arises from the structure of
a specific inferential problem. Typically the regions correspond to competing
models for the distribution of the random vector X and one is interested
in determining which of the models is most reasonable based on the observed
data vector X. Therefore the problem of regions is concerned with determining
which of the regions in the sequence {©;}2, that 8 belongs to based on the
observed data X.

An obvious simple solution to this problem would be to estimate 8 based on X
and conclude that 0 is in the region ©; whenever the estimate 6 is in the region
©,. For most reasonable parameters and collections of distribution functions
a reasonable estimate of @ can be developed using the plug-in principle.

To apply the plug-in principle, suppose a reasonable estimate of F' can be
computed using the observed data vector X. That is, there is an estimate
F = V(X) for some function V : R? — F. The existence of such an estimate
certainly depends on the structure of the problem. As an example, suppose

© 2008 by Taylor & Francis Group, LLC



THE PROBLEM OF REGIONS 3
X' = (X1,Xs,...,X4) and consider the collection of distributions given by

d
Sup = {G(x) G(x) = [[F(x), F € sr} : (1.2)
i=1
where JF is taken to be the collection of all univariate distribution functions and
x' = (x1,...,2n). If G € Gup, then X1,..., X, is a sequence of independent
and identically distributed random variables following the distribution F'. In
this case a reasonable estimate of F' is given by the empirical distribution
function

d
Fy(t) =V(tX) =d "> 6(t[X;,00)), (1.3)
=1

for all ¢ € R where § is the indicator function defined by

1 teA,
5(t;A){0 té A

The empirical distribution function is a point-wise unbiased and consistent
estimator of F'. In addition the Glivenko-Cantelli Theorem implies that

sup | Fy(t) — F(8)] 0,
teR

as d — o0. See Section 2.1 of Serfling (1980) for further details on these
results. Many other collections of distributions allow for simple estimators of
F' as well. For example consider a parametric family

Fx = {F(x): F(x) = Fx(x),A € A},

where F is a parametric function of A and A is the parameter space of
A. Suppose X is an estimator of A based on the sample X using maximum
likelihood or method of moments estimation, for example. Then F' can be
estimated using F'(x) = Fy (x).

Assuming that a reasonable estimator of F' exists, a simple estimator of 8
can be computed as @ = T(F). Such an estimate is often known as a plug-in
estimate. See Putter and van Zwet (1996) for further theoretical details on
such estimates. For example, suppose G € Gyp with F' defined as in Equation
(1.2) and @ is the mean parameter of the univariate distribution F' defined
in Equation (1.1). Then a plug-in estimate of the mean parameter 6 can be
derived as

d
6= /thﬁd(t) =d! Z_;X (1.4)

where the integral is been taken to be a Lebesgue integral. In the case where

F € Fy, it is usually the case that 0 is a function of A, that is 8 = m(X) for
some function m : A — ©. In this case using the plug-in estimate 6 = T(F)
is equivalent to using @ = m(\).

The problem with simply concluding that 8 € ©; whenever 6 € O, is that 0 is

© 2008 by Taylor & Francis Group, LLC



4 INTRODUCTION

subject to sample variability, that is, 6 is itself a random variable. Therefore,
even though we may observe 8 € ©;, it may actually be true that 6 € ©; for
some ¢ # j where ©; N1 ©; =, and that 0 € ©, was observed simply due to
chance. If such an outcome were rare, then the method may be acceptable.
However, if such an outcome occurred relatively often, then the method would
not be useful. Therefore, it is clear that the inherent variability in 6 must be
accounted for in order to develop a useful solution to the problem of regions.

Multiple comparison techniques are based on solving the problem of regions
by using a sequence of hypothesis tests. Adjustments to the testing tech-
nique helps control the overall significance level of the sequence of tests.
Modern techniques have been developed by Stefansson, Kim and Hsu (1988)
and Finner and Strassburger (2002). Some general references that address is-
sues concerned with multiple comparison techniques include Hochberg and
Tamhane (1987), Miller (1981) and Westfall and Young (1993). A general dis-
cussioni of multiple comparison techniques can also be found in Section 7.3.
Some practitioners find the results of these procedures difficult to interpret as
the number of required tests can sometimes be quite large.

An alternate approach to multiple testing techniques was formally introduced
by Efron and Tibshirani (1998). This approach computes a measure of confi-
dence for each of the regions. This measure reflects the amount of confidence
there is that @ lies within the region based on the observed sample X. The
method used for computing the observed confidence levels studied in this book
is based on the methodology of Polansky (2003a,b).

Let C(a, w; X) C © be a 100a% confidence region for 8 based on the sample
X. That is, C(a,w;X) C O is a function of the sample X with the property
that
PO € C(a,w; X)] = a.

The value « is called the confidence level or confidence coefficient of the region.
The vector w € Q, C R? is called the shape parameter vector as it contains
a set of parameters that control the shape and orientation of the confidence
region, but do not have an effect on the confidence coefficient. Even though
Q. is usually a function of «, the subscript « will often be omitted to sim-
plify mathematical expressions. In later chapters the vector w will also be
dropped from the notation for a confidence region when it does not have a di-
rect role in the current development. Now suppose that there exist sequences
{a;}$2, €10,1] and {w;}$2; € Q, such that C(a;,w;; X) = O, fori=1,2,...,
conditional on X. Then the sequence of confidence coefficients are defined to
be the observed confidence levels for {©;}52,. In particular, ; is defined to
be the observed confidence level of the region ©;. That is, the region ©; cor-
responds to a 100a;% confidence region for € based on the observed data.
This measure is similar to the measure suggested by Efron and Gong (1983),
Felsenstein (1985) and Efron, Holloran, and Holmes (1996). It is also similar
in application to the methods of Efron and Tibshirani (1998), though the for-
mal definition of the measure differs slightly from the definition used above.

© 2008 by Taylor & Francis Group, LLC



THE PROBLEM OF REGIONS 5

See Efron and Tibshirani (1998) and Section 7.4 for further details on this
definition. Some example applications of observed confidence levels are given
in Section 1.3.

1.2.1 Normal Mean Example

To demonstrate this idea, consider a simple example where X4,...,X,, is a
set of independent and identically distributed random variables from a normal
distribution with mean 6 and variance o2. Let § and & be the usual sample
mean and variance computed on Xi,...,X,. A confidence interval for the
mean that is based on the assumption that the population is normal is based
on percentiles from the ¢-distribution and has the form

Cla,w; X) = (é — tn,l;l,wLn_l/QFLé — tn,l;l,wun_l/z&)7 (1.5)

where t,.¢ is the €™ percentile of a t-distribution with v degrees of freedom.
In order for the confidence interval in Equation (1.5) to have a confidence
level equal to 100a% we take w’ = (wr,,wy) to be the shape parameter vector
where

Qa = {w Wy —Wwp = QW € [07 1],LUU € [071]}a

for o € (0, 1). Note that selecting w € Q, not only insures that the confidence
level is 100a%, but also allows for several orientations and shapes of the
interval. For example, a symmetric two-tailed interval can be constructed by
selecting wy, = (1 — «)/2 and wy = (1 + «)/2. An upper one-tailed interval is
constructed by setting w;, = 0 and wy = «. A lower one-tailed interval uses
wr=1—«aand wy = 1.

Now consider the problem computing observed confidence levels for the normal
mean for a sequence of interval regions of the form ©; = [t;,t;+1] where
—00 < t; < tiy1 < oo fori € N. Setting ©; = C(«, w; X) where the confidence
interval used for this calculation is the one given in Equation (1.5) yields

0 —tn 11-0,n Y26=t 1.6
) L b

and
é — tn_l;l_wUnfl/Qc} = ti+1- (17)

Solving Equations (1.6) and (1.7) for wz, and wy yields

n'/2(f — ti)]

wrp=1-T, 1

Q»

and

wy=1-T,

)

nl/z(é — ti+1)
G

where T, 1 is the distribution function of a t-distribution with n — 1 degrees

© 2008 by Taylor & Francis Group, LLC



6 INTRODUCTION

of freedom. Because w € ), if and only if wy — wy = a it follows that the
observed confidence level for the region ©; is given by
Mﬂ@—mﬂ [mﬂ@—mﬂﬂ
- ~ | — Tn—l -~ |-
o

Tn —1
o

Further details on this example will be given in Section 2.2.1.

1.3 Some Example Applications
1.3.1 A Problem from Biostatistics

In most countries new drugs are required to pass through several levels of
clinical trials before they are approved for sale to the general public. In the
United States the governing body overseeing this process is the Food and Drug
Administration (FDA). In some cases treatments already exist for a particular
application and a drug company may wish to introduce a new treatment to
the market that contains the same active ingredients, but may be delivered
in a different form, or may be manufactured in a new way. In this case the
drug companies wish to show that the new treatment is bioequivalent to the
approved treatment. That is, the effect of the new treatment is the same as
the old treatment.

Efron and Tibshirani (1993) consider a bioequivalence study of three hormone
supplement medical patches. The first patch has already been approved by
the FDA. The second patch is manufactured at a new facility, and is designed
to have an identical effect on hormone levels as the approved patch. The
third patch is a placebo. The study consists of having eight patients wear the
patches in random order, each for a specified period of time. The blood level of
the hormone is measured after each patch is worn. Box-plots of the observed
hormone levels for the eight patients after wearing each of the three patches
is given in Figure 1.1. The data are given in Table 1.1.

Let A;, N;, and P; be the blood hormone levels in Patient i after wearing the
approved, new, and placebo patches, respectively. Of interest in the bioequiv-
alence problem is the parameter

_ E(N; - Ay)

0= E(A; - P)

It is assumed that the parameter 6 is the same for each patient so that 6
does not depend on i. According to Efron and Tibshirani (1993), the FDA
requirement for bioequivalence is that a 90% confidence interval for 6 lie in
the range [—0.2,0.2]. An alternative approach would consist of computing
observed confidence levels for ©, = (—o00,—0.2), O3 = [-0.2,0.2], and O3 =
(0.2, 00). Bioequivalence would then be accepted if the observed confidence
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Table 1.1 Data from the small bioequivalence study of Efron and Tibshirani (1993).
The observations are the blood level of a hormone after wearing each of the patches.

Subject Placebo (P;) Approved (4;) New (N;)

1 9243 17649 16449
2 9671 12013 14614
3 11792 19979 172174
4 13357 21816 23798
) 9055 13850 12560
6 6290 9806 10157
7 12412 17208 16570
8 18806 29044 26325

level for ©5 exceeds 0.90. A plug-in estimator of 6 is

é _ Z;L:l(Ni - Ai)
Z?:1(Ai - Pi) 7

where n is the number of patients in the study. For the data given in Table
1.1, 6 = —0.071 € ©,. How much confidence is there, based on the observed
data, that € is really in ©5? Using the methods developed in Chapter 2 for
single parameter problems such as this, it is shown that a good estimate of
this confidence level is given by 0.8611, or that there is approximately 86.11%
confidence that the patches are bioequivalent.

1.8.2 A Problem from Statistical Quality Control

The application of statistics in industrial manufacturing processes is generally
concerned with two major features of the process. The first is to be able to
establish that the manufacturing process is stable and produces items in a
consistent way. Once this stability is established, the second concern is the
quality of the manufactured items. In particular, a manufacturing process
is said to be capable is the process consistently produces items within the
specifications set by the engineers.

Consider a simple situation where the items produced by a manufacturing
process have a single measurement associated with them that insures the
quality of the product. We will denote this measurement, known as a quality
characteristic, as X. Suppose that design engineers have studied the product
and have concluded that the quality of the product is acceptable if L < X < U,
where L and U are constants known as the lower and upper specification
limits of the quality characteristic, respectively. To assess the capability of
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Figure 1.1 Boz-plots of the observed hormone levels for the eight patients after wear-
ing each of the three patches in the bioequivalence study. The data originates from
Efron and Tibshirani (1993).
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the process that manufactures these items, Kane (1986) suggested a process
capability index of the form

30 ' 3o

where y = F(X) and 02 = V(X). This index has been developed so that
larger values of the index indicate manufacturing processes that have a greater
capability of producing items within specifications. Many other indices have
been developed. See Polansky and Kirmani (2003) and Kotz and Johnson
(1993) for a detailed discussion of this problem. It is usually the case that
the parameters p and ¢ are unknown. In this case one can observe n items
from the manufacturing process to obtain information about p and o. Let
X1,..., X, denote the resulting measurements from a set of observed items
and let 4 and & be the usual sample mean and sample standard deviation
computed on these measurements. An estimate of the Cy process capability
index can then be computed as

épkmin{Uu ML}.

— —L
Cpk:min{U g },

36 7 36
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Table 1.2 Summary of the observed process data obtained from the four potential
suppliers of piston rings.

Supplier 1 2 3 4

Sample Size 50 75 70 75

Estimated p 2.7048 2.7019 2.6979 2.6972
Estimated o 0.0034 0.0055 0.0046 0.0038
Estimated Cpr,  1.5392 1.1273 1.3333 1.5526

Problems in process capability analysis often involve the comparison of sev-
eral process capability indices from the processes of competing suppliers or
production methods. For example, Chou (1994) considers a process capability
problem where there are four potential suppliers of piston rings for automobile
engines. The edge width of a piston ring after the preliminary disk grind is
a crucial quality characteristic in automobile engine manufacturing. Suppose
that the automotive engineers have set the lower and upper specification lim-
its of this quality characteristic to be L = 2.6795mm and U = 2.7205mm,
respectively. Samples of output from each of the suppliers is observed in order
to obtain information about the capability of each of the suppliers manufac-
turing processes. Histograms of the observed edge widths from each supplier,
along with the manufacturer’s specification limits are given in Figure 1.2. A
summary of the observed process data is given in Table 1.2. It is clear from
Table 1.2 that Supplier 4 has the largest estimated process capability. Given
this process data, how much confidence is there in concluding that Supplier 4
has the most capable process? Using the methods that are developed in Chap-
ter 3 for multiple parameter problems, it will be shown that a good estimate
of this confidence level is 50.66%. That is, based on the observed process data,
there is 50.66% confidence that Supplier 4 has the most capable process.

1.8.83 A Problem from Biostatistics

A study presented by Potthoff and Roy (1964) concerns the analysis of growth
curves of the distance (mm) from the center of the pituitary gland to the ptery-
gomaxillary fissure in young children. Sixteen boys and eleven girls partici-
pated in the study, which was conducted at the University of North Carolina
Dental School. The distance measurement was taken at ages 8, 10, 12, and 14
for each individual in the study. The original intent of the study was to com-
pare the growth curves of males and females. The individual growth curves
for each of the sixteen male subjects are displayed in Figure 1.3 and the indi-
vidual growth curves for the female subjects are presented in Figure 1.4. The
average growth curve for each gender is displayed in Figure 1.5. The data are
also analyzed by Davis (2002) and are displayed in Table 1.3.
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Figure 1.2 Frequency histograms of the observed process data from the four potential
suppliers of piston rings. The dashed vertical lines represent the specification limits
of the manufacturer.
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Represent the set of four measurements from the i*" male subject in the study

as X;, a random vector in R*. Assume that X, ..

., X1g is a set of indepen-

dent and identically distributed random vectors from a distribution Fj; with
mean vector 8y = E(X;). Represent the set of four measurements from the
it? female subject in the study as Y;, a random vector in R*. Assume that
Y1,..., Y is aset of independent and identically distributed random vectors
from a distribution Fr with mean vector 0 = E(Y;). Let the parameter of
interest be the mean vector of the joint distribution of Fj; and Fp given by
0 = (0),,60)) € RS.
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Figure 1.3 Observed measurements from the sizteen boys in the dental study. The
measurements of each subject are connected by a solid line.
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Many questions may arise as to what trend there may be in the mean vector
0’ = (04,...,0s). For example, how much confidence is there that the mean
distance is monotonically nondecreasing in both genders, that is that 6; <
0y < 03 <04 and 05 < O < 07 < 037 How much confidence is there that the
mean distances for females is always less than that of the males, that is 05 < 61,
O < 0o, 07 < 03, O3 < 047 The results from Chapter 3 will demonstrate how
to obtain reliable observed confidence levels for these parameter regions.

1.8.4 A Problem from Ecology

The Whooping Crane (Grus americana) is an endangered North American
bird that has been the subject of protection efforts by the National Audubon
Society and the governments of the United States and Canada. The single
wild population of this bird breeds in the Wood Buffalo National Park in The
Northwest Territories of Canada. The population migrates to the Aransas
National Wildlife Refuge on the Gulf coast of Texas in the United States dur-
ing the winter. An annual winter census of Whooping Cranes at the Aransas
National Wildlife Refuge has taken place since 1938. The observed number
of birds from this census is plotted in Figure 1.6. The data can be found in
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Figure 1.4 Observed measurements from the eleven girls in the dental study. The
measurements of each subject are connected by a solid line.
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Canadian Wildlife Service and U. S. Fish and Wildlife Service (2005). This
data includes adjustments as descibed in Boyce (1987).

On interest in this type of data is the probability of extinction of the species.
Extinction is this situation is defined as the population size reaching a specified
lower threshold v. This threshold size is usually v = 1, where it is obvious that
a closed, sexually reproducing population will cease to exist with probability
one. Such a threshold could be set larger in terms of wildlife management
policy. For example, a threshold v > 1 may be established as a lower bound
for a population to avoid the effects of inbreeding. A threshold v > 1 may
also be established as a bound for which some regulatory protective action
may be taken. Dennis, Munholland, and Scott (1991) propose estimating the
extinction probability of species in a single population by modeling the log
of the population size as a Wiener process with drift. In this context the
extinction probability is given by

N {exp(2ﬂd/7'2) 6 >0, (18)

where 3 and 72 are the infinitesimal mean and variance of the Wiener process,
and d = log(x,, /v) where x,, is the initial population size, which in this case
will be the last observed population count. Dennis, Munholland, and Scott
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Figure 1.5 Average measurements for each gender in the dental study. The aver-
age measurements of the female subjects are connected by a solid line. The average
measurements of the male subjects are connected by a dashed line.
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(1991) argue that the parameters in Equation (1.8) can be estimated as fol-
lows. Suppose the population is observed at times ty < to < .-+ < ¢, and
let x; be the observed population size at time ¢; for ¢ = 0,...,n. Then the
extinction probability can be estimated as

i1 B<0
~ \exp(—=26d/7%) (>0,

where

A _ 21;1 log(xi/mi_l)
ﬁ B Z?:l(ti - 75141) ’ (1~9)

and
7A'2 = n_l Z(tz — ti,l)_l[log(:vi/mi,ﬁ — B(tz — tl‘,l)]Q, (110)
i=1

where the sum in Equation (1.10) can be divided by n — 1 instead of n to
obtain an unbiased estimator. Dennis, Munholland, and Scott (1991) consider
wildlife management thresholds of v = 10 and 100. Applying the estimators
given in Equations (1.9)—(1.10) to the data in Figure 1.6 yields § = 0.0364
and 72 = 0.0168. The last observed population count is =, = 194. Hence 0=
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Table 1.3 The data of Potthoff and Roy (1964) showing the distance (mm) from
the center of the pituitary gland to the pterygomaxillary fissure in young children.
Sizteen boys and eleven girls participated in the study which was conducted at the
University of North Carolina Dental School. The distance measurement was taken
at ages 8, 10, 12, and 14 for each individual in the study.

Gender Age8 Agel0 Agel2 Agel4

Male 26.0 25.0 29.0 31.0
Male 21.5 22.5 23.0 26.5
Male 23.0 22.5 24.0 27.5
Male 25.5 27.5 26.5 27.0
Male 20.0 23.5 22.5 26.0
Male 24.5 25.5 27.0 28.5
Male 22.0 22.0 24.5 26.5
Male 24.0 21.5 24.5 25.5
Male 23.0 20.5 31.0 26.0
Male 27.5 28.0 31.0 31.5
Male 23.0 23.0 23.5 25.0
Male 21.5 23.5 24.0 28.0
Male 17.0 24.5 26.0 29.5
Male 22.5 25.5 25.5 26.0
Male 23.0 24.5 26.0 30.0
Male 22.0 21.5 23.5 25.0

Female 21.0 20.0 21.5 23.0
Female 21.0 21.5 24.0 25.5
Female 20.5 24.0 24.5 26.0
Female 23.5 24.5 25.0 26.5
Female 21.5 23.0 22.5 23.5
Female 20.0 21.0 21.0 22.5
Female 21.5 22.5 23.0 25.0
Female 23.0 23.0 23.5 24.0
Female 20.0 21.0 22.0 21.5
Female 16.5 19.0 19.0 19.5
Female 24.5 25.0 28.0 28.0

3.31x107¢ for v = 10 and § = 0.0699 for v = 100. Given these estimates, how
much confidence is there based on the observed data, that there is less than
a 10% chance of crossing each threshold? How much confidence is there that
there is less than a 5% chance of crossing the threshold? Observed confidence
levels for these problems are considered in Chapter 2.
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Figure 1.6 The number of Whooping Cranes observed during the winter season at
the Aransas National Wildlife Refuge on the Gulf coast of Texas.
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1.3.5 A Problem from Biostatistics

A study presented by Woolson (1987) concerns a group of hyperactive ado-
lescent males who participated in an experiment to determine which of four
treatments (Labled A-D) for hyperactivity is most effective. There were six-
teen subjects in the study, which were grouped into blocks of size 4 according
to several factors relevant to the treatment of hyperactivity including age,
length of illness, and severity of illness. Within each group the subjects were
randomly assigned to one of the four treatments for hyperactivity, resulting in
a randomized complete block design for the study. The subjects in the study
were rated using a structured schedule for the assessment of hyperactivity. The
observed data from this study are given in Table 1.4. The data are plotted in
Figure 1.7. A standard analysis of variance procedure performed on the data
indicates that there is a significant difference between at least two of the four
treatments with a p-value less than 0.001. Woolson (1987) performs Tukey’s
multiple comparison technique on the data and finds that treatments A and
D are not significantly different from one another, and that treatments B and
C are not significantly different from one another. However, treatments A and
D are significantly more effective than either treatment B or C. All compar-
isons used the 5% significance level. Hence it appears that either treatment A
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Table 1.4 Observed hyperactivity scores for the patients receiving four treatments,
labeled A-D, in four blocks. The data originate in Woolson (1987).

Treatment Block Score

A 41
48
53
56
61
68
70
72
62
62
66
70
43
48
53
52

W N R W R WN R R WN -

or D would be recommended. A more direct analysis of this problem would
determine how much confidence there is, based on the observed data, that
each of the treatments is most effective in treating hyperactivity. Chapter 4
considers methods for computing observed confidence levels for linear model
and regression problems. The methods developed in that chapter can be used
to show that there is approximately 70% confidence that treatment D is most
effective, 30% confidence that treatment A is most effective, and virtually no
confidence that either treatment B or C is most effective.

1.8.6 A Problem from Astronomy

Chondrite meteorites are mainly composed of stone with an age of approxi-
mately 4.55 billion years, which puts their formation at about the same time
as the solar system. As such they are considered samples of matter from
the time when the solar system was formed. Most meteorites classified as
chondrites contain small spherical bodies called condrules which are mineral
deposits formed by rapid cooling. These condrules are composed of various
metals such as aluminum, iron and magnesium silicate. See Snow (1987). The
composition of chondrites is considered an important indicator as to the origin
of the meteorite. Ahrens (1965) reports on the content of magnesium oxide
and silica dioxide in a sample of twenty-two chondrite meteorites. The data
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Figure 1.7 Observed hyperactivity scores for the patients receiving four treatments
in four blocks. The four treatments are labeled A (solid line), B (dashed line), C
(dotted line) and D (dash-dot line). The data originate in Woolson (1987).
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are given in Table 1.5. The data are also considered by Good and Gaskins
(1980) and Scott (1992). A kernel density estimate calculated on the percent-
age of silicon dioxide in the meteorites using a bandwidth estimated using a
two-stage plug-in procedure is presented in Figure 1.8. The density estimate
has two modes which indicates two possible subpopulations in this data. How
much confidence is there that the data do not come from a unimodal den-
sity? Methods for computing such observed confidence levels is addressed in
Chapter 5.

1.8.7 A Problem from Geophysics

Azzalini and Bowman (1990) considers data based on 299 eruptions of the Old
Faithful geyser in Yellowstone National Park in the United States between
August 1, 1985, and August 15, 1985. The data include two observations for
each eruption corresponding to the waiting time from the last eruption to the
current one in minutes, and the duration of the current eruption in minutes.
A scatterplot of these variables along with a local constant regression line
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Table 1.5 The percent of magnesium oxide and silicon dioxide contained in twenty-
two chondrite meteorites. The data originate in Ahrens (1965).

Percent Percent
Meteorite  Silicon Dioxide Magnesium Oxide

1 20.77 15.65
2 22.56 16.10
3 22.71 15.81
4 22.99 16.10
5 26.39 18.73
6 27.08 19.46
7 27.32 17.89
8 27.33 18.04
9 27.57 18.45
10 27.81 19.11
11 28.69 19.77
12 29.36 21.16
13 30.25 21.19
14 31.89 23.76
15 32.88 22.06
16 33.23 23.57
17 33.28 23.98
18 33.40 23.54
19 33.52 23.74
20 33.83 23.87
21 33.95 25.27
22 34.82 23.57

computed using the bandwidth set to 0.25 as suggested by Simonoff (1996)
is presented in Figure 1.9. Suppose the duration of an eruption is 4 minutes.
Based on this observed data, how much confidence is there that the mean
waiting time for the next eruption of the geyser is between 75 and 80 min-
utes? Methods for computing observed confidence levels for such problems are
addressed in Chapter 5.

1.4 About This Book

The purpose of this book is to present both theory and applications of ob-
served confidence levels in a wide variety of problems in statistical inference.
In most cases, several different methodologies for computing the confidence
levels will be possible. In such cases not only will the computation of the con-
fidence levels be presented, but analytical and empirical comparisons between
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Figure 1.8 A kernel density estimate computed on the observed percentages of silica
in twenty-two chondrite meteorites. The bandwidth was estimate using a two-stage
plug-in procedure.
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the methods will help establish those that are most reliable in a variety of
situations. Practical application of the methods presented in the book include
suggested methods for computation based on the R statistical computing en-
vironment.

This book will specifically focus on the methods for computing the confidence
levels as outlined in Section 1.2. Though Efron and Tibshirani (1998) does
provide a blueprint for this problem, there are some fundamental differences
between the application of the methods given in this book, and those studied
by Efron and Tibshirani (1998). These differences are highlighted in Section
7.4.

Many of the statistical inference problems presented in this book are not new,
and there may be several competing methods to observed confidence levels for
many of them. Multiple comparison techniques have been mentioned in previ-
ous sections. Best subset selection methods have been applied to the process
capability example in the Section 1.3.2. Of course, the method of observed
confidence levels bears a striking similarity to Bayesian posterior probabili-
ties. Indeed there are connections between the two methods. See Efron and
Tibshirani (1998) for more information on these connections. Some of these
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Figure 1.9 Eruption duration (minutes) versus waiting time (minutes) for the Old
Faithful geyser data of Azzalini and Bowman (1990). The solid line is a local constant
regression line with the bandwidth set to 0.25.
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methods will be considered in Chapter 7, but an in-depth comparison of the
various methods will not be attempted. The purpose of this book is to high-
light the theory and applications of observed confidence levels, leaving the
debate as to which method is “best” to each individual practitioner in the
field.

This book is structured in terms of the increasing complexity of the prob-
lems considered. Chapter 2 discusses single parameter problems such as the
bioequivalence problem studied in Section 1.3.1. There are many options for
computing observed confidence levels in the single parameter case, and much
of the presentation will focus on determining which of these methods is most
reliable in general application.

Chapter 3 will focus on multiparameter problems, such as the process capabil-
ity problem considered in Section 1.3.2. The complexity of the issues involved
with these problems increases greatly, but there are still relatively simple and
reliable methods that can be applied to a variety of interesting problems.

Chapter 4 considers applications within linear models and regression prob-
lems. The main thrust of this chapter concerns theory and application within
linear regression models, with examples that demonstrate how the results can
be extended to some particular general linear models. Bootstrap theory for the
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regression model is unusual with regard to the accuracy that can be achieved
with confidence intervals for certain regression parameters. This chapter will
assess to what extent these properties transfer to the associated observed con-
fidence levels. This chapter also briefly discusses the issues of model selection
and prediction.

Chapter 5 considers some nonparametric problems with are often associated
with smoothing methods. The first problem considers nonparametric density
estimation and the particular problem of determining the number of modes of
an unknown density. This problem was one of the original motivating examples
that lead to the development of observed confidence levels. As is demonstrated
in Chapter 5, the theoretical issues related to the mode problem are not sim-
ple, and developing a reliable methodology to address this problem may best
best solved by slightly changing the viewpoint and definition of a mode. The
second half of this chapter addresses issues concerned with nonparametric re-
gression techniques. As with nonparametric density estimation there are many
technical issues that must be addressed. Some issues are beyond the scope of
this book and are mentioned but not specifically addressed.

Chapter 6 briefly considers some additional applications of observed confi-
dence levels. These applications are demonstrated through some simple ex-
amples, and theoretical issues are not addressed. These additional applica-
tions include problems in generalized linear models, classical nonparametric
statistical inference, multivariate statistics, and survival analysis.

Chapter 7 discusses the connection that observed confidence levels have with
statistical hypothesis testing, multiple comparison techniques, the method of
attained confidence levels introduced by Efron and Tibshirani (1998) and
Bayesian confidence levels. The purpose of this chapter is not an in-depth
and exhaustive comparison. Rather, this chapter attempts to build the frame-
work for further analysis of these methods. Some rather modest conclusions
will be made in some instances. However, keeping with the general philosophy
of this book, there will not be a direct attempt to argue that some methods
are necessarily always better than others.

An appendix has been included that briefly reviews some aspects of asymptotic
statistics. The review is not extensive, but is designed to present the basic tools
used to prove many of the asymptotic results in the book.
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CHAPTER 2

Single Parameter Problems

2.1 Introduction

In this chapter we consider computing observed confidence levels for the spe-
cial case where there is a single parameter. The computation of observed
confidence levels in the single parameter case differs greatly from the multi-
parameter case in many respects, and therefore a separate development is
necessary. Motivated by some basic results from measure theory, the empha-
sis of the study of observed confidence levels in the single parameter case
centers on regions that are interval subsets of the real line. This simplifies
the theoretical structure used to study the confidence levels, and allows for
the development of a wide variety of potential methods for computing the
levels. With many potential methods available, it becomes necessary to de-
velop techniques for comparing competing methods. In particular, the concept
of asymptotic accuracy will be the central tool used to compare competing
methods for computing observed confidence levels. The theory of asymptotic
expansions, particularly Edgeworth and Cornish-Fisher expansions, will play
a central role in computing the measure of asymptotic accuracy. Not surpris-
ingly, it often turns out that more accurate confidence intervals can be used
to compute more accurate observed confidence levels.

Some general concepts concerning the development of observed confidence lev-
els in the single parameter case are given in Section 2.2. In Section 2.3 a special
model called the smooth function model is introduced. This model allows for
an in-depth study of parameters that are differentiable functions of vector
means. Several general methods for computing observed confidence levels are
developed in this section. Section 2.4 considers the asymptotic properties of
these methods, focusing on the concepts of consistency and asymptotic ac-
curacy. This section also introduces the required results from the theory of
asymptotic expansions. The applicability of the asymptotic results to some
finite sample size situations are discussed in Section 2.5. The results of this
section rely on empirical comparisons based on computer based simulations.
Some practical examples are given in Section 2.6. Methods for computing ob-
served confidence levels using the R statistical computing environment are
considered in Section 2.7.

23
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2.2 The General Case

To develop observed confidence levels for the case where there is a single
parameter, the general framework from Section 1.2 is used with the restriction
that © C R. To simplify the development in this case, it will be further
assumed that © is a connected set, that is, it is an interval subset of R. Most
standard single parameter problems in statistical inference fall within these
assumptions. These restrictions greatly simplify the types of regions that need
to be considered when developing observed confidence levels for the single
parameter case.

An observed confidence level is simply a function that takes a subset of ©
and maps it to a real number between 0 and 1. Formally, let a be a function
and let T be a collection of subsets of ©. Then an observed confidence level
is a function a : T — [0,1]. Because confidence levels are closely related
to probabilities, it is reasonable to assume that o has the same axiomatic
properties as a probability measure. That is, suppose T is a sigma-field of
subsets of ©. Then it will be assumed that

1. «(©;) €[0,1] for all ©; € T,
2. a(P) =0, and

3. If {©;}2, is a countable collection of pairwise disjoint regions from T, then

(67 <U @z> = Za(@,)

i=1

For most reasonable problems in statistical inference it should suffice to take T
to be the Borel sigma-field on O, that is, the sigma-field generated by the open
subsets of ©. Given this structure, it suffices to develop observed confidence
levels for interval subsets of ©. Observed confidence levels for other regions
can be obtained through operations derived from Properties 1-3, which mirror
those of probability measures. See Chapter 2 of Pollard (2002) for an accessible
account of probability measures and Borel sigma-fields.

To develop observed confidence levels for a general scalar parameter 6, consider
a single interval region of the form ¥ = (¢, ty) € T. To compute the observed
confidence level of ¥, a confidence interval for # based on the sample X is
required. The general form of a confidence interval for § based on X can
usually be written as C(a,w;X) = [L(wr; X),U(wy; X)], where wy, and wy
are shape parameters such that (wr,wy) € Q4, for some Q, C R2. It can often
be assumed that L(wr;X) and U(wy; X) are continuous monotonic functions
of wy, and wy onto O, respectively, conditional on the observed sample X. See,
for example, Section 9.2 of Casella and Berger (2002). If such an assumption is
true, the observed confidence level of ¥ is computed by setting ¥ = C(«, w; X)
and solving for w. The value of a for which w € Q,, is the observed confidence
level of W. For the form of the confidence interval given above, the solution is
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obtained by setting w;, = L™(t1; X) and wy = U~ (ty; X), conditional on X.
A unique solution will exist for both shape parameters given the assumptions
on the functions L and U. Therefore, the observed confidence level of ¥ is the
value of a such that w = (wr,wy) € Q4. Thus, the calculation of observed
confidence levels in the single parameter case is equivalent to inverting the
endpoints of a confidence interval for 6. Some simple examples illustrating
this method is given below.

2.2.1 Normal Mean and Variance

Following the example studied at the end of Section 1.2, suppose that X7,
...,X,, is a set of independent and identically distributed random variables
from a normal distribution with mean  and variance 02 < co. The parameter
space is © = R and an arbitrary interval region ¥ = (¢1,ty) is considered. A
confidence interval for 6 is given by Equation (1.5). Writing this interval in
terms of the functions L and U given above yields

L(wp; X) = o — tn_l;l_wLnfl/Q&,
and

Uwr; X) =0 — ty_1.0_wyn /%6
Therefore, setting ¥ = C'(a, w; X) yields

wyp, = Lil(tL;X) =1-1T,_1 P

n'/2(f tL)]

and

wy = Uﬁl(tU;X) =1-T, 1

g

HI/Q(é—tU)]

as shown in Section 1.2, where it follows that the observed confidence level
for ¥ is given by

1/2(p _
a(w) =T, |0 g 2.1)
ag

4

nl/Z(é—tU)]

For the variance, the parameter space is © = R™T, so that the region ¥ =
(tr,ty) is assumed to follow the restriction that 0 < t;, <ty < oo. A 100a%
confidence interval for o2 is given by

Cla,w; X) = l (n =15 (n—1)5" ] , (2.2)

2 ’ 2
Xn—l;l—wL Xn—l;l—wu
where w € Q, with

Qy = {‘-’-’/ = (wlaw2) twp € [O’ 1],(4)[] € [Oa 1]7wU —wrL = OL},
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where Xg,& is the £ percentile of a y? distribution with v degrees of freedom.
Therefore

~2
L(w;X) = (271)0

anl;lwa

and "
U(w:X) = =107

anl;lfwy

Setting ¥ = C(«, w; X) and solving for wy, and wy yields

_ n—1)62
wp =Lt X)=1-x2_, |:(tL):| ;

and
(n—1)62
ty } ’
where x2 is the distribution function of a y2-distribution with v degrees of
freedom. This implies that the observed confidence limit for ¥ is given by

wo = U (103 X) = 1= 2, [

2.2.2 Correlation Coefficient

Suppose (X1,Y1),...,(X,,Ys) is a set of independent and identically dis-
tributed bivariate random vectors from a bivariate normal distribution with
mean vector g’ = (ux, py) and covariance matrix

Jg( OxXy
Y= 2 )
oxy UY

where V(X;) = 0%, V(Y;) = 0% and the covariance between X and Y is
oxy. Let 8 = oxy/(oxoy), the correlation coefficient between X and Y.
The problem of constructing a reliable confidence interval for 6 is usually
simplified using Fisher’s normalizing transformation. See Fisher (1915) and
Winterbottom (1979). Using the fact that tanh ™' () is approximately normal
with mean tanh™'(f) and variance (n — 3)~'/2, the resulting approximate
confidence interval for § has the form
Clo,w; X, Y) = [tanh(tanh ™' (0) — z1_,, (n — 3)7/2),
tanh(tanh ™ (f) — 2 _,, (n — 3)"/?)] (2.4)
where 0 is the sample correlation coefficient given by the plug-in estimator
Y (Xi = X)(V; - Y)
n F\971/2 n Y
[Zi:I(Xi - X)Q] [Zi:I(Yi - Y)z]

and w’' = (wp,wy) € Qn with

é:

1/2? (25)

Qo = {w' = (w1,w2) 1w €[0,1],wy € [0,1],wy —wr = a}.
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Therefore
L(wp; X, Y) = tanh(tanh ™ (§) — 21, (n — 3)"1/?)
and
U(wy; X, Y) = tanh(tanh = (0) — z,_,, (n — 3)7V/?).
Setting ¥ = (t1,ty) = C(o,w; X,Y) yields

wp =1—®[(n — 3)"%(tanh ™' () — tanh ™" (¢1))],
and
wy =1 —®[(n—3)"2(tanh ™ (§) — tanh ™ (¢))],
so that the observed confidence level for ¥ is given by
(W) = ®[(n — 3)"/%(tanh~*(A) — tanh~* (¢))]—
®[(n — 3)"/2(tanh ' (9) — tanh " (ty))].

2.2.83 Population Quantile

Suppose that Xi,...,X,, is a set of independent and identically distributed
random variables from an absolutely continuous distribution F. Let £ € (0,1)
and define § = F~1(£), the £ population quantile of F. A confidence interval
for 6 can be computed by inverting the classical sign test. Let X(;) < X(9) <
-+ < X(p) be the order statistics of the sample and let B be a binomial random
variable based on n Bernoulli trials with success probability £. The usual point
estimator of 0 is 6 = X lnp|+1 Where |z] is the largest integer strictly less than
x. A confidence interval for 6 is given by C(a,w;X) = [X(1), X()], where
L and U are chosen so that P(B < L) = wg, and P(B > U) =1 —wy
and @ = wy — wr,. See Section 3.2 of Conover (1980) for examples using this
method.

To derive an observed confidence level based on this confidence interval let
U = (t1,ty) be an arbitrary region in the parameter space of . Setting
¥ = C(a,w; X) indicates that L and U must be found so that Xz ~ t1, and
Xy = ty. The corresponding observed confidence level for W is then given
by a(¥) = P(L < B < U —1). Of course the observed confidence level will
be approximate unless X () =t and Xy = ty.

The normal approximation to the binomial can be used to obtain a 100a%
approximate confidence interval for 6 that is valid for large sample sizes. This
interval also has the form [X (), X(¢7)], but L and U are computed as

L=n — 210, n€(1 = )2,
and
U = né — 21wy n€(1 = )2,
where o« = wy — wy,. Using this interval, an approximate observed confidence
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level for a arbitrary region ¥ = (tr,ty) is again obtained by finding L and U
such that X(p) >~ t;, and Xy >~ ty. It then follows that for these values of L

and U that c L
né —
‘”Lzl_@{[n&(l—s)}l/?}’

so that the approximate observed confidence level is given by

a@):@{M}—‘D{m}'

Both of these methods rely on finding order statistics in the sample that
approximate the endpoints of the region of interest ¥ = (¢5,ty). This will
obviously not be possible for all observed data and regions, though picking
the closest order statistic will still provide approximate observed confidence
levels.

and

2.2.4 Poisson Rate

Suppose X1, ..., X, is a set of independent and identically distributed random
variables from a Poisson distribution with rate § € © = RT. Garwood (1936)
suggested a 100a% confidence interval for § using the form

2 2
sw X ‘W
Cla,w;X) = lXZ;jL £, 2 ”] :

where

and w = (wr,wy) € Q4 where
Qa = {w = (WlaWQ) wr € [07 1]7WU € [07 1],(4}[] — WL = Ot}.

Therefore L(wr; X) = X3y.1_, /2n and U(wy; X) = X%(Yﬂ);kw(,/?”' Set-
ting ¥ = (t1, tv) = C(a,w; X) yields wy, = X3y (2nt1) and wy = X3y ) (2nty),
so that the observed confidence limit for W is

a(¥) = X%(Y+1)(2ntU) — Xy (2ntr).

Note that for a given region and sample size, only certain levels of confidence
are possible, corresponding to the different values of Y. This is related to the
effect studied by Agresti and Coull (1998) and Brown, Cai and DasGupta
(2003). This effect is a natural consequence of the discrete nature of the Pois-
son distribution. Note that the observed confidence level is still a continuous
function of the endpoints of the region V.
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2.3 Smooth Function Model

Many standard problems in statistical inference can be studied in terms of a
model for differentiable functions of vector means called the smooth function
model. Hall (1992a) uses the structure afforded by this model to provide a
detailed study of confidence regions, including those based on the bootstrap.
This makes the smooth function model a natural starting point for the study
of observed confidence levels as well. This section begins with a description of
this model.

Suppose X1, ..., X,, is a set of independent and identically distributed random
vectors from a d-dimensional distribution F'. It is assumed that F satisfies the
multivariate form of Cramér’s continuity condition, which states that if v is
the characteristic function of F', then
limsup |9 (t)] < 1. (2.6)
[[t]]—o0
This condition is satisfied if the distribution of X; is nonsingular. See page
57 of Hall (1992a) for more details on this condition. Let pu = E(X;) € R?
and assume that § = g(u) for some smooth function g : R? — R. Specific
conditions on the smoothness of g as well as moment conditions on F will
be discussed later in the chapter. At the very least it is obviously prudent to
assume that the components of p are finite. Let F),, be the multivariate form
of the empirical distribution function defined in Equation (1.3). That is
n
Fu(t) =n '3 5(6:Q(X,)),
i=1
for t € R? where for X} = (X;1, ..., Xiq),
Q(X,) = {(tl,...,td), € R? : tj < Xij for j=1,... ,d}

Generalizing the result given in Equation (1.4), the plug-in estimate of g is
given by

n
ﬂ:/ tdE,(t) =n"") X; =X,

so that the corresponding plug-in estimate of 6 is given by 6= g(X). Let o2
be the asymptotic variance of 6 defined by
6% = lim V(n'/%9).
n—oo

It is assumed that o2 = h(u) for some smooth function h : R? — R*. A
plug-in estimate of 02 is given by 62 = h(X). Parameters that can be studied
using the smooth function model include means, variances, ratios of means,
ratios of variances, correlations, and others. See Section 2.4 of Hall (1992a)
for further details on some of these examples. There are also many problems
that also fall outside of the smooth function model. These include percentiles,
such as the median, and modes of continuous densities.
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To develop confidence intervals for § within this model define

[ 1720 — 9 i
Gn(t)=P n’(0-9) <t|Xi,.... X, ~F|,
o
and _ E
1/2(p _
Hn(t):P wgtxlwuyxnwfr )
G
where X1,..., X, ~ F rep-resents a set of n independent and identically dis-

tributed random vectors each following the distribution F'. Define percentiles
of the distributions as

go = G (a) = inf{t € R: G,(t) > al,

and
ho = Hy' () =inf{t € R: H,(t) > a},

n

for o € (0,1).

Exact and approximate confidence intervals for 6 can be developed by consid-
ering the four theoretical critical points defined by Hall (1988). The two exact
critical points are the ordinary critical point

éord(a) = é - n_l/Qo-gl—om (27)
for the case when o is known, and the studentized critical point
éstud(a) = é - n_l/Qa'hl—om (28)

for the case when o is unknown. When o is unknown, two approximate theo-
retical critical points are also considered. These are the hybrid critical point

Oy (@) = 0 —n"" 2601, (2.9)

where the approximation g1, ~ hi_, is used, and the percentile critical
point

éperc (Oé) = é + nil/Z&gaa (210)
where the approximation g, >~ —hj_, is used. Two additional theoretical crit-
ical points, the bias-corrected and accelerated bias-corrected critical points,
require further development and will be introduced in Section 2.4. Two-sided
confidence intervals can be developed using each of the four theoretical crit-
ical points defined in Equations (2.7)—(2.10). For example, if wy, € (0,1)
and wy € (0,1) are such that @ = wy —wr € (0,1) then Corq(a,w; X) =
[éord(wL),éord(wU)} is a 100a% confidence interval for 8 when o is known,
where for notational convenience X = vec(Xy,...,X,,). Similarly

CVstud (a7 w; X) = [estud (WL)z estud (UJU)]y
is a 100a% confidence interval for 8 when o is unknown.

The intervals Chyp (o, w; X) and Cperc (e, w; X) are the corresponding approx-
imate confidence intervals for 6 based on the hybrid and percentile theoretical
critical points, respectively.
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For a region ¥ = (tr,,ty) the observed confidence level corresponding to each
of the theoretical critical points can be computed by setting ¥ equal to the
confidence interval and solving for wy and wy, as detailed in Section 2.2.
For example, in the case of the ordinary theoretical critical point, setting
U = Cora(a, w; X) yields the two equations

tp = L(w; X) =0 —n"Y20g,_,, (2.11)

and

ty =U(w;X) =0 —n""20g,_,,,. (2.12)
Solving for wy, and wy in Equations (2.11) and (2.12) yields
nl/2(f — tL)]

wL:L_l(tL;X):l—Gn pu

and

wy=U"t;X)=1-G,

nl/2(f —tU)]

g

so that the observed confidence level corresponding to the ordinary theoretical
critical point is

Oford(\l’) =G [M] -Gy [M] . (213)

g g

Similarly, the observed confidence levels corresponding to the studentized,
hybrid, and percentile theoretical critical points are

nl/Q(é _ tL)] o [n1/2(é —ty)

astud(\ll) = Hn [ 5 ] s (214)

Q>

1/2(9 _ 1/2(9 _
anyb(¥) = G, G (61 )| _ G, | (GA tU)} ) (2.15)
o o
and
1/2 ) 1/2 )
aperc(\l’) =G, z (tAU 9) —Gh ! (tAL 9)] ’ (2.16)
o o
respectively.

When F' is unknown the distributions G,, and H,, will also be unknown unless
n*/2(0—0)/o or n*/2(0—0)/6 is a distribution free statistic over F. See Defini-
tion 2.1.1 of Randles and Wolfe (1979). In such cases several methods can be
used to estimate or approximate the observed confidence levels. The simplest
approach is based on the Central Limit Theorem. Under the assumptions of
the smooth function model with o2 < oo, and that

0

o, g(t) ) #0

=u
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where t' = (t1,...,tq), it follows from Theorem 3.3.A of Serfling (1980) that
1/2¢p _

ni/2(0 —0) w,

Z,

o

and V20
n (?—9) v, g

o

as n — oo, where Z is a standard normal random variable. This suggests
the large sample approximation G, (t) ~ ®(¢t) and H,(t) ~ ®(¢) where ® is
the distribution function of a standard normal distribution. Using the normal
approximation, the approximate observed confidence levels corresponding to
the ordinary, studentized, hybrid and percentile theoretical critical points are

0Aéord<\1’) ) [W] ) [W] , (2.17)
dstud(\ll) = CAYhyb(\I/) = dperc(\y)
" [/w—wl o [/w—wl L e

respectively. Note that dperc coincides with Gitug and émy, due to the sym-
metry of the normal density.

When the normal approximation is not accurate enough, the bootstrap method
of Efron (1979) is suggested as a method to estimate the observed confidence
levels. Consider a sample X7 ..., X ~ Fn, conditional on the original sample
X1,...,X,. Let 0* = g(X*) where

X*=p! in
i=1

The bootstrap estimate of G,, is given by the sampling distribution of n'/2 (é* —
0)/6 when X% ..., X* ~ E,, conditional on the original sample Xy, ..., X,.
Let P* denote the probability measure P conditional on the sample X; ..., X,,.
That is P*(A) = P(A|X;...,X,,) for any event within the correct sample
space. Then the bootstrap estimate of G,, is given by
1/2()* )
Ga(t) = P nRO=0) Xi.. ., X5~ F

& =

and the bootstrap estimate of H,, is given by

R i 1/2@*7@ .
= p | P20 ke xe o

OA'*

where 6* = h(X*). Closed analytic forms for these estimates exist only in spe-
cial cases. An example is given in Efron (1979). In most cases approximations
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to the bootstrap estimates must be computed using the familiar “resampling”
algorithm of Efron (1979). See Efron and Tibshirani (1993) or Davison and
Hinkley (1997) for more information on the practical computation of these
estimates. Computation of these estimates using the R statistical comput-
ing environment will also be discussed in Section 2.7. Define, conditional on
Xla AR 7XTL7

Jo =G a) =inf{t eR: G,(t) > al,
and

ho = Hy' () =inf{t € R: H,(t) > a},
for a € (0,1). The bootstrap estimates of the four theoretical critical points
defined in Equations (2.7)—(2.10) are

Dara(@) =0 —n"" 204, (2.19)

ord

iwa(@) =0 —n~26hy g, (2.20)

Oyn(@) = 0 ="' 26G ., (2.21)
and R

agerc( a) =0+ n71/2&ga' (2.22)

The resulting estimated observed confidence levels based on the bootstrap
ordinary, studentized, hybrid and percentile theoretical critical points are

R 1/2(p _ R 1/2(p _
() = G [” © t”] es [” @ t”] L e
- nl/2 é 2 — ¢
stud = Hn [ & ] - H, [ (a_ U>‘| ) (224)
1/2 R 1200 _ ¢
and
. 1/2 . nt/2(t, — é)
O‘perc Gn [ 1 -G, [ (; ) (2.26)
respectively.

Given the large number of methods available for computing observed confi-
dence levels in the case of the smooth function model, the natural question
as to which of the methods would be preferred in practice is obviously rele-
vant. Some of the methods require specific assumptions about the knowledge
of either H,, or GG,,, while others use either the normal or the bootstrap ap-
proximation to relax these assumptions. Relevant questions then arise as to
which of the approximations would be preferred, and how well the approxi-
mations work. Two routes of inquiry will provide at least partial answers to
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these questions. Asymptotic analytic comparisons will be developed in Section
2.4, and some limited empirical comparisons will be presented in Section 2.5.
The next two subsections present examples of the applications of the smooth
function model to the problem of the univariate mean and variance.

2.3.1 Univariate Mean

Let Y7,...,Y, be a set of independent and identically distributed random
variables from a univariate distribution J and let § = E(Y;). To put this
problem in the form of the smooth function model, define X! = (V;,Y;?) so
that p = E(X;) = (0,0% + 72) where 72 = V(Y;). For a vector v/ = (v1,v2)
the functions g and h can be defined as g(v) = vy and h(v) = va — v, so that
0 =Y and

n
62=n"1 § Y2 -Y?2
=1

It can be further shown that if J is a continuous distribution, then the distri-
bution of X; will satisfy the Cramér continuity condition given in Equation
(2.6).

If the distribution J is taken to be a normal distribution with mean 6 and
variance 72, then the distribution G,, is a standard normal distribution and
the distribution H,, is a t-distribution with n — 1 degrees of freedom. The
ordinary confidence interval has the form

Cord(a,w; X) = [é - n71/2021_wL,é - nil/Qozl_wU],

where z¢ is the £ percentile of a standard normal distribution. The studen-
tized confidence interval is

Cstud(aa W3 X) = [é - n_l/za-tn—l,l—wL ;é - n_l/z&tn—Ll—wU]y

where o = wy —wy,. Both of these confidence intervals have an exact confidence
level of 100a% under the assumption that the distribution J is a normal
distribution. Note that Cgtya (@, w, X) matches the interval given in Equation
(1.5). The approximate interval given by the hybrid critical point is

Chryb (o, w; X) = [é — nil/zﬁzl,w,é - nil/Q&zl,wU],

where the percentiles from the ¢-distribution are approximated by the corre-
sponding percentiles from a normal distribution. Due to the symmetry of the
normal density, the interval given by the percentile critical point coincides
with the hybrid interval.

If 7 is known, the corresponding ordinary observed confidence level for the
region ¥ = (tr,ty) is given by
n1/2(Y _ tL)} o [HI/Q(Y _ tU)]

(2.27)

Qord (V) = & { = .
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since G, = ® and 02 = 72 in this case. The studentized observed confidence
level corresponds to the observed confidence level given in Equation (2.1)
from Section 2.1.1. Due to the symmetry of the normal density, the hybrid
and percentile observed confidence levels for ¥ are given by

nW(Y—m] e [W(Y—tm] |

0y (V) = e (V) = @ [ . (2.28)

7

If the assumption of the normality of J is not justified, the observed confidence
levels given in Equations (2.27) and (2.28) can still be justified through the
normal approximation. The computation of observed confidence levels based
on the bootstrap will be discussed in Section 2.7.

2.8.2 Univariate Variance

Let Y7,...,Y, be aset of independent and identically distributed random vari-
ables from a univariate distribution J and let # = V' (Y;). To put this problem
in the form of the smooth function model, define X’ = (Y;,Y;2, Y, Y;*). For a
vector v/ = (v1,v9,v3,04), define g(v) = vy — v? and

h(v) = vy — 4v1v3 + 6v3vg — 30} — (vg — v])2.
See Chapter 2 of Hall (1992a) for more information on the smooth function
model for the variance. The plug-in estimate of 6 is

b=g(X)=n" S (¥ - V)
After some algebra, it can be shown that
G2 =hX)=n""> (Vi-Y)" -6
=1

Note that the smooth function model does not yield the interval for 6 given
in Equation (2.2), even when J is assumed to have a normal distribution.
Indeed, if 02 were known, G,, is a location-scale family based on the x?2-
distribution, but the expression n'/ 2(@ —0) /o is not a pivotal quantity for 6.
The distribution of n'/2(6 — ) /6 is generally intractable, even when J is a
normal distribution. The normal approximations given in Equation (2.17) and
(2.18) can be used here, although if J is a normal distribution the observed
confidence level given in Equation (2.3) would certainly be more reliable. In
the case where the distribution of J is unknown, the normal approximations,
or those given by the bootstrap, can be used to compute approximate observed
confidence levels for 6. Details for computing the bootstrap estimates are given
in Section 2.7.
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2.8.8 Correlation Coefficient

Let (W1,Y1),...,(W,,Y,) be a set of independent and identically distributed
random vectors following a bivariate distribution J and let

0 — H11 — Ho1M10
(20 = 130) Y/ 2 (102 — p131) /2

where i, = F (WZJ Y¥). Hence 6 is the correlation coefficient between W; and
Y;. To set this problem within the framework of the smooth function model,
define

X; = (Wiv Y, W;Y;, Wi2v }/;27 Wizyév WiYi2ﬂ Wi2Yi2v Wi?)a Yigv Wz'?)Yiv
WiYi3’Wz‘47Yz‘4)
so that
N' = (N107M017M117,U20,M027M21,M12,M22,M307M037M31,N13,M407M04)-

For a vector v/ = (vq,...,v15) define
b) b

(V) - V3 — V1V2
IV = (os = 0272 (05 — 03) 172

Therefore 8 = g(u), where g is a smooth function of p. The plug-in estimate

of  is given in Equation (2.5). The asymptotic variance of 0 is given in Section
27.8 of Cramér (1946) as

2_92<7'40 To4 27’22+47'227 Aty 47'13)
- )

g 1 3 -

TH T Th TH TT0 11702
where 7;, = E[(W; — p10)’ (Y; — po1)¥]. Note that

i k.
7 k s B i p_
Tjk = E <z) (Z)(l)j (*1)k lﬂilﬂjlo N§1l-
i=0 1=0

It then follows that o2 is a smooth function of p as well. The plug-in estimate
for o2 is given by
52 62 ( Fao | Fou | 2 Aty Afm | 4fy )

=7\ =22 =2 ~2 ~2 P P
T20  To2 11 i1 T11720  T11702

4

where

n
7A'jk = ’I’L_1 Z(WZ — W)](K — Y)k
i=1

The confidence interval given in Equation (2.4) is derived from similar consid-
erations as these. See Winterbottom (1979), who shows that the transforma-
tion of Fisher (1915) aids in the convergence of the standardized distribution
to normality when J is a bivariate normal distribution. In general the stan-
dardized and studentized distributions do not have a closed form, and the
bootstrap methodology is helpful in constructing approximate nonparametric
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confidence intervals for 8. Efron (1979) points out that Fisher’s transformation
is still useful as the bootstrap is more effective when the statistic of interest
is closer to being pivotal.

2.4 Asymptotic Comparisons

As seen in Sections 2.2 and 2.3 there may be several methods available for
computing an observed confidence level for any given parameter. Indeed, as
was pointed out in Section 2.2, any function that maps regions to the unit
interval such that the three properties of a probability measure are satisfied
is technically a method for computing an observed confidence level. In this
book, the focus will be on observed confidence levels that are derived from
confidence intervals that at least guarantee their coverage level asymptotically.
Even under this restriction there may be many methods to choose from, and
techniques for comparing the methods become paramount in importance.

This motivates the question as to what properties we would wish the observed
confidence levels to possess. Certainly the issue of consistency would be rele-
vant in that an observed confidence level computed on a region ©¢ = (tor, tor)
that contains 6 should converge to 1 as the sample size becomes large. Corre-
spondingly, an observed confidence level computed on a region ©1 = (t11,t10)
that does not contain 6 should converge to 0 as the sample size becomes large.
The issue of consistency is relatively simple to decide within the smooth func-
tion model studied in Section 2.3. The normal approximation provides the
simplest case and is a good starting point. Consider the ordinary observed
confidence level given in Equation (2.17). Note that

& [ﬂl/z(é - tOL)] - % [n1/2(9 - tQL) " n1/2(é - 9)

g g g

where n'/2(0 — tor) /o — oo and n'/2(0 — 0) /o % Z as n — oo, where Z
is a standard normal random variable. It is clear that the second sequence is
bounded in probability, so that the first sequence dominates. It follows that

—’I’Ll/z(é—tOL)_ p
SR SO 2 e |

)

g

as n — oo. Similarly, it can be shown that

(17204 _
n'/ (0 —tov) 20

P
o

as n — oo, so that it follows that dora(Oo) 2,1 asn — oo when 6 € O,.
A similar argument, using the fact that /¢ 2.1 as n — oo can be used

to show that dstua(©o) 2,1 as n — oo, as well. Arguments to show that
Qord (©0) Qstud(©O0) anyb(©0) and aperc(Bp) are also consistent follow in a

© 2008 by Taylor & Francis Group, LLC



38 SINGLE PARAMETER PROBLEMS

similar manner, though one must assume that G,, — G and H,, — H for some
limiting distributions G and H. Typically, both H and G are the standard
normal distribution. A result similar to the one given on page 124 of Lehmann
(1999) is used to complete the proof. Demonstrating the consistency of the
bootstrap estimates is somewhat more involved, and will not be presented in
detail here. Under various sets of regularity conditions it can often be shown,
for example, that p(f[n, H,) 2,0 as n — 0o where p is a metric on the space
of distribution functions. See Section 3.2 of Shao and Tu (1995) for a summary
of these results. The triangle inequality, the fact that p(H,, H) 20asn — oo
along with an argument similar to the ones outlined above, can be used to
prove consistency in this case.

Beyond consistency, it is desirable for an observed confidence level to provide
an accurate representation of the level of confidence there is that 6 € W,
given the observed sample X = vec(Xy,...,X,). Considering the defini-
tion of an observed confidence level, it is clear that if ¥ corresponds to a
100a% confidence interval for #, conditional on X, the observed confidence
level for ¥ should be a. When o is known the interval Cyq(a, w;X) will
be used as the standard for a confidence interval for #. Hence, a measure
& of an observed confidence level is accurate if &[Cora(a,w;X)] = a. For
the case when ¢ is unknown the interval Cyiyq(, w; X) will be used as the
standard for a confidence interval for ¢, and an arbitrary measure & is de-
fined to be accurate if &[Cyspua(er, w; X)] = o Using this definition, it is clear
that aorq and agiuq are accurate when o is known and unknown, respec-
tively. When o is known and &[Copq(a, w;X)] # a or when o is unknown
and &[Csud (o, w; X)] # « one can analyze how close close &[Cord (v, w; X)]
or &[Cspua(a, w; X)] is to « using asymptotic expansion theory. In particular,
if o is known then a measure of confidence & is said to be k*'-order accurate
if @[Cora(, w; X)) = a+ O(n~*/2). To simplify the presentation, all limits in
the sample size n will be taken as n — oo. Similarly, if o is unknown a measure
& is said to be k*-order accurate if &[Cypua (@, w; X)] = a+O(n~*/2). Within
the smooth function model, this analysis is based on the Edgeworth expan-
sion theory of Bhattacharya and Ghosh (1978) and the related theory for the
bootstrap outlined in Hall (1988, 1992a). We will assume the framework of
the smooth function model along with the assumptions that for a specified
positive integer v, g has v 4+ 2 continuous derivatives in a neighborhood of p
and that E(|]|X]||""®) < co. See Chapter 2 of Hall (1992a) for more information
on these conditions. Under these assumptions, the Edgeworth expansions for
G, and H,, are given by

Gn(t) = (1) + zv: n”Ppi(t)g(t) + O(n~ W TD/2), (2:29)
and )
Hy(t) = @)+ Y n~"qi(t)e(t) + O(n~("T1/2), (2.30)
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where ¢(t) = ®’(t). The functions p; and ¢; are polynomials of degree 3i — 1
whose coefficients are functions of the moments of F. The polynomials are
odd for even 7 and are even for odd ¢. The specific form of these polynomials,
which can be quite complicated, will typically not be important to develop
the results in this section. Some examples of these polynomials are given at
the end of this section.

Inversion of the Edgeworth expansions given in Equations (2.29) and (2.30)
result in the Cornish-Fisher expansions for g, and h,, which are given by

—za—i—Zn 2pi1(20) + O(n~(0+D/2) (2.31)

and

= 2o + Zn 2451 (20) + O(n~WFT1/2), (2.32)

The functions p;; and ¢;1 are polynomlals of degree i + 1 whose coefficients
are functions of the moments of F', and are related to the polynomials used in
the expansions given in Equations (2.29) and (2.30). In particular, p11(z) =
—p1(z) and ¢11(z) = —q1(z). As with the Edgeworth expansions, the poly-
nomials are odd for even i and are even for odd i. See Barndorff-Nielsen and
Cox (1989), Bhattacharya and Ghosh (1978), Hall (1988, 1992a), and Withers
(1983) for more specific information on these expansions.

The observed confidence levels based on the normal approximations given
in Equations (2.17) and (2.18) are a good starting point for the analysis of
asymptotic accuracy. Suppose o is known. If @« = wy — wy, then

o { n2[0 — Oopa(wi)] } -

= (I)(gl—wL) - (I)(gl—wu)' (233)

If G, = @, then &ora[Cora(@, w; X)] = @, and the method is accurate. When
G,, # ® the Cornish-Fisher expansion given in Equation (2.31), along with a
simple Taylor expansion for ® yields

(I)(glfw) =l-w- n_l/Qpl(zw)¢(zw) + O(n_l)v
for an arbitrary value of w € (0,1). It is then clear that

Gord[Cora (0, w; X)] = a + n_1/2A(wL, wy) +0(n™h), (2.34)

OAéord [Cord (O[, w; X)]

where
A(wL7 (“)U) =D (zwu>¢(zwu) - (zwL>¢(zWL)'

One can observe that &..q is first-order accurate, unless the first-order term
in Equation (2.34) is functionally zero. If it happens that w;, = wy or wy, =
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1 — wy, then it follows that pi(z,, )P(2w,) = P1(2wy)P(20,, ) since py is an
even function and the first-order term vanishes. The first case corresponds to
a degenerate interval with confidence measure equal to 0. The second case cor-
responds to the situation where 0 corresponds to the midpoint of the interval
(tr,ty). Otherwise, the term is typically nonzero.

When o is unknown and o« = wy — wy, we have that

o {nl/Z[é — bypua(wr)] } -

OA‘stud [Cstud (Oé, w; X)} &

ag

) {”WW — Osua(wo))] }

= (I)(hl—wL) - Cp(hl—wu)'
A similar argument to the one given above yields
Gistud [Cstud (@, w3 X)] = @ + n 2 A(wp, wp) + O(n7),

where
A(WvaU) =q (Zwu)¢(zwu) - ql(ZwL)¢(ZwL)'

Therefore, all of the methods based on the normal approximation are first-
order accurate. If the distributions G,, or H,, are known, then one need not
use the normal approximation, as the measures defined in Equations (2.13) -
(2.16) can be used. When o is known, we have that aopa[Cora (o, w; X)] = «,
and when o is unknown it follows that astud[Cstud (@, w; X)] = a. To observe
the effect that the approximations used in computing anyt, and aperc have on
the accuracy of the measures, we derive expansions similar to those derived
above. For any, we have from Equation (2.15) that

. {n1/2[é — (?stud(wL)] } B

ahyb [Cstud (au w; X)] &

Gn {n1/2[é - ?stud(wU)] }

G
= Gn(hi-w,) = Gn(hi—wy)-
Using arguments similar to those in Section 4.5 of Hall (1988), the expansions
in Equations (2.29) and (2.32) yield
Gn(hi-w) =1-w+ ”71/2¢(Zw)[pl(ZW) —qi(z)] + O(nfl),
for an arbitrary w € (0, 1). It then follows that
b [Cstud (@, w; X)] = o+ n~ V2 A (w, wy) — n V2 A(wp, we) + O0(n™h),

(2.35)

which shows that amyp is first-order accurate. Note that Equation (1.3) of

Hall (1988) implies that p;(t) — q1(t) # 0 except for special cases of F and 6.
Therefore, the first-order term is typically nonzero. Similar arguments can be
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used to show that

Qperc [Cstud (Oz7 w; X)] - G, {nl/Q[éstudA(wU) - HA} } B

g

G {n1/2[éstm{(wL) - é}}

o+ n_l/QA(wL, wy) +
n"YV2A(wr,wy) + O(n™h) (2.36)

which is also first-order accurate. It is clear that when G,, and H,, are known,
Qstud and aerq give the most accurate measures of confidence. When G,, and
H,, are unknown, one can use the normal approximations given in Equations
(2.17) and (2.18), which are all first-order accurate. Alternatively, one can also
use the bootstrap methods given in Equations (2.23)—(2.26).

Hall (1988) shows that under some additional conditions on F and 6 that
Edgeworth expansions also exist for the bootstrap estimates G,, and H,,. These
expansions are given by

G )+ Zn—Z/Q )+ Op(n~WHD/2), (2.37)

and

H,( )+ Zn_l/z ) 4 Op(n~ /2y, (2.38)

The functions p; and ¢; are the same as the functions p; and ¢;, except that the
moments of F' have been replaced by the moments of Fn, which correspond
to the sample moments. In the usual case, the consistency of the sample
moments insures that p;(t) = p;(t) +O0,(n~'/2) and §;(t) = ¢;(t) +O,(n=1/2).
See Theorem 2.2.3.B of Serfling (1980). Note that this implies, in particular,
that

Ca(t) = (1) + 107 2pi(t)(t) + Op(n~") = Gult) + Op(n7h),

with a similar relationship for ﬁn(t) and H, (t). Therefore, the expansions for
the bootstrap estimates of G,,(t) and H,(t) match the expansions for G, (t)
and H,(t) to first-order. For the case when o is known these results yield

& {nm[é — fora(wr)] } -
G {n”2[é ) }

g
Gn(glfu}L) - Gn(glwa)
= a+0,mn™).

Ggra[Cora(a, w; X)]
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This indicates that &, is second-order accurate in probability. Therefore,
when o is known, the bootstrap method will asymptotically provide a more
accurate measure of confidence than the measure based on the normal ap-
proximation. When o is unknown we have that

] n1/2 ) — 0 tud (W
&2 ualCstud (o, w; X)] = Hp, { [0 ZS a(wr)] } B
I;[n {n1/2[§ — ?Stud(wU)] }
= I;[n(hlfwl,) - An(hlwa)
= a+0,(n).

Therefore 6,4 is also second-order accurate in probability, and outperforms
all of the methods based on the normal approximation. It can further be
shown that since the expansions for G,, and én match to order n~1, the ex-
pansions for d; ;, [Cstud (o, w; X)] and e [Cstud (@, w; X)] match those given
in Equations (2.35) and (2.36), so that these methods are first-order accurate
in probability. The results here mirror those found for bootstrap confidence
intervals by Hall (1988). When G,, and H,, are unknown, the bootstrap or-
dinary and studentized methods provide better asymptotic approximations
than the normal approximation.

It is well known that confidence intervals based on the hybrid and percentile
critical points are less accurate than confidence intervals based on the stu-
dentized critical point. A first attempt to improve the accuracy of confidence
intervals based on the percentile critical point was given in Efron (1981a). The
resulting method is the bias-corrected method, which uses the critical point

Ope(a) = Operc[B(@)] = 0 + 17 25g50),

where B(a) = ®(z4 + dbe) and dpe = 207 1[G, (0)] is the bias-correction.
Setting ¥ = Che(a, w; X) = [Opc(wr), Obe(wr)] yields

1/2 )
(W) = @ {qu [Gn (”“U”ﬂ - 5bc} -
G
/204 _ 4
1o
for the case when G, is known. If G,, is unknown, then the bootstrap estimate,
given by
. 204, — 0 R
Gn (n (tAU 9)>‘| _6bc} -
G
. 20, — @ R
é (M)] _5,36}7
o

i (W) = ¢{¢—1

@{@*
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can be used, where dpc = 2@‘1[61”(0)] is the bootstrap estimate of the bias-
correction. To assess the accuracy of ap. we note that

ape[Copua (@, w; X)) = {@ G (—h1—wy,)] = Gbe} —
{27 Gn(—h1-w, )] = Gnc}-
Suppose w € (0,1) is arbitrary, then
¢{@71[Gn(*h1—w)] —Obet = {2 + n71/2[q1 (2w) +p1(20)] = Obe + O(nil)}-
Hall (1988) shows that . = 2n71/2p,(0) + O(n~1) so that
{O 7 [Gr(—h1-w)]=0be} = wtn™*[p1(z0) +41(2) ~2p1(0)]$(2) +O(n ).
It then follows that

abe[Cama (0, w: X)) = a+n"YV2A(wp,wp) +n Y2 A (W, wy)
—|—2n*1/2p1 (0)[(2wy) — P(20,)]
—I—O(n_l), (2.39)

so that oy is first-order accurate. Note that the bias-correction term does
not eliminate the first-order term of the expansion in Equation (2.39). The
effect of the bias-correction term is to eliminate the constant terms from the
polynomials p; and ¢;. See Hall (1988, Section 2.3) for further details. Similar
arguments can be used to show that the bootstrap estimate &; . has the same
property.

To address deficiencies of the bias-corrected method, partially in response
to Schenker (1985), Efron (1987) introduced the accelerated bias-corrected
method, which uses the critical point

éabc(a) = éperC[w(O‘)] = é + nil/Q&g’lP(a%

where

1
76bc+za
=& | 30he 2
(o) [ \ +1_a(§5bc+za)]

The term a is called the acceleration constant and is discussed in detail in
Efron (1987) and Hall (1988, Section 2.4). In terms of the current nota-
tion, Hall (1988) shows that —az? = n='/2[2p;(0) — p1(2a) — q1(24)]. Setting

~ ~ @

Cabe(a,w; X) = [fabe(WL), Oane(wr)] = ¥ yields
e (240)] .
e (6 () e
6 (240)] g
a0t (G, (A=) — Lo]

If G,, is unknown, then the bootstrap estimate of a,pc, denoted &

aabc(\lj) = o _%6bc

- ¢

— $0be p(2.40)

*
abc?

puted by replacing G,, with G, and Spe with . in Equation (2.40). The accel-
eration constant a can be estimated using one of the many methods described

is com-
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by Efron (1987), Frangos and Schucany (1990) or Hall (1988). To show that

Qabe s second-order accurate, note that the development of Equation (2.36)
implies that for an arbitrary w € (0,1),

G, [”1/2“’5“?“") - ")] — w42 (2) + pr(e)]6(z0) + O(n~).

G
Using an argument based on Taylor expansions, it can be shown that

P Hw+\) =2, + +0(\?)

A
P(20)
as A — 0. Therefore, it follows that

o1 {G n1/2(éstud(w) — é)

p ]}:szn1/2[Q1(Zw)+p1(zw)]+0(n1)-
Hall (1988) shows that dpe = 2n~/2p;(0) + O(n~') so that
o1 {Gn n1/2(éstu;(w) — é)] } — 18 = 2+ 02 (50) + pa(20)
—p1(0)] +0(n~Y).  (2.41)
Hall (1988) further shows that a = n='/2[p;(2,) + q1(2.) — 2p1(0)]/22 so that
(oo [z} )

02 p1(20) + a1(z0) = 201(0)]/20 + O(nY).

A simple Taylor expansion can then be used to show that

1/2(h ) -1
1+a<¢>1{Gn ! (QSt“;(w)o)]}—éébcﬂ =

L—n"[pi(20) + q1(20) = 2p1(0)] /20 + O(n71).  (2.42)
Combining Equations (2.41) and (2.42) the yields

d-1 {Gn [nl/z(ést;d(w)_é)}} _ %5bc

bt a[@*l {Gn [w}} - %5bc] o

o

Therefore,

o1 {Gn {M} } — %5bc

o2

® 1+ a[®@! {Gn [MH ~ 3%

— 20he | =w+ 0.

It then follows that the accelerated bias-corrected method is second-order
accurate. The result follows for the bootstrap estimate as well, because the
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asymptotic expansion for G,, and G,, match to order n~!, and both a and .
can be estimated with error of order O,(n™1).

2.4.1 Unwvariate Mean

Observed confidence levels for the univariate mean based on the ordinary, stu-
dentized, hybrid and percentile confidence intervals were explored in Section
2.3.1. Using the assumptions and notation of that section, the development
of the measures of asymptotic accuracy imply that ag.q is accurate when 7
is known and agguq is accurate when 7 is unknown. The measures agpyt, and
Operc are first-order accurate. Therefore, under the assumption of normality,
where G,, and H,, have a closed analytical form, there is a clear preference
for ageg and agguq. If F' is not normal then accurate methods for computing
observed confidence levels are only available under the assumption that the
distributions G,, or H,, can be derived explicitly, or can be approximated very
accurately through simulation. Suppose F' and 7 are known, then G,, can be
derived using a simple location-scale transformation on F. See Section 3.5
of Casella and Berger (2002). Note however that except in the case where
n'/2(Y — 6)/1 is a pivotal quantity for 6, the distribution G,, will be a func-
tion of 6 and the calculation of a,q will not be possible. See Section 9.2.2
of Casella and Berger (2002). If F' is known but 7 is unknown, then a closed
analytical form for H,, only exists in certain cases, and again the result will
only be useful if n'/2(Y —0) /7 is a pivotal quantity for 6 that does not depend
on 7. Outside these special cases it is not possible to use these methods to
compute accurate observed confidence levels for 6, and approximate methods
based on the normal approximation or the bootstrap are required. Because 7
is typically unknown this section will concentrate on this case. Results for the
case where 7 is known can be derived in a similar manner.

It has been established that the observed confidence level based on the nor-
mal approximation, Ggiuq as well as the bootstrap measures dﬁyb and Gy, are
first-order accurate while the studentized bootstrap measure &, 4 is second-
order accurate. The price of the increased accuracy of the studentized boot-
strap method is in the calculation of the measure. Bootstrap calculations are
typically more complex than those required for the normal approximation.
Further, the studentized bootstrap approach is even more complex, often in-
creasing the computation time by an order of magnitude or more. The nor-
mal approximation does not, in principle, require a computer to perform the
required calculations. Bootstrap calculations usually require computer-based
simulations. It is useful to know when the normal approximation will suf-
fice. The first-order error terms all involve either the function A(wy,wy) or
A(wp,wy), which are in turn based on the quadratic functions p;(t) and g ().
Let v = E{(Y; — 0)3} /03 be the standardized skewness of F. Hall (1988) then
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shows that py(t) = —#v(t? — 1) and ¢1(t) = $7(2t> + 1), so that

A(WL;WU) = _%’Y[ziu ¢<ZWU) - Z(.%L ¢(ZWL) - ¢(sz) + ¢(ZUJL )]7

and

A(vawU) = %7[223)U¢(ZWU) - 223)L ¢(ZWL) + ¢(ZWU) - ¢(ZWL)]

The importance of these results is that one can observe that the major con-
tributor to error in the observed confidence levels for the mean is related to
the skewness of the parent population F. In particular, if F' is symmetric
then all of the methods &stud, 0,qs &;erc, &;yb are second-order accurate.
Of course, these measures of accuracy are based on the asymptotic viewpoint.
That is, one can expect little difference in the accuracy of these methods when
the sample size is large. For smaller sample sizes the bootstrap methods are
still usually more accurate than the normal approximation. Examples of these
types of results are given in Section 2.6.

Of course, methods outside the smooth function model can be used to compute
observed confidence limits for the mean. In particular, the assumption that F
is symmetric implies that the mean and median of the distribution F' coincide.
In this case an exact nonparametric confidence region for the median, such
as the one given in Section 3.6 of Hollander and Wolfe (1999), can be used
to derive accurate observed confidence levels for 6. See Section 6.1 for further
applications of these methods.

2.4.2 Univariate Variance

Many of the issues concerning the computation of observed confidence levels
for a univariate variance mirror those of the mean studied in Section 2.4.1. In
particular, it is possible to compute accurate observed confidence levels only in
special cases, such as when F is known to be normal, in which Equation (2.3)
provides an exact method. Outside these special cases approximate methods
must be employed. As with the case of the univariate mean, Agguq, Gy and
& are all first-order accurate and &, 4 is second-order accurate. Using the

perc stu

notation of Section 2.3.2, Hall (1992a, Section 2.6) shows that
pi(t) =771+ (v = A6)( — 1) /77,

where 72 = E(Y;—)*/02 =1, A = E[(Y;—)?/0—1]?, v = BE(Y;—1)?/6%/? and
v; = E(Y;). Tt follows that substantial simplifications do not occur in the form
of A(wr,,wy) except for special cases of wy, and wy or F. In particular note that
the first-order error in this case is a function of the skewness and kurtosis of F'.
The polynomial ¢ (¢) is usually quite different from p; (¢). Indeed, Hall (1992a,
Section 2.6) shows that g;(¢) is a function of the first six standardized moments
of F'. It is therefore not a simple matter to predict whether the first-order
error term will be negligible based on an observed set of data. Therefore, in
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the case of the variance functional, second-order accurate methods are usually
preferable unless specific information about F' is known.

2.4.8 Population Quantile

Assume the framework outlined in Section 2.2.3, where § = F~1(¢), the &%
quantile of F'. The sample quantile 6 = X |np)+1 does not fall within the
smooth function model described in Section 2.3, and as such the asymptotic
accuracy results of this section may not hold for observed confidence levels
for population quantiles. Hall and Martin (1989) provide theoretical studies
of confidence intervals for this problem. The findings are particularly inter-
esting as they exhibit the distinct differences in asymptotic behavior that can
be observed within and outside the smooth function model. In this case the
confidence interval based on the inversion of the sign test is equivalent to
the bootstrap percentile method confidence interval for # which has coverage
accuracy of order n~1'/2. For further results see Falk and Kaufman (1991).
While this result matches the asymptotic behavior of the bootstrap percentile
method exhibited in this section, Hall and Martin (1989) show that the cov-
erage accuracy cannot be improved by adjusting the nominal rate of the con-
fidence interval. This implies that applying the accelerated bias correction to
the interval will not improve the asymptotic accuracy of the interval. Hall and
Martin (1989) also conclude that the studentized interval is not a practical
alternative in this case because there is no simple estimate of the standard
error of 0 and the bootstrap estimate of the standard error of 0 converges at
the slow rate of O(n~1/4). See Hall and Martin (1987) and Maritz and Jarrett
(1978). This leaves no hope of finding an observed confidence level based on
this confidence interval for the population quantile.

There has been some improvement in this problem that arises from using the
smoothed bootstrap. The smoothed bootstrap replaces empirical distribution
function as the estimate of the population with a continuous estimate, usu-
ally based on a kernel density estimate. These methods will not be discussed
here, but more details can be found in Falk and Reiss (1989), Hall, DiCiccio,
and Romano (1989), and Ho and Lee (2005a,b). See also Cheung and Lee
(2005) and Shoemaker and Pathak (2001) for some alternate approaches to
implementing the bootstrap to the population quantile problem.

2.5 Empirical Comparisons

To investigate how the asymptotic results of Section 2.4 translate to finite
sample behavior, a small empirical study was performed using the mean func-
tional studied in Sections 2.3.1 and 2.4.1. Samples of size n = 5, 10, 20 and
50 were generated from six normal mixtures. The normal mixtures used are a
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subset of those studied in Marron and Wand (1992). In particular, the stan-
dard normal, skewed unimodal, strongly skewed, kurtotic, outlier and skewed
bimodal distributions were used. A plot of the densities of these normal mix-
tures is given in Figure 2.1. One can observe from the plot that these normal
mixtures allows for the study of the effect of several types of skewness and
kurtosis in the parent population. For more information of these densities see
Marron and Wand (1992). For each sample, the observed confidence level for
the mean to be within the region ¥ = (—1, 1) was computed. This region is
indicated in Figure 2.1, along with the mean of each of the densities. Note
that this allows the study of the effect when the regions covers the actual
parameter values, as well as cases when it does not. The measures computed
Were Qstuds Ostuds guds Xhybr perer Mher and &g, For the case when 7 is un-
known, agtyq is the only accurate method as defined in Section 2.4. Therefore
Qgstuq Will provide the benchmark for the evaluating the performance of the
methods based on the normal approximation and bootstrap estimates. The
calculation of astuq requires that H, be known. For the case of the standard
normal population, H,, is a t-distribution with n — 1 degrees of freedom. For
the remaining distributions the distribution H,, was approximated empirically
using full knowledge of the population. For the bootstrap estimates, G,, and
H,, were estimated using the usual bootstrap estimates that do not rely on
the knowledge of the population. For each sample size and population, 1000
samples were generated. For each generated sample, the observed confidence
level for 8 € ¥ using each of the methods described above was computed.

These levels were averaged over the 1000 samples.

The results of the study are given in Table 2.1. For the standard normal
distribution, one can observe that &%, has an average observed confidence
level closest to the average for agguq. All of the remaining methods tend to
overstate the confidence level, though the difference becomes quite small as
n approaches 50. The fact that there are no major differences between the
remaining methods may largely be due to the fact that since the distribu-
tion is symmetric, all of the methods are second-order accurate. The fact that
A% ,q performs slightly better in this case indicates that perhaps the boot-
strap studentized method is better able to model the finite sample behavior
of the distribution H,, than the remaining methods. Note further that the ob-
served confidence levels increase as the sample size increases, which indicates
that the method is consistent since the mean is within the region. For the
skewed unimodal distribution we begin to see some differences between the
methods. In this case only &, 4 and &}, . are second order accurate due to
the fact that the distribution is not symmetric. One can indeed observe that
the &4 and &, measures are the most accurate, with &, 4 having a slight
edge in most cases, except for the case when n = 5. This general behavior is
carried over to the strongly skewed distribution with the exception that the
overall confidence levels are much smaller, due to the fact that the mean in
this case is much farther away from the region than for the skewed distribu-
tion. Note that in both of these cases, the observed confidence levels decrease
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with the sample size. This general behavior is observed for the kurtotic uni-
modal, outlier, and skewed bimodal distributions as well, except for the two
largest sample sizes for the kurtotic unimodal distribution, where &7, . has
the smallest error. Therefore, it appears that the studentized and accelerated
bias-correction methods are the preferred measures for observed confidence
levels for the mean, with a slight edge given to the studentized method in
most situations.

2.6 Examples
2.6.1 A Problem from Biostatistics

Consider the bioequivalence experiment described in Section 1.3.1. Recall that
A;, N; and P; are the blood hormone levels in patient i after wearing the
approved, new and placebo patches, respectively. Define a random vector X; €
R? as
X! = (A, N;, P, A2, N?, P2, A;N;, A; Py, N; P;),

with mean vector p = F(X;). Note that the components of p can be used to
compute the means and variances of A;, N;, P;, as well as covariances between
the observations. The bioequivalence parameter 6 can be defined as a smooth
function of p as 0 = g(pu) = (un — pa)/(pa — pp), where E(4;) = pa,
E(N;) = pun, E(P;) = pp, and it is assumed that pa # pp, which implies
that the approved patch has some effect. The plug-in estimator of 6 is the
same as is given in Section 1.3.1. Using the asymptotic variance of a ratio,
as given on page 245 of Casella and Berger (2002), one can show that the
asymptotic variance of 6 is

1/25 UN — A 2 UJQV+U,24—2'7NA
lim V(n'/20) = h(p)= ( ) [ o
noo fa — pp (uN — pa)
n o+ 0% —27pa _2’7N,A+7A,P_'7N7P_U,24
(ka — pp)? (kN — pa)(pa — pp)

where 0124 = V(AZ), 012\7 = V(Nl), U%:. = V(PZ), YN,A = C(NZ,AZ), YA,P =
C(A;, P;) and yn p = C(N;, P;), which is also a smooth function of p. There-
fore the problem falls within the smooth function model described in Sec-
tion 2.3 as long as the joint distribution of (A;, N;, P;) is continuous and
E(A¥NEPF) < oo for a sufficiently large value of k. This implies that the
asymptotic comparisons of Section 2.4 should be valid for this problem.

Recall that the FDA requirement for bioequivalence is that a 90% confi-
dence interval for 6 lie in the range [—0.2,0.2]. Therefore, consider com-
puting observed confidence levels for 6 on the regions g = (—o0,—0.2),
0; = [-0.2,0.2], and ©3 = (0.2, 00). Bioequivalence would then be accepted
if the observed confidence level of ©; exceeds 0.90. Note that this condition is

© 2008 by Taylor & Francis Group, LLC



50 SINGLE PARAMETER PROBLEMS

Figure 2.1 The densities of the normal miztures from Marron and Wand (1992) used
in the empirical studies of Section 2.5: (a) Standard Normal, (b) Skewed Unimodal,
(c) Strongly Skewed, (d) Kurtotic Unimodal, (e) Outlier, and (f) Skewed Bimodal.
The dashed lines indicate the boundaries of the region ¥ used in the simulation. The
dotted lines indicated the location of the mean of the distribution.
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Table 2.1 Average observed confidence levels in percent from 1000 simulated samples
from the indicated distributions and sample sizes. The measure whose average level
is closest to the average level of asiua is italicized.

. . . ~ Ak A % Ak
Distribution n Olgtud Ostud astud ahyb aperc

Ak

Ak
Qpe Xabe

Standard 5 414 442  40.3 457 457 454 452
Normal 10 56.7 583 56.3 592 593 59.1 59.0
20 709 718 70.8 722 723 723 720
50 88.6 838 885 89.0 889 839 88.9

Skewed 5 25.8 252 231 25,6 248 253 252
Unimodal 10 25.5 23.7 24.3 23.7 231 241 24.2
20 187 169 184 168 16.5 173 17.7

50 7.5 6.6 7.5 6.4 6.6 6.9 7.3

Strongly 5 3.4 1.7 3.1 1.3 1.5 1.8 2.0
Skewed 10 1.6 0.2 1.4 0.1 0.2 03 0.4
20 0.2 0.0 0.2 0.0 0.0 0.0 0.0
50 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Kurtotic ) 53.0 56.2 50.7 57.0 583 57.0 56.6
Unimodal 10 66.7 685 653 69.1 69.8 68.7 68.6
20 796 804 788 807 810 805 &80.2
50  93.0 932 928 933 933 931 95.1

Outlier ) 26.1 272 227 29.0 272 284 282
10 383 392 380 405 393 403 40.2
20 518 524 51.9 533 525 529 530
50 728 731 728 734 732 733 733

Skewed ) 249 2064 229 285 268 279 2738
Bimodal 10 363 372 36.1 385 373 382 379
20 498 504 49.8 512 504 509 51.0
50 713 T1v 714 718 716 717 718

not equivalent to the condition on the confidence intervals. The reason for this
is that the confidence intervals used to evaluate bioequivalence are forced to
have equal tails, whereas the confidence interval used to compute the observed
confidence level will generally not have equal tails. It could be argued, how-
ever, that the condition for bioequivalence based on the observed confidence
levels is more intuitive. Table 2.2 gives the observed confidence levels for each
region using the &gstud, &g, &i"lyb, Qperes O, and agy . measures. The details
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Table 2.2 Observed confidence levels for the bioequivalence data used in the example.
The observed confidence levels are reported as a percentage.

Measure G 0, (G

Gsena 9:00  90.76  0.24
Qfq 702 8611 6.87
i, 1133 88.78  0.00

Qe 573 9299 1.28
ar, 511 9341 148
Qe 459 9297 242

of how these measures were computed can be found in Section 2.7. The bias-
correction and acceleration constants were computed using Equations (14.14)
and (14.15) of Efron and Tibshirani (1993). The estimated values of these
parameters are Sbc = 0.056 and a = 0.028. One can observe from Table 2.2
that all of the measures, except the studentized measure, indicate bioequiv-
alence. In particular, one can observe that the correction provided by the
bias-corrected and the accelerated bias-corrected methods is very slight. The
studentized method has both good theoretical properties, and is typically the
most reliable method studied in the empirical study. This method indicates
that the patches are not bioequivalent. This is consistent with the conclu-
sions of Efron and Tibshirani (1993). Note that the BC,, interval in Efron and
Tibshirani (1993) does not indicate bioequivalence, but that the accelerated
bias-corrected observed confidence level does. This is due to the nonequiv-
alence of the two conditions arising from the fact that the BC, interval in
Efron and Tibshirani (1993) is forced to have equal tail probabilities.

2.6.2 A Problem from Ecology

Consider the problem of estimating the extinction probability for the Whoop-
ing Crane, as described in Section 1.3.4. Transforming the data as log(z;/x;—1)
fori =1,...,n creates an sequence of independent and identically distributed
random variables under the assumption that all of the time increments ¢; —t;_1
are constant for ¢ = 1,...,n. The extinction parameter is a smooth function
of the parameters # and 7, which can be written as smooth functions of a
vector mean based on the increments of the process. However, note that the
extinction probability is not differentiable at 3 = 0, and therefore the appli-
cation of the smooth function model for this problem may be suspect. Figure
2.2 presents a plot of 6 as a function of 3 for fixed values of 7 and d to demon-
strate this point. It can easily be seen that if 3 is less than zero, the extinction
probability will be asymptotically degenerate. In the current application an
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Figure 2.2 Plot the of the extinction probability 6 as a function of B for fized values
of T and d.
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initial assumption will be made that ( is far enough away from 0 to not cause
any substantial difficulties.

In the application of the bootstrap to solve this problem note that it is vitally
important not to resample from the population counts, but rather to sample
from the increments in the population counts or from the transformed counts
given by log(z;/x;—1). A resampled realization can be created by starting
with the observed initial population count of 18 and incrementally adding
these differences to create a new realization. It is also important to account
for certain problems that may occur when resampling these differences. For
example, when reconstructing a realization of the process it may turn out
that the resampled differences creates a process realization whose count dips
below zero, or whose final count is below the threshold ». In either case the
estimated extinction probability is obviously 1.

Using these methods, the bootstrap estimates of the standard error of the
extinction parameter are 0.2610 for v = 10 and 0.3463 for v = 100. Observed
confidence levels computed using the methods outlined in this chapter are
presented in Table 2.3. The bias-corrections were estimated to be 3bc =0.1319
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Table 2.3 Observed confidence levels, in percent, that the probability of crossing
thresholds of v = 10 and v = 100 for the Whooping Crane population is less than
0.10 (©1) and 0.05 (©2).

v =10 v = 100
Ch (SH Ch (SH

Ggua 649 576 535 AT.T
Qfg 999 99.9 548 41.8
af,, 100.0 100.0 61.8 47.8
a 885 864 56.7 482

perc

af. 857 834 575 49.0

for v = 10 and dp. = —0.0211 for v = 100. The estimates of the acceleration
constant is virtually zero for both v = 10 and v = 100, which means that
virtually no further correction will be made over just using the bias correction.

One can observe from the table that when the threshold is set at 10, the
generally more reliable methods indicate a great deal of confidence that the
probability that the threshold will be passed is less than both 0.05 and 0.10.
There is some degree of disagreement between the methods in this study, with
the normal approximation providing far less confidence than the remaining
measures. This is particularly surprising when one notes that neither the bias-
corrected or accelerated bias-corrected methods show much correction over the
percentile method. This difference could be due to the variability of é being
large enough to cause problems when B approaches 0. When the threshold is
100 the methods show more agreement and of course less confidence that the
probability of crossing the threshold is below the two values.

2.6.8 A Problem from Astronomy

The chondrite meteorite data of Ahrens (1965) provides an interesting ex-
ample of the use of observed confidence levels for correlation coefficients. Of
particular interest to geochemists who study such meteorites is their classifi-
cation according to the chemical makeup of the meteorites. Ahrens (1965) was
interested in the association between the iron, silicon and magnesium content
of the meteorites by observing the percentage of silicon dioxide (SiO3) and
magnesium oxide (MgO) for each of the twenty-two sample meteorites. The
data are given in Table 1.5 and a scatterplot of the percentage of each of the
compounds in the samples is given in Figure 2.3. The observed correlation
between between the percentage of SiOy and MgO is 0.970262. Correlations
are often categorized by their strength. For example, consider the regions
for the parameter space of the correlation coefficient © = [—1,1] given by
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Figure 2.3 The percentage of silicon diozide (SiO2) and magnesium ozide (MgO)
for each of the twenty-two sample meteorites considered in Ahrens (1965).
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SiO,

O9 = [1.00,0.90), ©1 = [0.90,0.95), O3 = [0.95,0.99), ©3 = [0.99,1.00] The
region O can be interpreted as indicating a strong association, O as indi-
cating a very strong association, and ©3 as indicating an extremely strong
association. See Devore (2006) for an example of a broader range of regions.
Therefore, the observed correlation suggests a very strong positive assocation.

The correlation coefficient falls within the smooth function model under the
assumption that the joint distribution of the percentages is absolutely contin-
uous. See Section 2.3.3. Therefore, the methods discussed in this chapter can
be used to estimate observed confidence levels for each of the regions listed
above. The estimated observed confidence levels for these regions are given
in Table 2.4. It is clear from these estimates that there is strong confidence
that the association is very strong, though it appears that many of the meth-
ods may be overstating the observed confidence when compared to the more
reliable studentized observed confidence level.

© 2008 by Taylor & Francis Group, LLC



56 SINGLE PARAMETER PROBLEMS

Table 2.4 Observed confidence levels for the correlation between the percentage of
stlicon diozide (Si0O2) and magnesium oxide (MgQO) for each of the twenty-two sample
meteorites considered by Ahrens (1965). The observed confidence levels are reported
as a percentage. All bootstrap methods are based on 10,000 resamples.

Measure O, O, (CH

Goua 122 9736 1.37
4% 1180 73.99 10.68
af,, 018 9742 2.4

Qe 219 9745 0.36
a,. 482 9508  0.09
af. 212 9756 0.31

2.6.4 A Problem from Anthropometric Studies

Consider the problem of classifying the mean height of players in the National
Basketball Association (NBA) for the 2005-2006 season with respect to the
heights of typical American males of approximately the same age. The Na-
tional Health and Nutrition Examination Survey (NHANES), sponsored by
the Centers of Disease Control and Prevention of the United States, collects
anthropometric and health related data on study participants. Based on the
data from 1988-1994, the mean height of males aged 20-29 is estimated to
be 176.1cm with a standard deviation of 10.9cm. The data can be obtained
from the NHANES website (http://www.cdc.gov/nchs/nhanes.htm). A ran-
dom sample of the heights of ten players in the NBA from the 2005-2006
season was taken using data from the NBA website (http://www.nba.com).
The data are given in Table 2.5. There are ties in the data due to the fact
that the heights were measured to the nearest inch, and then converted to
centimeters. Of interest is to determine whether the mean height of players in
the NBA during the 2005-2006 season fall within the following regions: ©¢ =
(—00,143.4], ©1 = (143.4,154.3], ©, = (154.3,165.2], ©3 = (165.2,187.0),
O, = [187.0,197.9), O5 = [197.9,208.8) and O = [208.8,00). The region O
includes all values of the mean which would be within one standard devia-
tion of the of the mean height for the NHANES data. The regions ©5 and
©4 include all values for the mean that are between one and two standard
deviations below, and above the the mean height from the NHANES data,
respectively. The regions ©; and Oy include all values for the mean that are
between two and three standard deviations below, and above the the mean
height from the NHANES data, respectively. Finally, the regions ©¢ and Og
include all values for the mean that are more than three standard deviations
below, and above the the mean height from the NHANES data, respectively.
The average of the heights in Table 2.5 is 199.39 with a standard deviation of
10.93, which indicates a possible preference for the region ©5. The measures
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Table 2.5 The heights of the ten NBA players from the 2005-2006 season sampled
for the example.

Player Height (cm)
Allen Iverson 182.88
Milt Palacio 190.50
DeSagana Diop 213.36
Theron Smith 203.20
Moochie Norris 185.42
Devin Brown 195.58
Tim Duncan 210.82
Sean Marks 208.28
Vitaly Potapenko 208.28
Kerry Kittles 195.58

Table 2.6 Observed confidence levels for the NBA player height data used in the
example. The observed confidence levels are reported as a percentage.

Measure O Ch (SH O3 Oy (CH CH

Ggwa 0.00 0.00 0.00 0.01 3330 66.36 0.33
4%, 000 000 0.00 0.60 34.60 64.80 0.00
iy, 0.00 0.00 0.00 0.00 3690 62.80 0.30

Qperc 0.00 0.00 0.00 0.00 32.10 66.20 1.70
o, 0.00 0.00 0.00 0.00 36.68 62.82 0.50
iy 0.00 0.00 0.00 0.00 37.20 62.80 0.00

Qstuds Cpuas Vb Apercs Wper and &g, were computed for each of the regions,
and are reported in Table 2.6. One can easily observe that there is little or no
confidence that the mean height of players in the NBA during the 2005-2006
season is in any of the regions ©¢—0©3 or Og. Further, there is approximately
twice, depending on which measure is used, the confidence that the mean
height of players in the NBA during the 2005-2006 season is in the region O3
than there is in the region ©4. According to the data from the NBA website,
the actual mean height of all players in the NBA for the 2005-2006 season is
201.26cm, which is in region ©5. It is clear that all of the measures used for
this example indicate this possibility rather well.
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2.7 Computation Using R

The computations required for the examples in Sections 2.6.1 and 2.6.4 were
implemented using the R statistical computing environment. The R package
is freely available online at http://www.r-project.org. Distributions for Mac
OS X, Unix, Linux and Windows are available. The R statistical software is
especially useful for bootstrap computations because of the ability to write
user-defined functions. The standard distribution of R also supports a vast ar-
ray of mathematical functions, including singular value decomposition, which
is required to compute studentized observed confidence levels in the multipa-
rameter case. The software also includes a library with functions designed for
performing bootstrap calculations. This section will assume that the reader
has a basic working knowledge of R. An introduction to the R environment is
given by Dalgaard (2002). An introduction to using the bootstrap library is
given in Chapter 11 of Davison and Hinkley (1997). This section will demon-
strate how to compute the observed confidence levels for the example studied
in Section 2.6.1. The computations for the remaining examples in Section 2.6
can be implemented in a similar fashion.

Before implementing the calculations in R, a basic understanding of bootstrap
computation is required. The bootstrap estimate of (G,, is defined in Section
2.3 as

Gnlt) = P*

1/2(p0% _ )
n (QA 0) ~E

g

<tXi,....X:

n

This distribution rarely has a closed analytic form and is usually approx-
imated using a computer-based simulation, as follows. Simulate b samples
of size n from the distribution ﬁn, conditional on Xi,...,X,,. Because the
empirical distribution places a discrete mass of n~! at each of the observed
sample points Xy, ..., X, generating each of these samples can be achieved
by randomly selecting, with replacement, n times from the original sample
Xi,...,X,. Each of these generated samples is called a resample. See Efron
and Tibshirani (1993) and Davison and Hinkley (1997) for more information
on such simulations. For each resample, compute Z; = n'/ 2(@:‘ - é) /&, where
é:‘ is the estimator  computed on the i resample. The distribution G,, (t) can

then be approximated using the empirical distribution of Z7, ..., Z;. That is
b

~ b1 6(t,[Z5,00)). (2.43)
i=1

It follows from Equation (2.25) that Gjy1, can be approximated with

126[ 1/2 — 1) 1z, )]

1/2

g [

1R

@ﬁyb(‘ll)

Q)

%)

r&.

\—/

N

o

v
——

© 2008 by Taylor & Francis Group, LLC


http://www.r-project.org

COMPUTATION USING R 59

Note that 1204 PV
1/2(9 _ 1/2(9% _
WPO-1) g w0 0)

o o

if and only if éj <20—t. Therefore, &j,;, can be equivalently computed using
the simpler approximation

b
Ay, () m b1 6(20 — b1 [07,00))

b
— b1y 6(20 — tu; 67, 00)).
i=1

can be approximated in a similar way. From Equations
can be approximated with

The measure &3,
(2.26) and (2.43),

A
Oépe]rc

are(¥) = b 126[ iy = 6), [Z:,oo>]

- 126[ nt/2( tL—G) [Zf,oo)].

Note that , A P
1/2 1/2(H*
n'/2(t — 0) n'/2(6F —0)
—_— > =1
G - G ’
if and only if 9* < t. Therefore, Gy, can be equivalently computed using the
approximation

b
Ahere (W)~ b1 "ty 0], 00

b
pt ZJ(tL; [éz , 00
i=1

The choice of b in these calculations is arbitrary, though larger values of b will
provide a better approximation. There are no specific guidelines for choosing b
for computing observed confidence levels, though the choice of b for computing
confidence intervals is well documented. Typically b should be at least 1000,
though modern desktop computers can easily handle b = 10000 or b = 20000
in a reasonable amount of time, depending on the complexity of the statistic
0. See Booth and Sarkar (1998) and Hall (1986) for further details.

In the R statistical computing environment the boot function, which is a
member of the boot library, provides an easy way to obtain the values of
5(20 — t; 67, 00)) and 6(t; [0F,00)). In order to implement the boot function
from the bootstrap library in R, a function must be written that reads in the
original data and a vector that contains indices corresponding to the observa-
tions to be included in the current resample. The function should return the
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value of the statistic for the current resample. The boot function in R is very
flexible and allows for multidimensional data and statistics. To construct the
function required by the boot function for the bioequivalence experiment in
Section 2.6.1, it will be assumed that an 8 x 3 matrix called bioeq contains
the data from Table 25.1 of Efron and Tibshirani (1993). The rows correspond
to the different patients, and the columns of bioeq correspond to the obser-
vations from the placebo, approved and new patches, respectively. Given this
structure, the function

bioboothyb <- function(data,i,tval) {
d <- datali,]
that <- sum(datal,3]-datal,2])/sum(datal,2]-datal,1])
thats <- sum(d[,3]-d[,2])/sum(d[,2]-d[,1])
if (thats<=(2.0*that-tval)) delta <- 1
else delta <- 0
delta }

will return 6(20 —tval; [0}, 00)). Assume that the values of ¢, and ¢y are stored
in the R objects tL and tU, respectively. Then the values of §(20 —ty; [0}, c0))
and 5(2@ —ty; [é;“, o0)) for i = 1,...,b can be stored in the R objects dLhyb
and dUhyb using the commands

dLhyb <- boot(data=bioeq,statistic=bioboothyb,R=1000,tval=tL)$t
dUhyb <- boot(data=bioeq,statistic=bioboothyb,R=1000,tval=tU)$t

The specification R=1000 indicates that b = 1000 resamples should be used
in the bootstrap calculations. The value of tval is not used by the bootstrap
function itself, but is passed directly to the bioboothyb function. The values
of bioboothyb for each resample are extracted from the boot object using
the $t designation. The values of dflyb((%i) are then approximated with the
command mean (dUhyb) - mean(dLhyb). The measure &, can be computed
using the function

biobootperc <- function(data,i,tval) {
d <- datali,]
that <- sum(datal,3]-datal[,2])/sum(datal,2]-datal,1])
thats <- sum(d[,3]-d[,2])/sum(d[,2]-d[,1])
if (thats<=tval) delta <- 1
else delta <- 0
delta }

in conjunction with commands similar to those used above for computing the
hybrid measure.

The computation of &, 4(©;) is somewhat more complicated as the plug-in es-
timator of the asymptotic standard error must be computed for each resample.
That is, for each resample the value T} = n'/2(0* — 0)/67 must be computed
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where 67 is the plug-in estimate of o computed using the i*"" resample. If the
analytic form of the plug-in estimator is known, then it can be implemented
directly in the R function that is used in the boot function. In many cases,
however, the estimate is either not known, or has a very complicated form.
In these cases the bootstrap standard error estimate can be used. Note that
this is an example of the iterated, or nested, bootstrap described by Hall and
Martin (1988). For each bootstrap resample, a new set of resamples is taken
from the generated resample to estimate the standard error. In R this is a sim-
ple process because functional recursion is allowed. The bootstrap estimate
of the standard error of 6 is given by the standard deviation of the bootstrap
distribution of 4. That is,

SE(6) = { / [t / tdvn(t)rdm)}m,

where V,(t) is the bootstrap estimate of the distribution of 6 which can be
approximated using the empirical distribution function of 87, ..., 6;. Therefore
the standard error of # can be approximated with

9y 1/2
b

b
SE(@0)~ < b-1)"" > |0 -7 6r
j=1

i=1

Therefore, to estimate a standard error using the R boot function, a function
must be written that returns the value of the statistic being studied calculated
on the resample. For the bioequivalence problem this function is

biobootse <- function(data,i) {
d <- datal,il
thats <- sum(d[,3]-d[,2])/sum(d[,2]-d[,1])
thats }

The bootstrap estimate of the standard error based on the original sample
can then be computed using the boot function and the following command

biosehat <- sd(boot(data=bioeq,statistic=biobootse,R=100)$t)

To develop the studentized measure, note that the bootstrap estimate of the
distribution H,, can be approximated with

Hy(t) ~ b~ " 6(4 (17, 0))

i=1

where T = n'/2(0F — 0)/67 and 0F and 67 are computed using the it?
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resample. It follows from Equation (2.24) that

A % —1 d 1/2é ) *
astud(\y ~ b Z(s 7[T’z ,OO)

Q>

- b-12‘5[ O, 17 o0

Note that L2 P R
— 1 * _
WHO=0) g VA0 =0)
G o
if and only if t < (8 — 07)/6F + 6. Therefore, &%, 4(¥) can be approximated
with
b ~ ~ ~
@oua(¥) = 071 6[6(0F —0)/67 + 05 [tr, 00)]
i=1
b ~ ~ ~
= 0 00607 = 0)/57 + 0 [tw, 0).
i=1
An R function that returns 8[6 (0 — 0)/67F + 0; [t,00)] is given by

biobootstud <- function(data,i,tval,sehat) {
d <- datali,]
that <- sum(datal[,3]-datal,2])/sum(datal,2]-datal,1])
thats <- sum(d[,3]-d[,2])/sum(d[,2]-d[,1])
sehats <- sd(boot(data=d,statistic=biobootse,R=100)$t)
if (tval <= sehat*(that-thats)/sehats + that) delta <- 1

else delta <- 0

delta }

The values of 6[6(0% — ) /67 + 0; [t1,, 00)] and 8[6(6F — ) /67 4 0; [ty, 00)] can
then be stored in the R obJects dLstud and dUstud using the commands

dLstud <- boot(data=bioeq,statistic=biobootstud,
R=1000,tval=tL,sehat=biosehat)&t

dUstud <- boot(data=bioeq,statistic=biobootstud,
R=1000,tval=tU, sehat=biosehat)&t

and the value of &%, 4(©;) is then approximated with the command
mean(dLstud) - mean(dUstud)

Note that biosehat was computed earlier in the section.

The computation of the accelerated and bias-corrected measure &}, . is com-
puted using similar ideas, with the main exception that the bias-correction
term dp and the acceleration constant a must be estimated from the data. Re-
call that oy = 2®1[G,,(0)] so that a bootstrap estimate of the bias-correction
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can be computed as . = 2A<I>_1[Gn(0)], where G, is a bootstrap estimate of
G,,. The approximation of G, (t) given in Equation (2.43) yields

b
G,(0) ~ bt Z 5(0;[ZF, 00))

b
= bt Z 5(6;10F,00)).

A function suitable to compute én(O) for use in the boot function is given by

biobootbc <- function(data,i) {

d <- datali,]

that <- sum(datal,3]-datal,2])/
sum(datal,2]-datal[,1])

thats <- sum(d[,3]-d[,2])/sum(d[,2]-d[,1])

if (that >= thats) delta <- 1
else delta <- 0

delta }

where the bootstrap estimate of the bias-correction can then be approximated
using the command

bc <- 2.0*gnorm(mean(boot (data=bioeq,statistic=biobootbc,
R=100)$t))

The most common method for computing an estimate of the acceleration
constant is to use the jackknife method given by Equation (14.15) of Efron
and Tibshirani (1993). This estimate is given by

i (0o — 0w
6321 (O = 0?72
where é(i) is the statistic § computed on the original sample with the 7*"
observation missing and
by =n""> 0.
i=1

An R function to compute a for the bioequivalence example is given by

a =

bioaccel <- function(data) {
n <- nrow(data)
thetai <- matrix(0,n,1)
for(i in 1:n) {
thetail[i] <- sum(data[-i,3]-data[-i,2])/
sum(data[-i,2]-data[-i,1]) T

thetadot <- mean(thetai)
accel <- sum((thetadot - thetai)~3)/
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6*sum((thetadot-thetai) ~2)~(1.5)
accel T

The remaining calculations to compute &7, . can the be completed using the

functions described above.

C

2.8 Exercises

2.8.1 Theoretical Ezercises
1. Suppose X3, ..., X, is a random sample from an exponential location fam-
ily of densities of the form
f(a) = e D6(x; [0, 00)),
where 6§ € © = R.

(a) Let X(qy be the first order-statistic of the sample Xi, ..., X,,. That is
Xy =min{Xy,..., X, }. Prove that
Cla,w; X) = [X1y +n M log(l —wr), X1y +n " log(l — wy)]
is a 100a% confidence interval for § when wy —wyr, = a where wy, € [0, 1]
and wy € [0, 1]. Hint: Use the fact that the density of Xy is
F(@a)) = ne™ "0 =D6 ()3 [0, 00))

(b) Use the confidence interval given in Part (a) to derive an observed con-
fidence level for an arbitrary region ¥ = (t,ty) C R where t1 < ty.

2. Suppose X1, ..., X, is a random sample from a uniform density of the form
f(x) = 07"8(;(0,0)),
where 6 € © = (0, 00).
(a) Find a 100a% confidence interval for § when wy — wy, = a where wy, €
[0,1] and wy € [0,1].
(b) Use the confidence interval given in Part (a) to derive an observed confi-

dence level for an arbitrary region ¥ = (¢;,,ty) C R where 0 < t;, < ty.

3. Consider a random sample Wy,..., W, from a continuous bivariate dis-
tribution F' where W, = (W;1, Wia). Let § = (n1,m2)" = E(W;) be the
bivariate mean of F' and define § = 1y /ny. This problem will demonstrate
that this parameter falls within the smooth function model.

(a) Define a new sequence of random vectors as

X = (Wir, Wia, W3, Wiy, Wi Wiz)

(2 2

for ¢+ = 1,...,n. Compute the mean vector of X; using the notation
HEl = E(Wik]:_Wil2)'
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(b) Construct a function g such that § = g(u) where p = E(X;). What is
the corresponding plug-in estimate of 67
(¢c) Compute the asymptotic variance of n'/20 and show that this variance

can be written at a smooth function of . What is the plug-in estimate
of 02?7

4. Using the Edgeworth expansion for G,,(¢) and the Cornish-Fisher expansion
of he, prove that

Gn(hl—w) =1l-w+ n_1/2¢(zw)[p1(zw) - QI(Zw)] + O(n_l)'

5. Using a Taylor expansion, prove that

PN wHA) =2, + @ +0(\?)

as A — 0.

2.8.2 Applied Ezercises

1. The table below gives the midterm and final exam scores for ten randomly
selected students in a large basic statistics class. Assume that the assump-
tions of the smooth function model hold for this population. The observed
correlation between the midterm and final exam scores is 0.7875. Com-
pute observed confidence levels that the correlation is within the the re-
gions Oy = [-1,0], ©; = (0,0.50), ©3 = [0.50,0.80), O3 = [0.80,0.90),
©, = [0.90,0.95), ©5 = [0.95,0.99) and ©¢ = [0.99,1.00]. Use the per-
centile, hybrid, and studentized methods to compute the observed confi-
dence levels. What region has the largest level of confidence? Are there
substantial differences between the methods used to compute the observed
confidence levels?

Student 1 2 3 4 5 6 7 8 9 10

Midterm 77 70 94 8 94 65 69 76 69 71
Final 78 82 91 91 94 76 79 71 76 78

2. Two precision measuring instruments are assumed to both give unbiased
estimates of the length of a small object. Researchers at a lab are interested
in comparing the variability of the two instruments. Measurements of seven
objects are taken with each instrument. Each object is thought to have a
length of 1.27mm. The measurements from each instrument are given in
the table below. Define the parameter of interest for this problem to be the
ratio of standard deviations of Instrument 1 to Instrument 2 (labeled I1 and
12 in the table). Calculate observed confidence levels using the percentile,
hybrid, and studentized methods that the ratio is in the regions ©; = (0, %),
Oy = [%7%)7 O3 = [%7%)’ Oy = [1%71)7 O5 = [17%0)7 O = [1@07%)7 O7 =
[%,2) and Og = [2, 00).
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Object 1 2 3 4 5 6 7

I1 1.2776  1.2745 1.2616 1.2474 1.2678 1.2548 1.2788
I2 1.2726  1.2687 1.2648 1.2677 1.2703 1.2713 1.2739

3. A tire company inspects twenty-five warranty records for a particular brand
of tire. The company will replace the tires in question if they fail under
normal operating conditions after less than 50,000 miles. The company
also offers an extended warranty that will replace the tires if they fail under
normal operating conditions after less than 60,000 miles. The mileage at
failure of each tire that each replaced under one of these warranties was
obtained from the warranty data. The data are given in the table below
(in thousands of miles). Let 6 be the mean number of miles at failure (in
thousands of miles) for tires replaced under these warranty plans. Compute
observed confidence levels using the percentile, hybrid, studentized, and
accelerated and bias-corrected methods that 6 is within each of the regions
©; = (0,40), ©1 = (40,45), ©1 = (45,50), ©; = (50, 60).

58.18 20.29 44.33 45.15 52.08
51.07 48.41 56.26 56.46 57.90
99.83 34.79 59.83 50.56 49.63
54.85 58.88 56.36 38.92 53.00
52.69 56.11 56.02 58.88 54.69

4. The purity of a chemical compound used in manufacturing is an impor-
tant quality characteristic that is monitored carefully by a manufacturing
company. Suppose the manufacturing company has an acceptance sampling
plan with a supplier for a large shipment of the compound that is written
in terms of observed confidence levels. For any shipment, n samples of the
compound from the shipment are analyzed by chemists from the company.
Using the observed purity levels for the n samples, observed confidence lev-
els for computed that the mean purity level is with the following regions:
©; = (0,0.95), ©2 = [0.95,0.98), ©5 = [0.98,0.99) and ©4 = [0.99,1.00].
The shipment will be accepted if the observed confidence level of ©4 is
above 80% or if the sum of the observed confidence levels for ©3 and ©4
exceed 95%. Suppose the data in the table below correspond to n = 16
observed purity levels for a shipment of the compound. Compute observed
confidence levels for each of the regions using the percentile, hybrid, stu-
dentized, and accelerated and bias-corrected methods. Would the shipment
be accepted according to each of the methods for computing the observed
confidence levels? Comment on any differences.

0.9943 0.9910 0.9920 0.9917 0.9999 0.9999 0.9922 0.9768
0.9917 0.9773 0.9999 0.9974 0.9995 0.9641 0.9977 0.9990
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5. Fifteen samples of water are taken from a lake that is thought to be con-
taminated by a local industry. The pH of the water is determined for each
sample. The data are given in the table below. The range of the pH scale
has been divided into three regions: ©, = (0,6.8), which corresponds to
acidic readings, ©,, = [6.8,7.2], which corresponds to neutral readings, and
©p, = (7.2,14), which corresponds to basic readings. Compute observed
confidence levels that the mean reading from the lake is in each of these
regions using the normal, percentile, hybrid, studentized and accelerated
and bias-corrected methods. If the lake water should be neutral, does it
appear that that the lake has been contaminated to cause it to be acidic?

771 738 7.87 6.54 6.67
6.84 788 790 781 6.23
6.87 6.81 6.88 6.79 7.62
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CHAPTER 3

Multiple Parameter Problems

3.1 Introduction

This chapter considers computing observed confidence levels for the more
general case of vector parameters. While the single parameter case necessarily
focuses on interval regions of the parameter space, this chapter will consider
more general subsets of RP. As in the case of scalar parameters, there are sev-
eral potential methods that exist for computing the levels, and the measure
of asymptotic accuracy developed in Chapter 2 will play a central role in the
comparison of these methods. These comparisons once again depend heav-
ily on asymptotic expansion theory, in this case developed from multivariate
Edgeworth expansions. As in the previous chapter, observed confidence lev-
els based on studentized confidence regions will be shown to have superior
asymptotic accuracy.

Following the development of the general case for scalar parameters consid-
ered in Section 2.2, it suffices to consider observed confidence levels in the
parameter vector case as a probability measure on a sigma-field T of subsets
of ©. For most problems it is more than sufficient to let T be the Borel sets
in RP. Even within this class of subsets the typical regions considered tend to
have a relatively simple structure. In Section 3.3, for example, regions that
are a finite union of convex sets will be considered exclusively.

The general problem of computing observed confidence levels in the vector
parameter case is much more complicated than in the scalar parameter case
as a typical region ¥ and a confidence region associated with 6 can have
many complex shapes, even when restricted to a fairly simple class. Hence the
problem of solving C(«, w; X) = ¥ is difficult to solve in general. Fortunately,
as in the case of scalar parameters, standard confidence regions can be used
which simplify matters significantly. In many cases, particularly when the
bootstrap is being used, the computation of the observed confidence levels is
relatively simple, and may not require too much specific knowledge about the
shape of the region of interest. These issues are discussed in Sections 3.2 and
3.6.

Several general methods for computing confidence regions are presented in
Section 3.2. Each of these methods are used to develop corresponding ob-
served confidence levels. The development of the methods are based on a

69
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smooth function model, which in this case is a simple generalization of the
model used in Chapter 2. The asymptotic accuracy of the proposed meth-
ods are studied in Section 3.3. Due to the complexity of the multiparameter
case, adjustments to the methods such as those given by bias-correction and
accelerated bias-correction are quite complicated and will not be addressed.
Empirical comparisons between the methods are considered in Section 3.4,
and some examples are given in Section 3.5. The calculation of observed con-
fidence levels in the multiparameter case using the R statistical computing
environment is addressed in Section 3.6.

3.2 Smooth Function Model

The smooth function model considered in this chapter is essentially the same
as in Section 2.3 with the exception that 8 can be a p-dimensional vector. In
particular, let p = E(X;) € R? and assume that @ = g(u) for some smooth
function g : R — RP. Recall that the plug-in estimate of p is X, so that

the corresponding plug-in estimate of 8 is given by 8 = g(X). Let X be the
asymptotic covariance matrix of @ defined by

Y = nlgrolo V(n'/?6)
= lim E{n'/?[6 — E(9)][0 — E(8)]'}.

n—oo

We assume that 3 = h(u) for some smooth function h : R? — RP x RP. A
plug-in estimate of ¥ is given by 3 = h(X). It will be assumed that X is
positive definite and that X is positive definite with probability one. Define

Gn(t) = P[n'?2712(6 — 0) < t|Xy,... X, ~ F], (3.1)

and
H,(t) = P[n*/?27Y2(6 — 0) < t|X4,... X, ~ F], (3.2)

where t € RP. Assume that G,, and H, are absolutely continuous and let
gn(t) and h,(t) be the p-dimensional densities corresponding to G, (t) and
H, (t), respectively. Define G, to be any region of RP that satisfies

P[n'?="Y2(6 - 0) € §,/X4,... X, ~ F] = q,
and similarly define H,, to be a region of RP that satisfies

P[nl/Qﬁ)—l/Q(é _ 0) c :}_CO(IX']J' "7Xn ~ F] = Q.

If ¥ is known, then a 100a% confidence region for @ that is a multivariate
analog of a confidence interval based on the ordinary critical point in Equation
(2.7) is given by

Cora(a; X) = {0 —n 222t 1 t € G}, (3.3)

where X = vec(Xy,...,X,,). The shape of the confidence region is determined
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by the shape of G,. Therefore, the shape vector w will not be used in this
chapter. When ¥ is unknown, a 100a% confidence region for 6 that is a
multivariate analog of a confidence interval based on the studentized critical
point given in Equation (2.8) is given by

Cstud(o; X) = {é —nT2312¢ ¢ ¢ Hal-

Note that if the regions G, and H, are known, then the regions Co.q(c; X)
and Cgpua(a; X) are exact 100a% confidence regions for 8. As in the scalar
parameter case, it is not uncommon for the studentized region H, to be
unknown, but for the ordinary region G, to be known. In such a case one
might use the approximation G, ~ H, for the case when ¥ is unknown. This
results in a multivariate analog of a confidence interval based on the hybrid
approximate critical point given in Equation (2.9) given by

Chyp(; X) = {6 —n 12824 .t € G, ).
This region is exact only if
Pn'?87Y2(6 - 0) € G4|X4,..., X, ~ F] = o
An analog of percentile intervals will be discussed later in Section 3.3. If
both the regions G, and H, are unknown, then approximate regions can be

constructed using the normal approximation. Consider the assumptions of the
smooth function model along with the additional assumption that

agi(t)
#0
ot b=y

fori =1,...,pand j = 1,...,p, where g(t) = [g1(t),...,gp(t)] and t =
(t1,...,tq) € R Under these assumptions Theorem 3.3.A of Serfling (1980)
implies that

nt/25=Y2(6 — ) X N,(0,1), (3.4)
and

n/257Y2(6 — ) X N,(0,1), (3.5)
as n — oo, where N,(0,I) represents a p-variate normal distribution with
mean vector at the origin and identity covariance matrix. Define N, to be any
region of R? that satisfies P(Z € No) = «, where Z ~ N,(0,I). The weak
convergence exhibited in Equations (3.4) and (3.5) suggests that for large n
the confidence regions Corq(a; X) and Cgiua(or; X) can be approximated with

Cora(a; X) = {6 —n7 12212 . t e N, },

and X K A
Cstua(; X) = {6 — n 128124 . ¢ ¢ Nats
for the cases when X is known, and unknown, respectively.

To compute an observed confidence level for an arbitrary region ¥ C © based
on the confidence region C.q(cv; X) for the case when 3 is known the equation
U= {0 —n"1/221/2t : t € G,} is solved for a. Equivalently, we find a value
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of a such that n!/2%-1/2( — ¥) = G, where n!/25~1/2(§ — U) denotes the
linear transformation of the region W, that is

nt?2e120 —0) = {(n'/?212(0 —t) 1 t € U

Therefore, if g, (t) is known, then an observed confidence level for ¥ is given
by

Orora () = / bt (3.6)
nl/zz—l/z(g_\l,)

If g, (t) is unknown, then the normal approximation can be used to compute

OAéolrd(\ll) = / A ¢p(t)dt7
nl/2%-1/2(6—-T)

where ¢,(t) is the p-variate standard normal density. Similarly, if 3 is un-
known, then an observed confidence level for ¥ can be computed as

st (1) = / o (6,
n1/22h]*1/2(é—\11)

when h,(t) is known. If h,(t) is unknown but g¢,(t) is known, then the ob-
served confidence level for ¥ can be computed using the hybrid region as

g (1) = / gn(t)dt.
n1/22*1/2(é—\11)

Finally, if both g, (t) and h,(t) are unknown, then the normal approximation
can be used, which yields

e (V) = / O pbat.
n1/23-1/2(6-0)

If g, (t) and h,(t) are unknown and the normal approximation is not consid-
ered accurate enough, the bootstrap method of Efron (1979) is again suggested
as a method to estimate observed confidence levels. This development closely
follows that given in Section 2.3. Consider a sample X7, ..., X} ~ F,, condi-
tional on the original sample X,..., X,,. Let 8* = g(X*) where

X*=n"t Z Xr.
i=1
The bootstrap estimate of G, is given by the sampling distribution of nt/23-1/2 (é* -
) when X%,...,X* ~ F, conditional of X,...,X,. Hence
Gn(t) = P*[n'/?22712(0* — 6) < t|X3%,.... X5 ~ ),

where once again P*(A) = P(A|Xq,...,X,). Similarly, the bootstrap esti-
mate of H, is given by

H,(8) = P28 1/2(6" - 6) < t|X;,.... X}, ~ B,

where 3* = h(X*). In most cases these estimates will be discrete, and gy (t)
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and /AzAn(t) will be taken to be the corresponding mass functions of G, (t)
and H,(t), respectively. The corresponding bootstrap estimates of aorq(¥),
agpud (¥) and any, (V) are

Q@)= [ g (3.1
nl/23-1/2(-T)
() = / (8t (3.8)
n1/22*1/2((§7\11)
and
Gt (1) = /  ama, (3.9)
n1/25-1/2( - w)

respectively. The integrals in Equations (3.7)—(3.9) are taken to be Lebesgue-
Stieltjes integrals so that the cases when the distributions g, (t) and ﬁn(t)
are discrete and continuous can be covered simultaneously. The asymptotic
behavior of these estimates is studied in Section 3.3. The estimates g, (t) and
ha, (t) rarely exist is a closed analytic form, so that the practical computation of
these estimates is typically handled using computer-based simulations. These
computational issues will be discussed in Section 3.6.

Efron and Tibshirani (1998) provide an additional measure of confidence that
is based on the bootstrap percentile method confidence region first introduced
by Efron (1979). Let V,(t) = P(0 < t|Xi,...,X, ~ F) with density (or
mass function) v, (t). The bootstrap estimate of V,(t) is V,(t) = P*(6* <
t|X*,...,X* ~ F,) with density (or mass function) o, (t). A bootstrap per-
centile method confidence region for € is then given by any region V., such
that

/ B (t)dt = av, (3.10)
Va

conditional on Xj,...,X,. Setting V, = ¥ implies that the observed confi-
dence level for ¥ based on the bootstrap percentile method confidence interval
is
Aperc(P) = / Op (t)dt. (3.11)
v

In application, this method can be taken to be an analog of the percentile
method studied in Sections 2.3 and 2.4. The strength of this method lies in its
computational simplicity when using resampling algorithms to approximate
Gerc(¥). However, as Hall (1987) and Efron and Tibshirani (1998) note, the
measure is not as reliable as some other methods. The issue of reliability for

all of the methods presented in this section, will be considered in Section 3.3.
3.2.1 Multivariate Mean

Let Yi,...,Y, be a set of independent and identically distributed random
vectors from a d-dimensional distribution F' and let & = E(Y;). To put this
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problem in the form of the smooth function model, define X; = vec(Y;,Y;Y}),
so that u = E(X;) = vec(0, E) where E = E(Y;Y}). Let g : RU4H1 — R be
a function defined as g(vec(vy,vs)) = v; where vi € R? and vy € R%”. Then
g(vec(8,E)) = 0, the mean vector of Y;. The corresponding plug-in estimate
of 6 is then given by @ = Y. Similarly let s : R4U4+D) — Re x R? be a function
defined as h(vec(6,E)) = E — 60’ = 3, the asymptotic covariance matrix of
6. The corresponding plug-in estimate of 3 is the usual sample covariance
matrix given by

S=nt i(xi - X)(X; - X).

As with the univariate case studied in Section 2.3.1, if F' is absolutely contin-
uous then the distribution of X; will satisfy the Cramer continuity condition
given in Equation (2.6).

If F is a d-dimensional normal distribution with mean vector 8 and covariance
matrix X, then the distribution G,, is an n-dimensional normal distribution
with mean vector 0 and identity covariance matrix. In the case where the
covariance matrix ¥ is not known, the distribution H, is rarely considered
directly since the distribution of (X — p)’3~1(X — p) is related to the uni-
variate F-distribution, and can be used to derive confidence regions for u.
Contours of equal density for the distribution G, (t) are ellipsoidal regions in
RP_ and hence confidence regions for 6 in this case are usually taken to be el-
lipsoidal regions as well. This allows for the development of confidence regions
that generalize the use of equal tail probabilities in the single parameter case.
However, as in the one parameter case, this restriction is not necessary for
the construction of confidence sets, and confidence regions of any reasonable
shape are possible. While this is generally not an important practical factor in
the construction of confidence sets in the multiparameter case, it is crucial to
the computation of observed confidence levels. For simplicity consider the case
where X is known. From Equation (3.3) it follows that the linear transforma-
tion @ — n~1/2%1/2N, is a confidence region for @ under the assumption that
Fis a N (0, X)) distribution. Therefore, for a region ¥, the ordinary observed
confidence level is given by Equation (3.6) as

Ctora () = / ()t
n1/22—1/2(0_\1,)

A specific example will allow for easier visualization of this situation. Consider
the case where p =2, n =4, it =(1,2), and

1 1
Y= 1 2:|7
L 1

where it is of interest to ascertain the amount of confidence there is that
0 < p1 < pa <oo. That is ¥ = {p' = (p1,2) : 0 < p1 < pg < oco}. This
region is plotted in Figure 3.1. The observed confidence level of the region
is computed by integrating the standard bivariate normal density over the
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Figure 3.1 The multivariate mean example. The region ¥ is indicated by the grey
shaded area and the observed mean is indicated by the +.

<t —
N A +
= o
Al
1
<
1

linear transformation 23~/2[(1,2)" — ¥]. This transformed region is plotted
in Figure 3.2. The observed confidence level is then computed by integrating
the shaded region in Figure 3.2 over the density ¢, (t). This yields an observed
confidence level equal to approximately 95.51%. Note that the region ¥ does
not have to be linear. For example, consider the region ¥ = {p/ = (p1, p2) :
p3+u3 < 9}. This region is plotted in Figure 3.3, and the linear transformation
2%-1/2[(1,2) — ¥] is plotted in Figure 3.4. The observed confidence level is
then computed by integrating the density ¢,(t) over the region in Figure 3.4.
This results in an observed confidence level equal to approximately 89.33%.

3.3 Asymptotic Accuracy
This section will use the same measure of asymptotic accuracy that is devel-

oped for the scalar parameter case in Section 2.4, with the exception that
the confidence sets discussed in Section 3.2 will be used in place of the
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Figure 3.2 The multivariate mean erxample. The linear transformation of the re-
gion ¥ given by 257Y2[(1,2) — W] is indicated by the grey shaded area and the
corresponding linear transformation of the observed mean is indicated by the +. For
comparison, the dotted line contains a standard bivariate normal random vector with
a probability of 0.99.

W1

standard confidence intervals used in Chapter 2. Therefore, when the covari-
ance matrix X is known, the confidence region Co,q(c; X) will be used as the
standard confidence region for @, and a confidence measure & is accurate if
a[Cora(a; X)] = . If G[Corale; X)] # a, but &[Cora(e; X)] = a + O(n="/?),
for a positive integer k, as n — oo, then the measure is k*"-order accurate.
For the case when X is unknown, the confidence region Cgyua(a; X) will be
used as the standard confidence region for 8 and a confidence measure & will
be accurate if &[Cgpua(a; X)] = «, with a similar definition for k*®-order ac-
curacy as given above. From these definitions it is clear that a,.q and agiug
are accurate.

As with the case of scalar parameters the asymptotic analysis of k*™P-order
accurate models is usually based on the Edgeworth expansion theory of Bhat-
tacharya and Ghosh (1978) and the related theory for the bootstrap outlined in
Hall (1988, 1992a). In particular, the arguments in this section will closely fol-
low the multivariate Edgeworth expansion theory used in Hall (1992a, Chap-
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Figure 3.3 The multivariate mean example. The nonlinear region ¥ is indicated by
the grey shaded area and the observed mean is indicated by the +.

o _|
o
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1
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"

-10 -5 0 5 10

ter 4). Further information on multivariate Edgeworth expansions can also be
found in Barndorff-Nielsen and Cox (1989). Under suitable conditions on F
and 0 and the smooth function model described in Section 3.2, if § C RP is a
finite union of convex sets, then

P[n'/?%12(6 - 0) € §]

/Sgn(t)dt

k
/s 1+ Z ni/zri(t)] op(t)dt

+o(n~*/?), (3.12)
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Figure 3.4 The multivariate mean example. The linear transformation of the non-
linear region U given by 25~ Y2[(1,2)" — W] is indicated by the grey shaded area and
the corresponding linear transformation of the observed mean is indicated by the +.
For comparison, the dotted line contains a standard bivariate normal random vector
with a probability of 0.99.

o _|
—

-10

-10 -5 0 5 10

and

P[n'/?2712(6 - 0) € §]

/Shn(t)dt

k
/ 1+ n_i/Qsi(t)l dp(t)dt
8 i=1

+o(n"?). (3.13)

The asymptotic expansions given in Equations (3.12) and (3.13) are known as
multivariate Edgeworth expansions. The functions r; and s; are polynomials
in the components of t of degree 3i with coefficients that depend on the
moments of F. The functions are even (odd) when ¢ is even (odd). To simplify
the notation, let

Ai(S) = /5 ro(6)dp (t)dt,
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and

A(S) = / 5:()p(b)dt,

8
for i € {0,1,2,...}, where ro(t) = so(t) = 1 for all t € RP. From Equation
(3.12) it is clear that if n'/23~/2[@ — Cyq(a; X)] is a finite union of convex
sets, then
Ao{n'/?572[0 — Cora(es X)]}+
n~V2A {28 712[0 — Cora(a; X))} = a+ o(n™/?).  (3.14)

Since Ag{n'/?%71/2[0 — Cora(@; X)|} = ora[Cora(; X)] it follows that
@ord[cord(a; X)] =+ O(n71/2)’

and therefore ¢.q is first-order accurate for the case when X is known. A
similar argument shows that dggyuq is first-order accurate for the case when 3
is unknown. To analyze oy, note that

Ohyb|[Cstud (0 X)] = /g{ gn(t)dt
= AOZJ-CQ) +n 2A1(Hy) +0(n~Y). (3.15)
Equation (3.13) implies that
Aog(Ho) = Ao(Ho) = a —n V2A(H,) + O(n™Y). (3.16)
Substituting the result from Equation (3.16) into Equation (3.15) yields
hyb [Cspud (a5 X)) = a + 172 [A1(Ha) — A1 (Ha)] + O(n7h), (3.17)

which implies that oy, is first-order accurate. In some special cases it is
possible that the first-order term is 0. For example, since r; and s; are odd
functions, it follows that Ay(H,) = A1(H,) = 0 whenever H, is a sphere
centered at the origin. See Equation (4.6) of Hall (1992a). In general, the first
order term is nonzero.

To analyze the observed confidence levels based on bootstrap confidence re-
gions, Edgeworth expansions are required for the integrals of the bootstrap
estimates of g, (t) and h,(t). As with univariate Edgeworth expansions, Hall
(1992a) argues that under sufficient conditions of 8 and F, it follows that if
8 C RP is a finite union of convex sets, then

P [nY/?87Y2(6* — 6) € 8|X3,..., X!~ F,] =

[t~ [

k
1+ Z n_i/%(t)] bp(t)dt + 0, (nF/?),  (3.18)
=1
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and

P*[nt/?3* 120 — 0) € §X7,..., X! ~ Fy] =

LM@&:L

The functions 7; and §; are the same polynomial functions as r; and s;,
respectively, with the population moments replaced by the corresponding
sample moments. Theorems 2.2.B and 3.3.A of Serfling (1980) imply that
7i(t) = r:(t) + Op(n~12) and §;(t) = s,(t) + O,(n~1/2) for all t € RP. There-
fore, it follows from Equations (3.18) and (3.19) that

k
1+ Z ni/Zéi(t)] dp(t)dt + 0,(n~*/2), (3.19)

P*[n'/?87Y2(6* — ) € §|X35,... . X5 ~ B =
Ao(8) +n " 2AL(8) + 0, (n7Y), (3.20)

and

P*[n1/22**1/2(é* _ é) c S‘XT, . ,X: ~ Fn] =
Ao(8) + n_l/QAl(S) +0p(n7). (3.21)

Suppose X is known. It follows from Equation (3.20) that

Agra[Cora(a; X)] =/ Gn(t)dt = Ao(Ga) + 17 2A1(Sa) + Op(nh).

a

Equation (3.13) implies that Ag(Ga) = a —n~2A1(S4) +O(n~1). It follows
that & 4[Cora(a; X)] = a+0,(n™1), and therefore &7, is second-order accu-
rate in probability. A similar argument can be used to establish that &%, is
second-order accurate in probability when 3 is unknown, using the expansion
in Equation (3.21). For the hybrid bootstrap estimate, we have from Equation
(3.20) that

dﬁyb[cstud(oﬁ X)] = /}( gn (t)dt
= Ao(Ha) +n72A(Ha) + Op(nh),

whose first two terms match those in the expansion in Equation (3.15). It
follows that d&jy, is first-order accurate in probability, matching the accuracy
of anyp. To analyze the observed confidence level based on the percentile
method bootstrap confidence region, note that

Qrere() = P (0" € UX],..., XL~ F,)
= P*[n1/2271/2(é* B é) c 77,1/2271/2(\:[/ . é)‘XT7 o ,X* - Fn]

= / gn(t)dt
nl/23-1/2(v—9)
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Therefore, Equation (3.20) implies that

OAé;;erc [CStUd (Oé; X)} = / gn (t)dt
— %y

= Ao(—FHo) +n'2A (=Ha) + O, (n7h).

Bo(-3) = [ oyt = [ 6,016 = Bo(36,)

since ¢,(t) is a spherically symmetric density. Because r;(t) is an odd function
and ¢p(t) is an even function, it follows that

Ay(—Ha) = /_ BECOIEE / r(6)6, (6)dt = —Ay ()

Ha

Combining these results with Equation (3.20) yields
& lC(a; X)) = a — n 7 Y2[A(Hy) + A (FHo)] + Op(n71h), (3.22)

perc

*

which implies that &],. is first-order accurate in probability. From these re-
sults it is clear that from an asymptotic viewpoint, when g, and h,, are un-
known, the bootstrap estimates & 4 and &, 4 are preferred when X is known,
and unknown, respectively.

3.4 Empirical Comparisons

The asymptotic comparisons of Section 3.3 reveal a clear preference for the
bootstrap estimates of the studentized method for computing observed con-
fidence levels when g,,, h,, and X are unknown. This section will investigate
the finite sample accuracy of these methods empirically using computer-based
simulations. The two parameter case will be the focus of the investigation. In
particular, we will consider 8 to be a bivariate mean vector and the region of
interest to be the triangular region

\112{0/2(01792)20§91§02<OO}.

Four choices for the parent distribution F' will be considered. The first is a
bivariate normal density with mean vector ' = (0.5,1.0) and identity covari-
ance matrix. The second distribution is also a bivariate normal density with
mean vector 8’ = (0.5, 1.0) and unit variances, but the covariance between the
random variables is 0.5. The third and fourth distributions considered are the
skewed and kurtotic bivariate normal mixtures from Wand and Jones (1993).
Contour plots of these densities, along with the region ¥, are presented in
Figure 3.5.

The empirical study consisted of generating 100 samples of size 10, 25 and 50
from each of the four densities and computing the observed confidence levels

Ostuds Ostuds Oyds &f;yb, and &g, on each sample. The average observed
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Figure 3.5 Contour plots of the four bivariate densities used in the empirical study:
(a) Independent Bivariate Normal, (b) Dependent Bivariate Normal, (c¢) Skewed
Bivariate, and (d) Kurtotic Bivariate. The dashed lines indicate the boundary of the
region ©¢ used in the study. The point marked with + indicates the location of the
mean vector 8’ = (0.5,1.0).

(a) (b)

(c) (d)

confidence level over the 100 samples for each method was then computed.
To compute the confidence level agiua, the density h,(t) was approximated
using simulation when the multivariate normal theory was not applicable.
The bootstrap estimates all used b = 1000 resamples. Section 3.6 contains
information on computing observed confidence levels for multivariate regions
using R.

The results of the study are given in Table 3.1. The normal and bootstrap
methods are compared to aguq, which was shown to be accurate in Section 3.3.
The bootstrap studentized method &}, 4 has an average observed confidence
level closest to the average level for the correct method in all of the cases

studied. The Aggua, &f;yb, and ag,,. methods tended to overstate the confidence
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Table 3.1 Average observed confidence levels (in percent) from 100 simulated samples
for the indicated distributions and sample sizes. The measure whose average level is
closest to the average level of ausiua s italicized.

Ak Ak

. - o
Distribution N OQstud  Gstud  Qgug Ohyb  Operc

Independent Normal 10 64.12 67.85 62.88 68.98 68.86
25 84.50 85.64 84.45 86.13 86.11
50 94.69 94.99 94.69 95.24 95.24

Dependent Normal 10 71.33 74.40 69.87 75.53 75.54
25 9042 9142 90.25 91.82 91.70
50 9848 98.73 98.41 98.75 98.73

Skewed 10 74.15 80.25 72.79 80.93 81.17
25 92.06 93.54 91.85 93.75 93.66
50 98.24 9847 98.10 98.53 98.42

Kurtotic 10 62.88 65.78 61.44 66.92 66.28
25 82,53 8354 82.18 83.73 83.56
50 95.38 95.58 95.28 95.63 95.63

level on average, while &7, , understated the confidence level, on average. It
appears that the bootstrap studentized method does generally provide the
most accurate measure of observed confidence. However, all of the methods
provided a reasonable measure of observed confidence, particularly when the
sample size is moderately large. As a final note, it can be observed from Table
3.1 that all of the methods appear to be consistent, as all of the average
observed confidence levels are converging to one as the sample size increases.

3.5 Examples
3.5.1 A Problem from Biostatistics

Consider the profile analysis problem presented in Section 1.3.3. For the first
part of this example, represent the set of four measurements from the " male
subject in the study is represented as X;, a random vector in R*. Assuming
that Xq,...,X14 is a set of independent and identically distributed random
variables from a distribution F' with mean vector 8 = E(X;), then the prob-
lem easily falls within the smooth function model of Section 3.2 using the
development from the multivariate mean example in Section 3.2.1. Without
setting a specific parametric model for the trend in the mean vector, the focus
of this first investigation will be on the orderings of the components of 6.
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Table 3.2 Observed confidence levels (in percent) for the trend in the mean vector
for the dental data of Potthoff and Roy (1964) by gender. Only regions with non-zero
observed confidence levels are included in the table.

Male Subjects Female Subjects
. : A% A % Ak Ak A % Ak
Reglon Orderlng Qgtud ahyb aperc Qgtud ahyb aperc

O  0,<0,<05<0, 786 928 949 867 99.3 99.9
Oy  6;<6,<0,<6; 29 00 00 42 00 00
O3 0,<6;<6,<6, 37 05 00 18 04 00
Oy 6,<6;<6,<6, 02 00 00 01 00 00
O  6,<6,<0,<6; 01 00 00 03 00 00
O,  0,<6,<0;<6, 98 67 49 39 03 0.1
Os  0,<6,<0,<6; 37 00 02 09 00 00
Oy  0,<63<6,<6, 02 00 00 11 00 00
O  0:<60,<6,<6; 06 00 00 02 00 00
O 0,<0,<63<0, 01 00 00 00 00 0.0
O  0;<6,<6,<6, 01 00 00 01 00 0.0
O 03<0,<6,<6, 00 00 00 02 00 0.0
O 03<6,<60,<6, 00 00 00 01 00 00
O 03<0,<6,<6, 00 00 00 01 00 00
O 04<6,<6,<6; 00 00 00 01 00 00
Oy  0,<0;<6,<6, 00 00 00 01 00 0.0
Ou  0,<03<6,<0;, 00 00 00 01 00 0.0

In particular the region where the trend is monotonically nondecreasing will
be represented as ©; = {0 : 6; < 0y < 63 < 04}. The remaining orderings of
the mean components will be represented s regions Os, . .., ©24. These regions
will only be specifically defined as they appear in this analysis. The observed
confidence level measures &g, Gpyp, and &g, where computed on each of
the regions ©1-O44 using b = 1000 resamples. Methods for computing these
levels are discussed in Section 3.6. The entire set of calculations was repeated
for the female subjects in the study as well. The results of these calculations
are given in Table 3.2.

It is clear from Table 3.2 that all of the methods show a clear preference for
the ordering ©; = {0 : 0; < 6, < 05 < 64} for both genders, though the
observed confidence level given by the studentized method is substantially
lower than that given by the hybrid and percentile methods. The studentized
method is preferred from an asymptotic viewpoint, and in the cases studied in
the empirical study of Section 3.4. It was also observed in the empirical study
that the hybrid and percentile methods tended to overstate the confidence
level for a similarly shaped region. However, as reported in Section 3.4, the
difference between the methods was generally slight for the cases studied there.
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The difference could also be due to the added variability of estimating the
six parameters in the covariance matrix based on a sample of size n = 16,
whereas the empirical study in Section 3.4 only required the estimation of
three parameters in the covariance matrix, with a minimum sample size of
n = 10. These examples may indicate that the studentized method should
be used for moderate sample sizes, or with some additional stabilization or
smoothing technique. The methods of Polansky (2000), for example, could be
extended from the univariate case for this purpose.

As indicated in Section 1.3.3, another problem of interest with this data is to
compare the two mean growth curves. For example, to compute the observed
confidence level that the mean growth curve for females is always less that
the mean growth curve for males. The general setup for this problem can
once again be studied within the framework of the smooth function model
as indicated above. In this case the parameter vector is expanded to 8 =
(61 - - - 0g) where the first four components represent the mean values for the
four measurements of the male subjects, and the second four components
represent the mean values of the four measurements of the female subjects.
The remaining representation is similar to discussed above, except that the
male and female subjects can be assumed to be independent of one another so
that the covariance matrix would be a block-diagonal matrix. The inequality
of the sample sizes for the two groups is also being tacitly ignored in this
representation, though the effect of the asymptotic theory is minimal as long
as neither sample size dominates in the limit.

The main region of interest for this example is that the mean male response
at each observed time point is exceeds the female response. That is ©; = {6 :
01 > 05,02 > 06,05 > 07,04 > 03}. Regions corresponding to crossings at each
time point will also be considered. These regions are given by ©2 = {0 : 6 <
05,02 > 06,05 > 07,04 > 0Og}, ©3 = {0 : 0, < 05,0, < 06,03 > 07,04 > Og},
04 ={60:60, < 05,05 <0,03 < 07,0, > 60s}. Finally, the region O3 represents
the female response at each observed time point exceeds the male response.
This region is given by @5 = {0 : 01 < 95,02 < 96;03 < 97,94 < 08}

*

The observed confidence level measures &, Gjy1,» and &g, where computed
on each of the regions ©1-O5 using b = 1000 resamples. For the studentized
observed confidence level the studentized vector was computed for each gender
separately. The results of these calculations are given in Table 3.3. It is clear
from the table that there is a great degree of confidence that the mean male
responses exceed the female mean responses at each observed time point. As
with the calculations displayed above, the studentized levels are smaller than
the hybrid and percentile observed confidence levels, with the region with the
next greatest confidence being the one that models are crossing between the
first and second observations.
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Table 3.3 Observed confidence levels (in percent) for the relationship between the
mean function for the male and female subjects in the data of Potthoff and Roy

(1964).

~ A%

3 * Ak
Region  &f,q Gpyp &

perc
0, 787 963 96.9
0, 81 1.6 1.6
O3 25 06 0.1
04 1.1 01 0.0
05 21 00 00

3.5.2 A Problem in Statistical Quality Control

Consider the quality assurance problem described in Section 1.3.2. Recall that
the capability of a process whose quality characteristic X has mean p and
variance o2 was defined using the Cp process capability index as

Cpkmin{Uu ML},

30 ' 30

where U and L are the upper and lower specification limits of the quality
characteristic, respectively. While the Cp;, index can be written as a function
of a vector mean, the form of the index implies that the parameter of interest
in this case does not fit fully within the framework of the smooth function
model described in Section 3.2. This is due to the fact that the derivative
of the Cpy index with respect to p does not exist when g = (L + U). A
plot of the value of the C,; index as a function of y for the special case
when 0 = 1, L = 0 and U = 1 is given in Figure 3.6, where the problem is
easily visualized. This does not imply that observed confidence levels cannot,
or should not, be computed in this case. However, it does mean that the
asymptotic comparisons of Section 3.3 may not be completely valid for this
problem when p = %(U + L), and care must be taken in concluding that one
level may be more accurate than another. The general intuitive idea that an
observed confidence level that is derived from an accurate confidence interval
should provide a reasonable method will be the guiding principle in this case.

To formalize the problem, let u; and o; be the mean and standard devia-
tion of the quality characteristic for the i*" supplier, where i = 1,...,4. The
parameter vector of interest is

o' = [Cpk(1)7 Cpk(Q)a Cpk(3)7 Cpk(4)]a

c U —p; pi— L
;) = min
p(i) 3Ui ’ 30i ’

where
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Figure 3.6 The Cpi process capability index as a function of p when o =1, L =10
and U = 1.

To)
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for ¢ = 1,...,4. Denote the sample of the quality characteristic from the
manufacturing process of the i*" supplier as Xj1,..., X;n,, where n; is the

sample size from the i*" supplier. The estimate Cpr index for Supplier i is
then given by
ék(~ :min{U_m M_L}

pk(?) 36; ' 36, |’
where [i; and &; are the usual sample mean and standard deviation computed
on X;i,...,Xin,. The main issue of interest in this example is to use the
observed sample from each supplier to decide which supplier has the most
capable process, which equivalently consists of deciding which supplier has
the manufacturing process with the largest capability index. That is, we are
interested in regions of the form

0, = {0 : Cpk(i) > Cpk(j) forj=1,... ,4}, (3.23)

fori=1,...,4.
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Exact confidence intervals for the Cp, process capability index are difficult
to obtain and have no closed form even in the case when the process has a
quality characteristic that follows a normal distribution. See Chou, Owen, and
Borrego (1990). Quite accurate approximate confidence intervals do exist for
normally distributed quality characteristics. See, for example, Franklin and
Wasserman (1992a) and Kushler and Hurley (1991). Using the assumption
of independence between the suppliers, it is relatively simple to construct a
confidence region for a vector of the four Cp indices corresponding to the
four suppliers. Unfortunately, such a region will always be rectangular and
would unsuitable for computing and observed confidence level of the regions
of interest.

Franklin and Wasserman (1991, 1992b) explore the use of the bootstrap per-
centile method and the bias-corrected percentile to construct bootstrap con-
fidence intervals for a single Cpy index. In general they find that percentile
method confidence intervals do not attain the specified coverage level, except
for the case when the data are normal and the sample size is 50 or greater. The
histograms plotted in Figure 1.2 suggest approximate normality and the sam-
ple sizes are sufficiently large enough to consider the percentile method as a
reasonable approach to computing the observed confidence levels for this prob-
lem. Therefore, observed confidence levels for the regions described in Equa-
tion (3.23) were computed using the nonparametric bootstrap and b = 10,000
resamples. To explore the possible effect of the normality assumption on this
problem the analysis was repeated using the parametric bootstrap where the
distribution of the quality characteristic of each supplier was modeled using
a normal distribution with the same mean and variance and the observed
sample data from the supplier. The parametric bootstrap works in the same
way as the nonparametric bootstrap with the exception that the resamples
are samples from the fitted parametric distribution instead of the empirical
distribution. Note that the assumption of independence between the samples
from each supplier allows one to resample separately from the sample of each
supplier. For further details on the calculation of the observed confidence levels
for this example consult Section 3.6.

The results of these calculations are given in Table 3.4. Note that there is
little difference between the observed confidence levels computed using the
parametric and the nonparametric bootstrap due to the fact that the normal
model for the data fit quite well. The observed confidence levels clearly indicate
that there is little confidence in Suppliers 2 and 3. The suppliers with the
highest level of confidence are Suppliers 1 and 4, with a slight edge given to
Supplier 4.

3.5.83 A Problem from Environmental Science

The use of the beta distribution has been recently suggested as an appropriate
distribution to model human exposure to airborne contaminants. An example
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Table 3.4 Observed confidence levels for the four suppliers of piston rings. The ob-
served confidence level represents the amount of confidence there is that the indicated
supplier has the largest Cpi, process capability index calculated using the normal para-
metric and nonparametric bootstrap.

Supplier 1 2 3 4
Sample Size 50 75 70 75
Estimated Cpy 1.5302 1.1303 1.3309 1.5664
Parametric Bootstrap 41.25% 0.10% 4.08% 54.57%

Nonparametric Bootstrap  43.59%  0.07% 5.68% 50.66%

that considers exposure to the chemical naphthalene is considered by Flynn
(2004). Flynn (2004) suggests that exposure measures of airborne concentra-
tion measurements should be divided by a maximum concentration so that
the resulting concentrations are mapped to the interval [0, 1]. The selection of
this value is specific to the chemical under consideration, its phase, and other
considerations. For a vapor, such as in the naphthalene example, this max-
imum concentration is equal to pgat /760, where pgat is the saturation vapor
pressure in mm Hg. For the data considered by Flynn (2004), this maximum
concentration is 551,772 ug/m?3. The data considered by Flynn (2004) have
a mean of 562.86 ug/m3, a standard deviation of 644.90 pg/m3, a minimum
value of 0.67 ug/m?, and a maximum value of 3911.00 ug/m3. This results
is a transformed values that roughly vary between 0.000 and 0.008. In many
situations the theoretical maximum concentration value described by Flynn
(2004) may exceed the usual observations in normal circumstances by a con-
siderable amount. This results in a fitted beta distribution that has almost all
of its density concentrated near 0. It may be more informative to fit a beta
distribution of data that spans more of the unit interval. The example in this
section will therefore fit a three parameter beta distribution, where the extra
parameter is an upper limit of the range of the exposure data.

The beta distribution fit in this example has the form
(x/63)°1 7 (1—=x/65)%2 ! 0<z <0,

flx) = { 03B(01,02) )

0 otherwise,

where B(01, 62) is the beta function. For simplicity, parameter estimation for
this density will be based on a hybrid algorithm of method of moments for
f, and 63, and conditional maximum likelihood for 63. The parameter 63
is estimated by X(,), the sample maximum. To estimate 6; and 62, define
Y; = Xi/ X for i = 1,...,n. Estimates for §; and 6, based on Yi,...,Y,
given by

T Sy

5 (L=Y) = (53/Y)
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Table 3.5 Observed confidence levels, in percent, for the shape of the fitted beta dis-
tribution for the naphthalene concentration data. The region ©1 indicates that the
distribution is unimodal. The region ©2 indicates that the distribution is “U”-shaped.
The region Oz indicates that the distribution is “J”-shaped. All bootstrap estimates
are based on 1000 bootstrap resamples.

0; O O3

Ostua 0.00  0.07  99.93
ol 0.02 0.00 99.98

stud

&y, 0.00 0.09 99.91
a%.. 0.01 0.00 99.99

perc

and ég = él/f’—él, where Y and Sy are the sample mean, standard deviation
of Y1,...,Y,, respectively.

The parameters 6 and 65 control the shape of the distribution. In particular if
0, and 65 exceed 1 then the distribution is unimodal. If one of the parameters
is greater than one and the other is less than one then the distribution has the
so-called “J ”shape. If both parameters are less than 1 then the distribution
s “U”-shaped. The shape of the distribution of the concentration data may
have importance in environmental statistics. The parameter space of 8 =
(01,02,05) is © = RT x RT x R*. Regions corresponding to each of the basic
shapes of the distribution can then be defined as © = {0 : 6; > 1,05 > 1},
O, = {0 101 < 1,92 < 1}, and@g = {0 101 > 1,02 < 1}U{0 10, < 1,92 > 1}

To demonstrate this application consider the data used by Flynn (2004). A
histogram of 126 observed naphthalene is given in Figure 3.7. The parameter
estimates for the data are 91 = 0.5083, 92 = 3.0235 and 93 = 3911.0000, which
indicates a “J” shaped density. The parameters 6, and 65, conditional on 63
follows the smooth function model, so each of the observed confidence level
methods will be considered. Table 3.5 gives observed confidence levels for the
three regions of interest in fitting beta distributions described above. All of
the methods yield a very high degree of confidence that the distribution is
“J”-shaped.

3.6 Computation Using R

As mentioned in Section 2, the bootstrap estimates g, (t) and h,, (t) rarely exist
in a closed analytic form, and must be approximated using computer based
simulations. This section will demonstrate how to perform these calculations
using the R statistical computing environment. Following the development of
Section 2.7, consider generating b resamples of size n where each sample is
generated by randomly drawing n times, with replacement, from the original
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Figure 3.7 Frequency histogram of 126 observed concentrations of maphthalene
(ng/m?). The data were made available by Dr. Stephen Rappaport and Dr. Peter
Egeghy. The support for the collection of the data was provided by grant from the U.
S. Air Force and by NIEHS through Training Grant T32ES07018 and Project Grant
P42ES05948.
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sample X,...,X,,. Let X! be the sample mean of the " resample, éf =

g(X*) and 3* = h(X*), for i = 1,...,b. The bootstrap estimates of g, (t) and
hy,(t) can then be approximated by

b
b1 6l n! /2B 12(6) - 6)),

i=1

>
S
—~
o+
S~—
12

and

b
ha(t) = b7 > o[t 028267 - ),

=1

where n!/28171/2(97 — 6) and n'/28377'/%(67 — ) are taken to be singleton
sets. It then follows that the bootstrap estimates of the observed confidence
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level of a region ¥ can be approximated by

b
aha(U) ~ b7t Zé[nl/Qﬁfl/z(é; —0):n/2x1/2(6 — 0))
i=1
b Iy A A~
— b*125[0721/2271/2(0770),\11}7
: - A ~ A ~
Qua(P) =~ b7 25[711/22:—1/2(9; —0):n'?8712(6 — W)
i=1
b N S S A A~
= b1 ) 60 - 2ET (6 - 6) e v,
and
’ - A ~ S A~
Gy (0) = b1y S[n!2BT2(6; - 6):n! P70 - )

i=1

b 12520 0w

Finally, following Equation (3.11), the percentile observed confidence level of
¥ can be approximated using the resampling algorithm as

perc - b_l Z 6

These expressions have been written in terms of the original region ¥ to
simplify practical computation.

First consider the profile analysis problem studied in Sections 1.3.3 and 3.5.1.
For such an example an R function for computing the observed confidence
level of @1 = {0 : 6; < 0 < 035 < 04} is required. It is most efficient to write
the function to return § (OA;k :01) for the i*® resample, which is equivalent to
returning 1 if 6 < 6%, < 05 < 6%, and 0 otherwise, where we assume that
0: = (6,03, 0%,0%,) . Such a function can be written as

perc.fun <- function(data,i) {
m <- apply(datali,],2,mean)
if ((m[1]<=m[2])&& (m[2] <=m[3])&& (m[3]<=m[4])) return(1)
else return(0) }

The observed confidence level for ©1 can the be computed using the command
mean (boot (data=x,statistic=perc.fun,R=1000)$t)

where the data are stored in the matrix x and R=1000 specifies that b = 1000
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resamples should be used in the calculation. If the confidence levels for all of
the regions studied in Section 5 are desired, then the function is somewhat
more tedious, but no less complicated, to write. This function can be written
as

perc.fun.all <- function(data,i) {

m <- apply(datali,],2,mean)

if ((m[1]<=m[2])&& (m[2]<=m[3])&&(m[3]<=m[4])) return(l)
if ((m[1]<=m[2])&&m[2]<=m[4])&& (m[4]<=m[3])) return(2)
if ((m[1]1<=m[3])&& (m[3]1<=m[2])&&(m[2]<=m[4])) return(3)
if ((m[1]<=m[3])&&(m[3]<=m[4])&&(m[4]1<=m[2])) return(4)
if ((m[1]1<=m[4])&&(m[4]1<=m[2])&&(m[2]1<=m[3])) return(5)
if ((m[1]<=m[4])&& (m[4]<=m[2])&&(m[2]<=m[3])) return(6)

if((m[2]<=m[1])&&m[1]1<=m[3])&& (m[3]1<=m[4])) return(7)
if ((m[2]<=m[1])&& (m[1]1<=m[4])&&(m[4]1<=m[3])) return(8)
if ((m[2]<=m[3])&&(m[3]<=m[1])&&(m[1]<=m[4])) return(9)
if ((m[2]<=m[3])&&(m[3]1<=m[4])&&(m[4]<=m[1])) return(10)
if ((m[2]<=m[4])&&(m[4]<=m[1])&&(m[1]<=m[3])) return(11)
if ((m[2]<=m[4])&&(m[4]<=m[3])&& (m[3]1<=m[1])) return(12)

if((m[3]1<=m[1])&&m[1]1<=m[2])&& (m[2]<=m[4])) return(13)
if ((m[3]1<=m[1])&&(m[1]1<=m[4])&& (m[4]1<=m[2])) return(14)
if ((m[3]<=m[2])&&(m[2]<=m[1])&&(m[1]<=m[4])) return(15)
if ((m[3]1<=m[2])&&(m[2]<=m[4])&& (m[4]1<=m[1])) return(16)
if ((m[3]1<=m[4])&&(m[4]<=m[1])&&(m[1]1<=m[2])) return(17)
if ((m[3]1<=m[4])&&(m[4]<=m[2])&&(m[2]<=m[1])) return(18)

if ((m[4]<=m[1])&&(m[1]<=m[2])&& (m[2]<=m[3])) return(19)
if ((m[4]<=m[1])&&(m[1]<=m[3])&&(m[3]<=m[2])) return(20)
if ((m[4]<=m[2])&&m[2]<=m[1])&&(m[1]1<=m[3])) return(21)
if ((m[4]1<=m[2])&&(m[2]<=m[3])&&(m[3]<=m[1])) return(22)
if ((m[4]<=m[3])&&(m[3]<=m[1])&&(m[1]1<=m[2])) return(23)
if ((m[4]<=m[3])&&(m[3]<=m[2])&&(m[2]<=m[1])) return(24) 3}

The observed confidence levels can then be computed using the command
table(boot(data=x,statistic=perc.fun.all,R=1000)$t) /1000

The hybrid and studentized observed confidence levels can be computed using
the functions

hyb.fun.all <- function(data,i) {
ml <- apply(datali,],2,mean)
m0 <- apply(data,2,mean)
m <- 2*m0-ml
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if ((m[1]1<=m[2])&& (m[2]<=m[3])&&(m[3]1<=m[4])) return(l)
if((m[1]1<=m[2])&&m[2]<=m[4])&& (m[4]<=m[3])) return(2)
if ((m[1]1<=m[3])&&(m[3]1<=m[2])&&(m[2]1<=m[4])) return(3)
if ((m[1]1<=m[3])&& (m[3]<=m[4])&&(m[4]<=m[2])) return(4)
if ((m[1]<=m[4])&&m[4]1<=m[2])&&(m[2]1<=m[3])) return(5)
if ((m[1]<=m[4])&&(m[4]<=m[2])&&(m[2]1<=m[3])) return(6)

if ((m[2]<=m[1])&&(m[1]1<=m[3])&&(m[3]1<=m[4])) return(7)
if ((m[2]<=m[1])&&(m[1]<=m[4])&&(m[4]<=m[3])) return(8)
if ((m[2]1<=m[3])&&(m[3]1<=m[1])&&(m[1]1<=m[4])) return(9)
if ((m[2]<=m[3])&&(m[3]1<=m[4])&&(m[4]1<=m[1])) return(10)
if ((m[2]<=m[4])&&(m[4]<=m[1])&&(m[1]<=m[3])) return(11)
if ((m[2]<=m[4])&&(m[4]<=m[3])&&(m[3]<=m[1])) return(12)

if ((m[3]<=m[1])&&(m[1]<=m[2])&& (m[2]<=m[4])) return(13)
if ((m[3]<=m[1])&&(m[1]1<=m[4])&& (m[4]1<=m[2])) return(14)
if ((m[3]1<=m[2])&&(m[2]<=m[1])&&(m[1]1<=m[4])) return(15)
if ((m[3]1<=m[2])&&(m[2]<=m[4])&& (m[4]<=m[1])) return(16)
if ((m[3]1<=m[4])&&(m[4]<=m[1])&&(m[1]1<=m[2])) return(17)
if ((m[3]<=m[4])&&(m[4]<=m[2])&&(m[2]<=m[1])) return(18)

if ((m[4]<=m[1])&&(m[1]<=m[2])&& (m[2]<=m[3])) return(19)
if((m[4]1<=m[1])&&m[1]1<=m[3])&& (m[3]<=m[2])) return(20)
if ((m[4]1<=m[2])&&(m[2]<=m[1])&&(m[1]1<=m[3])) return(21)
if ((m[4]<=m[2])&&(m[2]<=m[3])&&(m[3]<=m[1])) return(22)
if ((m[4]1<=m[3])&&(m[3]1<=m[1])&&(m[1]1<=m[2])) return(23)
if((m[4]<=m[3])&&m[3]1<=m[2])&& (m[2]<=m[1])) return(24) }

and

stud.fun.all <- function(data,i) {
ml <- apply(datali,],2,mean)
m0 <- apply(data,2,mean)
s1d <- svd(cov(datali,]))
s0d <- svd(cov(data))
s1 <- s1d$uli*’sqrt(diag(s1d$d))%*%s1d$u
s0 <- s0d$ul*sqrt(diag(s0d$d))%*%s0d$u
m <- m0 - s0%*%solve(s1)%*%(m1-m0)

if ((m[1]<=m[2])&&(m[2]<=m[3])&&(m[3]<=m[4])) return(1l)

if ((m[1]1<=m[2])&&(m[2]<=m[4])&&(m[4]1<=m[3])) return(2)
if ((m[1]1<=m[3])&& (m[3]<=m[2])&&(m[2]<=m[4])) return(3)
if ((m[1]1<=m[3])&&m[3]1<=m[4])&& (m[4]<=m[2])) return(4)
if ((m[11<=m[4])&&(m[4]<=m[2])&&(m[2]<=m[3])) return(5)
if((m[1]1<=m[4])&&m[4]<=m[2])&& (m[2]<=m[3])) return(6)

if((m[2]<=m[1])&&m[1]1<=m[3])&& (m[3]1<=m[4])) return(7)
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if((m[2]<=m[1])&&(m[1]1<=m[4])&&(m[4]1<=m[3])) return(8)
if ((m[2]<=m[3])&&(m[3]<=m[1])&&(m[1]1<=m[4])) return(9)
if ((m[21<=m[3])&&(m[3]1<=m[4])&& (m[4]1<=m[1])) return(10)
if ((m[2]<=m[4])&&(m[4]<=m[1])&&(m[1]<=m[3])) return(11)
if ((m[2]<=m[4])&& (m[4]<=m[3])&& (m[3]<=m[1])) return(12)

if((m[3]1<=m[1])&&m[1]1<=m[2])&& (m[2]<=m[4])) return(13)
if ((m[3]1<=m[1])&&(m[1]1<=m[4])&& (m[4]1<=m[2])) return(14)
if ((m[3]<=m[2])&&(m[2]<=m[1])&&(m[1]<=m[4])) return(15)
if ((m[3]<=m[2])&&(m[2]<=m[4])&& (m[4]<=m[1])) return(16)
if ((m[3]1<=m[4])&&(m[4]<=m[1])&&(m[1]1<=m[2])) return(17)
if ((m[3]1<=m[4])&&(m[4]<=m[2])&&(m[2]<=m[1])) return(18)

if ((m[4]<=m[1])&&(m[1]1<=m[2])&& (m[2]<=m[3])) return(19)
if ((m[4]<=m[1])&&(m[1]<=m[3])&&(m[3]<=m[2])) return(20)
if ((m[4]<=m[2])&&(m[2]<=m[1])&& (m[1]1<=m[3])) return(21)
if ((m[4]1<=m[2])&&(m[2]<=m[3])&&(m[3]<=m[1])) return(22)
if ((m[4]1<=m[3])&&m[3]1<=m[1])&&(m[1]<=m[2])) return(23)
if ((m[4]1<=m[3])&&(m[3]1<=m[2])&& (m[2]<=m[1])) return(24) }

respectively.

The quality assurance example studied in Section 3.5.2 requires a somewhat
different strategy to compute the observed confidence levels in R. Because the
four samples are independent of one another and the sample size are different
for each supplier, resamples will be generated separately for each supplier.
The R function to be used in conjunction with the bootstrap function is given
by

cpk.perc <- function(data,i,UL,LL) {

mu <- mean(datal[i])

sg <- sd(datalil)

ret <- min(c((UL-mu)/(3.0*sg), (mu-LL)/(3.0*sg)))
ret }

Suppose the data from the four suppliers 1-4 are stored in the objects S1,
S2, S3, and S84, respectively and that the specification limits are stored in
the objects U and L. Nonparametric bootstrap resamples for each supplier
can be generated and stored in the objects RS1, RS2, RS3, and RS4 using the
commands

RS1 <- boot(data=S1,statistic=cpk.perc,R=1000,UL=U,LL=L)$t
RS2 <- boot(data=S2,statistic=cpk.perc,R=1000,UL=U,LL=L)$t
RS3 <- boot(data=S3,statistic=cpk.perc,R=1000,UL=U,LL=L)$t
RS4 <- boot(data=S4,statistic=cpk.perc,R=1000,UL=U,LL=L)$t

The observed confidence level that the first supplier has the largest process
capability can then be computed using the commands
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RS <- cbind(RS1,RS2,RS3,RS4)

OLC1 <- matrix(0,1000,1)

for(i in 1:1000) if (RS1[il=max(RS[i,])) OCL1[i] <- 1
mean (0LC1)

Similar commands can also be used to compute the observed confidence levels
for the remaining suppliers. The boot command also supports the parametric
bootstrap as well by specifying sim="parametric" and the model for generat-
ing the resamples using the ran.gen parameter and an appropriate function.
For normal parametric sampling sampling the function

ran.norm <- function(data,mle) {
out <- rnorm(length(data),mle[1],mle[2])
out }

will generate the required normal variates. The function used by the bootstrap
also must be changed to reflect the fact that the index variable is no longer
used. For the current example the function

cpk.perc <- function(data,UL,LL) {

mu <- mean(data)

sg <- sd(data)

ret <- min(c((UL-mu)/(3.0*sg), (mu-LL)/(3.0*sg)))
ret }

will suffice. The resamples for the first supplier can then be generated using
the commands

Simle <- c(mean(S1),sd(S1))

PRS1 <- boot(data=S1,statistic=cpk.perc.norm,R=1000,
UL=U,LL=L,sim="parametric",ran.gen=ran.norm,
mle=Simle) $t

with similar commands to generate PRS2, PRS3, and PRS4. The observed con-
fidence levels for the remaining suppliers can then be computed using similar
commands to those presented earlier.

3.7 Exercises

3.7.1 Theoretical Exercises

1. Let W1,..., W, be aset of independent and identically distributed random
variables from a bivariate distribution J. Denote the elements of each vector
as W, = (W;1,W;2) and the corresponding combined moments as ik =
E(WZ71WZ’“2) Assume that the covariance between W;; and W;y is zero.
Define 8" = (20 — 13y, fto2 — 12, ), the vector of variances. Define a vector
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X, that is a function of the elements of W, that is sufficient to define @
and the asymptotic covariance matrix of € in terms of a smooth function of
E(X;). Define these functions so that the smooth function model is defined
for this problem and find the plug-in estimates of @ and X.

2. Suppose that G, is a circle centered at the origin in the real plane R? with
radius r. Consider the ordinary confidence region

Cora(a; X) = {é —nT12e 2 ¢ e Salts
where 3 and 6 are known. Take n = 1 for simplicity.

(a) Suppose X is the identity matrix. Describe the geometric properties of
the region Corqg(a; X).

(b) Suppose X is a diagonal matrix, but is otherwise arbitrary. Describe the
geometric properties of the region Co.q(a; X).

(c) Suppose X is completely arbtrary. Describe the geometric properties of
the region Coq(a; X).

3. Prove that dgiuq is first-order accurate.
4. Prove that &7, is second-order accurate in probability.
5. Prove that Equation (3.13) implies that

Ao(Ha) = Ao(Ho) = o —n 2N (Hy) + O(n™h).

3.7.2 Applied Exercises

1. The data given in the table correspond to the waiting times for patients at
a medical clinic that has five doctors. Each patient was randomly selected
from a list of patients for each doctor during a one month period. A total
of ten patients where selected for each doctor. The reported value is the
number of minutes the patient was required to wait after the time of their
appointment. If a patient was see before their appointment time then the
values was accordingly recorded as negative.

Doctor Observed Waiting Times

A 11.0 58 109 82 82 102 107 6.9 126 83
B 54 78 65 63 57 69 63 77 66 64
C 63 85 56 73 58 63 55 59 94 84
D 50 09 6.1 56 175 103 -0.1 40 6.2 -1.0
E 73 94 109 -49 92 45 3.7 01 195 139

(a) Compute the average waiting time for each doctor. Does it appear that
one of the doctors has a substantially larger waiting time than the rest?
The goal of the clinic is to have a mean waiting time for patients that
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does not exceed 10 minutes, regardless of which doctor the patient has
an appointment with. Based on these calculations how many doctors
appear to have mean waiting times that do not exceed 10 minutes?

(b) Using the bootstrap with b = 1000 resamples, compute observed con-
fidence levels for regions of the parameter space that correspond to all
doctors having mean waiting times less than 15 minutes, all doctors
having mean waiting times between 10 and 15 minutes, and all doctors
having mean waiting times less than 10 minutes. Based on this analysis
what conclusion can be made about the waiting times with respect to the
goal of the clinic? Use the studentized, hybrid, and percentile methods.
Repeat the analysis using the normal approximation. Does the normal
approximation appear to be valid for this data?

(¢) Using the bootstrap with b = 1000 resamples, compute observed confi-
dence levels for regions of the parameter space that correspond to each
doctor having the largest mean waiting time. Use the studentized, hy-
brid, and percentile methods. Use this analysis to suggest which doctors
should be counseled about improving their patient waiting times?

(d) Consistency of service between patients and doctors is also important to
the clinic. Compute the sample standard deviation for the waiting times
for each doctor. Does it appear that the variability in the waiting times
for each of the doctors is the same?

(e) Using the bootstrap with b = 1000 resamples, compute observed confi-
dence levels for regions of the parameter space that correspond to each
doctor having the largest variance in their waiting times. Use the stu-
dentized, hybrid, and percentile methods. Use this analysis to suggest
which doctors should be counseled about improving the variance of their
patient waiting times?

(f) Combine the two previous analyses as follows. Using the bootstrap with
b = 1000 resamples, compute observed confidence levels for regions of the
parameter space that correspond to each doctor having the largest mean
waiting time and variance. Use the studentized, hybrid, and percentile
methods. Does this analysis suggest that only one doctor is the source
of both highest rankings?

2. Three suppliers of parts to a manufacturer are known to have manufac-
turing processes for the parts that have quality characteristics that follow
distributions that are centered within the specification interval. This im-
plies that the relative performance of the suppliers manufacturing processes
can be determined by comparing the variability of the quality character-
istics from each process. To make this comparison twenty-five samples of
the parts manufactured by each supplier are obtained and the quality char-
acteristic of each is measured. These observed quality characteristics are
given in Table 3.6.

(a) Compute the sample standard deviation for the data from each supplier.
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Table 3.6 Data from three suppliers of parts.

Supplier A

38.3 505 493 515 59.3
33.8 525 551 533 50.5
55.0 51.3 45.1 531 394
58.4 481 51.1 53.8 52.6
41.8 37.0 50.8 50.5 66.0

Supplier B

44.1 444 46.5 514 476
43.6 479 487 53.1 53.6
55.2 555 40.1 404 61.0
53.6 546 ©54.0 67.7 42.0
50.8 459 39.0 558 37.0

Supplier C

40.7 63.0 419 50.8 435
44.0 43.0 574 485 443
40.8 49.7 539 615 53.6
56.3 489 49.7 558 76.7
478 51.0 519 548 494

Does it appear that there is a supplier with a superior process, that is,
one that has much lower variability than the others?

(b) Using the bootstrap with b = 1000 resamples, compute observed confi-
dence levels based on the studentized, hybrid, and percentile methods
for regions of the parameter space corresponding to the size possible or-
derings of the three suppliers based on the standard deviations of their
processes. Based upon this analysis, what supplier or suppliers would
you choose?

3. A military targeting system is designed to deliver ordinance within a circu-
lar target region defined in the real plane as x? + y? < 1. The coordinates
are reported using a standardized coordinate system. The system is tested
27 times. The observed delivery points from these tests are reported in the
table below. The system can be approved at three levels. The rating is ex-
cellent when the ordinance is within the circular region with a probability
of at least 0.99. The rating is good when the ordinance is within the cir-
cular region with a probability of at least 0.95. The rating is fair when the
ordinance is within the circular region with a probability of at least 0.90.
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1 1 2 3 4 ) 6 7 8 9
X; -063 092 -038 -099 -0.15 034 -0.52 0.14 -1.04
Yy, 105 -033 -0.18 -0.11 -1.10 045 -0.66 0.73 -1.20

1 10 11 12 13 14 15 16 17 18

-0.57 -0.10 -0.29 0.02 -0.18 -0.90 -0.60 0.50 1.14
0.82 040 -0.21 0.00 087 019 0.68 0.67 -0.76

1 19 20 21 22 23 24 25 26 27

181 -0.74 0.18 -0.57 0.87 -1.64 0.39 -0.10 0.25
0.26 0.06 -0.18 0.70 0.17 0.00 0.01 059 -0.59

.

=

.

e’

(a) Assume that the data follow a multivariate normal distribution. Esti-
mate the mean vector and the covariance matrix based on the observed
data. Using these estimates, estimate the probability that the ordinance
is within the target region by integrating the multivariate normal distri-
bution with the estimated parameters over the target region.

(b) Compute observed confidence levels for each of the ratings possible for
this system using the percentile method and the parametric bootstrap
using 1000 samples. To implement the parametric bootstrap, simulate
1000 samples from a multivariate normal distribution whose parameters
are equal to the estimates based on the data. For each simulated sample,
compute the estimate of the probability that the ordinance is within the
target region based on the multivariate normal density as described in
part (a) above. The estimated observed confidence level for the excellent
rating will then be the proportion of times the estimate exceeds 0.99.
Observed confidence levels for the remaining two ratings are computed
using a similar method.

(¢) Now assume that the distribution of the data is unknown. Estimate the
probability that the ordinance is within the target region by computing
the proportion of observations that are within the target region. Com-
pare this estimate to that based on the multivariate normal assumption.

(d) Compute observed confidence levels for each of the ratings possible for
this system using the percentile method and the nonparametric boot-
strap using 1000 samples. Compare these observed confidence levels to
those computed using the multivariate normal assumption.

4. A quality engineer is interested in determining the model for the distribu-
tion of gain of telecommunications amplifiers in decibels. A random sample
of seventy such amplifiers were tested. The observed gains of the amplifiers
are given in the table below.
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7.65 10.28 865 832 7.41 943 893
8.62 838 952 748 941 798 8.4l
8.07 731 860 819 836 864 8.54
724 898 895 T7.75 985 899 8.10
728 848 743 847 837 7.02 794
997 897 743 7.68 9.07 838 7.67
9.66 795 797 781 866 854 9.20
8.52 10.79 795 814 823 865 8.92
8.07 726 937 7.68 7.23 7.07 875
790 831 9.25 899 1053 7.94 8.13

(a) Consider a four parameter beta density of the form

[(z—=05)/04]" " [1—(2—05)/64]°2""
f(l‘)z e 04B(01,02) e v O3<z<O3+0
0 otherwise,
which translates the beta density to the interval (03,03 +6,). Consider a
hybrid method of estimating the parameters that begins with estimating
03 = X(1), the sample minimum and 64 = X,y — X(1), the sample range,

where X, ..., X,, represents the observed sample and X(y),..., X(,) are
the observed order statistics. Define Y; = (X; — X(1))/(X () — X(1)) for
i=1,...,n. Then él and ég are estimated with

(1-Y)—(S3/Y)

o= (Sy/Y)2

and 0y = 6, /Y — él, where Y and Sy are the sample mean, standard
deviation of Y7,...,Y,, respectively. Compute these estimates for the
data given in the table above.

(b) Compute observed confidence levels that the translated beta distribution
has a unimodal shape, a “U” shape, or a “J” shape using the normal
approximation, and the bootstrap estimates of the studentized, hybrid,
and percentile methods.

5. One parameter of interest when evaluating the quality of a model railroad
locomotive is the current draw, in amps, when the locomotive is running
free under no load. The current draw is usually measured under several
voltages applied to the locomotive motor. Consider a study of locomotives
sampled from the stock of two locomotive manufacturers. A total of ten
locomotives were sampled from each manufacturer, and the current draw
for each was measured at 3, 6, 9 and 12 volts DC. The data are given in
the table below.
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Volts (DC)
Manufacturer 3 6 9 12

0.0445 0.0566 0.0711 0.1051
0.0289 0.0470 0.0704 0.1044
0.0547 0.0416 0.0717 0.1001
0.0497 0.0420 0.0761 0.0978
0.0472 0.0535 0.0729 0.0960
0.0379 0.0525 0.0826 0.0865
0.0615 0.0381 0.0747 0.0869
0.0522 0.0632 0.0743 0.0818
0.0489 0.0442 0.0761 0.0981
0.0399 0.0643 0.0793 0.0969
0.0695 0.0910 0.1602 0.2194
0.0721  0.1075 0.1588 0.2067
0.0823 0.0970 0.1488 0.2043
0.0796 0.1119 0.1820 0.2031
0.0696 0.0988 0.1640 0.2123
0.0672 0.1172 0.1626 0.2029
0.0747 0.1197 0.1569 0.1950
0.0720 0.1106 0.1381 0.1832
0.0759 0.1060 0.1630 0.1816
0.0816 0.1016 0.1687 0.2088

ssliesliveivelivs BlveliovRive i wolivv e -die_diis—die il Qe G i

(a) Plot the current curves for each of the sample locomotives on a single
axis for each manufacturer. On a third graph plot the mean current draw
for each voltage for each manufacturer on a single set of axes. Does it
appear that one current draw curve is always greater than the other?

(b) Compute observed confidence levels for the two regions corresponding to
Manufacturer A having greater mean current draw than Manufacturer B
at the four observed voltage levels, and Manufacturer B having greater
mean current draw than Manufacturer A at the four observed voltage
levels. Use the bootstrap estimates of the studentized, hybrid and per-
centile methods. What conclusions can be made from these observed
confidence levels?
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CHAPTER 4

Linear Models and Regression

4.1 Introduction

This chapter considers computing observed confidence levels for problems that
occur in linear regression and linear models. The theory developed in the chap-
ter focuses on regression models. Examples will demonstrate how problems
from general linear models, including the one way layout, the randomized
complete block design, and seemingly unrelated regressions can be consid-
ered within an extended regression framework, or within the general multiple
parameter framework of Chapter 3.

The theoretical framework for this chapter closely resembles the framework
used by Hall (1992a) to study the accuracy of bootstrap confidence regions
for the problem of multivariate multiple regression. The development in this
chapter will focus on univariate multiple regression. Extensions to the case of
multivariate regression follow readily from the development in Hall (1992a).
The approach and notation used in this chapter is necessarily nonstandard
because more refined results are possible if the slope and intercept parameters
are considered separately. As shown in Hall (1992a), asymptotically accurate
confidence intervals for slope parameters are possible even with methods that
are deficient in other problems. The results do transfer to the accuracy of
observed confidence levels to a point. As is shown in Section 4.3, the bootstrap
hybrid method is as asymptotically accurate as the bootstrap studentized
method. However, the third-order accuracy that is realized for the bootstrap
studentized confidence interval does not result in third-order accuracy for
the corresponding observed confidence level. This is due to the fact that the
bootstrap estimate of the studentized distribution is still only accurate to
second-order. The accuracy of the observed confidence levels for the intercept
parameter, as well as for the mean response, follow the accuracy results of the
previous chapter.

Section 4.2 presents the framework within which the regression models will
be studied. This section also includes several examples that develop similar
frameworks for simple linear regression and for some general linear models.
Several basic methods for computing observed confidence levels are developed
in this section. The asymptotic accuracy of the methods developed in Section
4.2 are studied in Section 4.3. The presentation is slightly less formal as many
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104 LINEAR MODELS AND REGRESSION

of the details of the calculations follow from arguments given in Section 3.3.
The proposed methods for computing observed confidence levels are studied
empirically in Section 4.4 and several examples are considered in Section 4.5.
Application of the calculations using R are studied in Section 4.7.

4.2 Statistical Framework

This chapter considers the standard linear multiple regression model where
an n-dimensional random vector Y’ = (Y7,...,Y},) is observed conditional on
an n X p matrix of constants X where p < n and the rank of X is p. It is
assumed that

E(Y|X) =41, + X0, (4.1)
for some p-dimensional parameter vector 8 € © where O is usually RP, and
constant parameter 8 € R, where 1,, is an n x 1 vector with all elements equal
to 1. The underlying stochastic mechanism for generating Y conditional on
X is usually taken to be of the form Y = (1,, + X8 + €, where € is an n-
dimensional random vector called the error vector such that E(e) = 0 and
V(€) = X is an n x n diagonal matrix, usually of the form oI, where 02 < oo.
Let x; be the i*" row of the matrix X. The least squares estimators of 3, 6,
and o are given by

O=n""'S1> (x; —x)/(¥; - Y),
=1

B=Y — %0, and 62 = n~1€'é where

n
|
X=mn E X,

i=1

and € = Y — (31, — X0. The main focus of most important problems in
regression is on the slope parameter vector 8. Therefore define

Gn(t) = P[n'?2Y%(0 — 0) /0 < t|e1,...,en ~ F,X],

and

H,(t) = P[n'/?SY%(0 — 0)/6 < tley,...,en ~ F,X].
As with previous chapters, we assume that G,, and H,, are absolutely continu-
ous with p-dimensional densities g, (t) and h,,(t) corresponding to G,, and H,,
respectively. Define G, and H, to be regions of RP that respectively satisfy

Pn'/?2Y%(0 - 0)/0 € Sule,...,en ~ F,X] = q,

and .
P[n'/?sY%(0 - 0)/6 € Haler,....en ~ F.X] = a.

© 2008 by Taylor & Francis Group, LLC



STATISTICAL FRAMEWORK 105

Confidence regions for 0 closely resemble those developed in Section 3.2. If o
is known then an ordinary confidence region for 0 is given by

Cora(: X, Y) = {0 —n~20x;1/26,,
and if o is unknown then a studentized confidence region for @ is given by
Catua(a; X, Y) = {6 —n~ 262120, ).

Taking the approximation G, ~ H, when o is unknown in the studentized
confidence region yields the hybrid confidence region given by

Ciyb(a; X,Y) = {é - n_1/262;1/29a}.

Eicker (1963) and Jennrich (1969) provide conditions under which the least
squares estimate of @ is asymptotically normal. Under these conditions the
normal approximation can be used to obtain approximate confidence regions
for 6. The normal approximation of the ordinary and studentized confidence
regions are given by

Cora(; X,Y) = {é — n_1/202;1/23\fa},
and R .

Catua(; X, Y) = {6 — n"V/2631/2N, },
where the region N, C RP satisfies P(Z € N,) = o where Z ~ N,(0,I).
Observed confidence levels for the slope parameter vector 8 are computed by
inverting the corresponding confidence regions as demonstrated in Section 3.2.

Therefore, if ¥ C © is an arbitrary region and o and g,(t) are known, the
ordinary observed confidence level for ¥ is given by

Qord (V) = / gn(t)dt.
n1/2xL2(6-0) /0

If g,,(t) is unknown, then the normal approximation to the ordinary observed
confidence level can be computed as

dord(\Il) = (bp(t)dt

/n1/22;/2(é—\11)/a

If o is unknown then an observed confidence level for ¥ can be computed as

st (P) = hy, (t)dt,

/nl/22§/2(é—xp)/&

when h,,(t) is known. If h,(t) is unknown but g, (t) is known, then an ob-
served confidence level for ¥ can be computed using the hybrid approximation

gn(t) = hy,(t) as

ahyb(\lf) :/ V2 gn(t)dt.
nl/23;/°(0-¥) /6

Finally if o and both g, (t) and h,(t) are unknown then the normal approx-
imation can be used to approximate the observed confidence level of ¥ as
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astud(\p):/l/z iy PO
n1/25/2(6-w) /6

See Poliak (2007). As in previous chapters, if g,(t) and h,(t) are unknown
and the normal approximation is not considered accurate enough, the boot-
strap method of Efron (1979) is suggested as a method for approximating
the observed confidence levels. The resampling algorithm is quite different for
regression models, though the use of the bootstrap in regression models has
been studied extensively, particularly for the construction of confidence sets
for 6. See Adkins and Hill (1990), Freedman (1981), Freedman and Peters
(1984), Hall (1989), Chapter 4 of Hall (1992a), Wu (1986), and Section 4.7.
In the case of the regression model, the unknown distribution F' corresponds
to the distribution of the components of the error vector €. Because € is not
observed in the standard regression context, F' is typically estimated using
the empirical distribution of the elements of the residual vector €. Therefore,
the bootstrap estimates of G,, and H,, are given by

Gn(t) = P*[n'/?ZY2(0" — 0)/5 < t|e},... e ~ F,,X], (4.2)

and

H,(t) = P*[n'/22L/2(0" — 6)/6*% < t|e},..., " ~ F,,X],

where P*(A4) = P(A|Y,X). To compute 9*, a new observed vector is gener-
ated as Y* = 1, + X0 + €*, then

n
0 =ty 07 ),
i=1

and 6*2 = n~1&*é&*. Taking §,(t) and h,(t) to be the mass functions cor-
responding to the distributions G, (t) and H,, (t), respectively, allows one to
compute observed confidence levels based on the bootstrap estimates. The
bootstrap estimates of the ordinary, studentized and hybrid observed confi-
dence levels for an arbitrary region ¥ C © are given by

85 (W) = / in(b)dt,
n1/2xL2(6-9) /0

B () = / o (),
nl/2xL2(6-w)/6

and
& (U) = gy, (t)dt.
hyb( ) /711/2 ;/2((@7\1/)/35]1( )

As with most methods based on bootstrap estimates, gy (t) and h,(t) rarely
exist in a closed analytic form so that simulation based methods must be usu-
ally employed to compute &5, 4, &%,q and &y, These issues will be discussed
in Section 4.7.

It is also possible to compute observed confidence levels based on the percentile
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method. In this case let
Val(t) = P(O < tler,....e0 ~ F,X,Y),
with corresponding density v, (t). The bootstrap estimate of V,,(t) is
Vat) = PO < tlel,... el ~ F),

where, once again, F‘n is the empirical distribution of éy,...,€,. Let 0,(t)
be the mass function corresponding to to Vn(t)7 and let V, be defined as in
Equation (3.10). Then the observed confidence level for an arbitrary region
¥ C O is given by

& (U) = A B ()t

The reliability of all the methods for computing observed confidence levels in
this section will be discussed in Section 4.3.

4.2.1 Simple Linear Regression

The simple linear regression model is a special case of the model proposed
in Equation (4.1) with p = 1. That is, Y is an n x 1 random vector that is
observed conditionally on an n x 1 vector of constants x, such that E(Y|x) =
0x + B1, where 6 and 8 are unknown parameters. In this case the underlying
mechanism for generating Y is of the form Y = 0x + 81 + €, where € follows
the assumptions outlined above. The least squares estimates of 3, 6 and o?
are given by

0=02n"" Z(mz -z)(Y; -Y),
i=1

B=Y —z6 and 6% = n~'€’é, where

and é=Y — fx — Bl. For the slope parameter 0 define

Gn(t) = P[n'?(0 — 0)o, /o < t|e1, ..., en ~ F,x],
and

H,(t) = P[n*?(0 — 0)0,/6 < tley, ..., en ~ F,x],

with corresponding absolutely continuous densities g, (t) and h,(t). Let g,
and h, be the o™ percentiles of G,,(t) and H,(t), respectively. Confidence
intervals for 6 are constructed as in Section 2.3 using the four critical points
defined in that chapter. If ¢ is known then the ordinary critical point can be
used, and is given by

éord(a) =0 n*1/2(7;1091,a.
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If o is unknown, then the studentized critical point can be used, and is given
by A R

Ospual(e) =0 —n"26 160, _,.

If the percentile hy_, is unknown, but g;_,, is known then the approximation
hi—a = g1—a can be used to yield the hybrid critical point given by

éhyb(a) =0- n_l/Qagl&gl_a.

Finally, if the approximation hi_, >~ —g, is used then the percentile critical
point results, given by

éperc(a) =0+ n71/20;1&ga.

Let U = (t1,ty) be an arbitrary interval subset of ©, which in this case is
usually R. The observed confidence levels associated with these critical points
are given by Poliak (2007) as

1/2 . é—t
tora(T) = G nCo.(0 —tr)

g

nl/Qam(é - tU)]

", lnl/zox(é - tU)] 7

] U
/2. (4 V2 (h
Ay () = Gy l” 9a(0 ’“‘”]—Gn l”“eﬂ
g g
and
1/2 .y 1/2 5
perc(¥) = G, | "Ll 0|, naffuf))]

In the case where G,, and H,, are unknown the normal approximations

[nl/%m(é —t)] 4 [nl/%—x(é - tU)]

biora(T) = @ .

i

20,0 — ty)

- 1 ; (4.3)

Astud (V) = @
Gistua (V) Py

g

nl/zaz(é—tL)] e

can be used for the case when ¢ is known, and unknown, respectively. As usual,
if the normal approximation is not accurate enough a bootstrap estimate can
be used. Let

Gu(t) = P*[n'0,(0" — 0)/6 < tlef, ... e ~ F),
and . R R .
H,(t) = P*[n*%0,(0" — 0)/6* <tlel,... e ~ F,].

The corresponding bootstrap estimates of the observed confidence levels for

an arbitrary interval ¥ = (¢, ty) are given by

& (1) = G lmmaw(é—m)] _é. [nlmgz(é—t(])} ’

d n
or o o
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- N ni/2q éft A nl/2q éft
O‘stud(\ll) =H, [ xg L)] - H, [ x( U) ’

g

(W) = G, [”/th)] _é lw ] |
and A A

Brere(¥) = G W} e [Wl |
respectively.

The conditional expectation of Y for a given value of x = xg within the range
of the observed x vector is given by yo = E(Y|z = zg) = 0x9 + (8 and can
be estimated as g = xo + (3. Note that setting x¢ = 0 yields gy = 3 so that
a study of estimating these conditional expectations will also automatically
include the problem of estimating the intercept of the regression model. The
asymptotic variance of n'/?g is 0?0} where 07 = 1+ 0, ?(20 — )*. Hence,
define the standardized and studentized distributions of gy as

G?L(t) = P[ 1/2(y0 - yO)/(Jay) < t|61’ sy €p Y Fa X]v
and

Hg(t) - P[ 1/2(y0 - yO)/(&Jy) < t|€1a sy Ep Y Fa X]'
The development of methods for computing observed confidence levels now
proceeds as outlined above for the slope parameter. For example, the studen-

tized observed confidence level for gy for arbitrary interval ¥ = (t1,ty) is
given by

n'’2(go _tL)] _u, { n'/(go _tU):| .

ooy ooy

000 = H, [

If the normal approximation is appropriate then the studentized observed
confidence level can be approximated with

R e

GOy ooy
If the normal approximation is not accurate enough then the bootstrap can
be used to estimate GO as

Hp(t) = P*[n'*(g5 — §0)/(670y) < tlef, ... e, ~ F],

which yields a bootstrap estimate of the studentized observed confidence level
given by

n'/2(go _tL)] A, {nlﬂ(@o _tU):| _

~ Q% 2
X v)=H, ~
astud( ) |: O'O'y 5o,

Observed confidence levels based on the hybrid, percentile, and ordinary con-
fidence intervals are developed in a similar way.
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4.2.2 One-Way Layout

Some general linear models can also be studied under the framework developed
in this chapter, though the results of Chapter 3 can often be used as well,
depending on the structure of the model. As an example consider the one-way
layout, which corresponds to an analysis of variance of a single factor.

In a one-way layout with k treatment levels an n-dimensional random vector
Y is observed conditional on a n x (k + 1) matrix of constants D where
k+ 1 < n and the rank of D is k. To simplify the exposition of this example,
a balanced model will be considered where each treatment level is observed
an equal number of times. In this case m = n/k, where m is assumed to be a
positive integer. It is convenient to index the vector Y in this case as

Y: [}/117"'7}/177“}/217"'7Y2’I’I’L7"'7Y]€17"'7Ykm]7 (44)

where Y;; represents the 4t observation or replication observed under treat-
ment ¢ for ¢ = 1,...,k and j = 1,...,m. The design matrix then has the
general form

1, 1, 0, 0, 0,
1n O0m O Op 1

where 1,,, represents an m x 1 vector of 1’s and 0,, represents a m x 1 vector
of 0’s. The underlying mechanism for generating Y conditional of D is taken
to be of the form Y = D~ + € where v = (y0,...,7) is a (k + 1) vector of
constant parameters and € is an n-dimensional error vector such that E(e) =
0,, and V(€) = 0?I where 0? < co. This can be written in terms of each Y;;
as

Yij =70 +vi + €5, (4.5)

fori=1,...,k and j = 1,...,m where € is assumed to be indexed in the
same way as the vector Y in Equation (4.4).

As parameterized this model does not fall within the regression framework as
described in this section as D is not a full rank matrix. This results in the fact
that the parameters identified in Equation (4.5) are not unique. Linear models
such as this are usually studied through estimable functions of the parameter
~, which are unique. A unique set of parameters can also be obtained by
adding side conditions or constraints to the parameter vector 4. A common
condition, which will be used in this section, will be to set 79 = 0 and define
0; = ; for i = 1,... k. In this case the model can be written as Y = X0 + €
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where X has the form

L, 0, Oy 0,
Om 1n Op 0
Om Om Op - 1y
which is a full rank n x k matrix and 8’ = (6y,...,60;). This model now fits

within the regression framework outlined in this Section. While the asymptotic
properties of this model can be studied under the regression context of this
chapter, the simplified structure of the model allows for a simpler analysis
using the multiple parameter context of the Chapter 3.

For the k-way layout consider a sequence of k x 1 random vectors Wy, ..., W,,
where W’ = (Y3;,...,Ys;). Under the assumption that the elements of the
error vector are independent of one another and are identically distributed
following a univariate distribution F', the sequence Wy, ..., W,, can be taken
to be a set of independent and identically distributed random vectors from a
k-dimensional distribution F. The distribution F' is related to F' through a
linear transformation. Suppose €15, ..., €x; ~ F, then F would correspond to
the joint distribution of the random variable 6 + €; where €} = (€1, ..., €x;).
Therefore, in the context of this model, E(W,) = 8. Under the assumption
that I follows the conditions outlined in Chapter 3, observed confidence levels
can be developed under the multiple parameter framework of that chapter.

4.3 Asymptotic Accuracy

The asymptotic behavior of the methods for computing observed confidence
levels in the regression problem is similar to the asymptotic study of Section
3.3. When ¢ is known, the ordinary confidence region Cgpq(c; X,Y) is used
as the standard confidence region where an arbitrary method for computing
an observed confidence level @ is k'"-order accurate if &[Cora(; X, Y)] = a+
O(n*k/Q). For the case when o is unknown, the confidence region Cgguq(c; X,
Y) is used as the standard confidence region with a similar definition for k-
order accuracy. As in Section 3.3, it is clear that q,.q and asiuq are accurate.

The asymptotic theory for the approximate methods for computing observed
confidence levels follows the multivariate Edgeworth expansion theory used in
Section 3.3. Under suitable conditions on F' and 6, Hall (1992a, Section 4.3.6)
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argues that for § C R?, a finite union of convex sets,

Pn'?s1/2(0 - 0)/0 € §]

J

k
Zn_i/QAi(S) + o(n"*/?), (4.6)

k
1+ n—i/%(t)} dp(t)dt + o(n"/?)

and

P[n'?x/2(0 - 6)/6 € 8]

-

k
- Z n=20;(8) 4 o(nF/?), (4.7)

k
L+ n7 Qsi(t)] Bp(t)dt + o(n~*/?),
i=1

where the polynomials 7;(t) and s;(t) are defined in Section 4.3.6 of Hall
(1992a), and A;(8) and A(S) are defined as in Section 3.3. The general form
of the polynomials r;(t) and s;(t) are the same as the polynomials that appear
in Section 3.3, though the coefficients will obviously differ. The polynomials
r1(t) and s;(t) are a special case as they match the polynomials in Section
3.3, but Hall (1992a, Section 4.3.6) shows that r1(t) = s1(t) for all t € R?.

We begin by considering the case when o is known. As discussed above, agq
is correct, and is useful as long as the distribution G, (t) is known. If G, (t)
is unknown then the observed confidence level based on the normal approxi-
mation, dopq, can be used. Following the development of Section 3.3 is can be
shown that
dord[c;ord(oﬁ XaY)] = ¢p(t)dt = AO(SQ)?
ga
as long as G, is a finite union of convex sets. Noting that

P[n'?xY2(0 - 6)/0 € Go] = o,
it follows from Equation (4.6) that
o = dord[cord(a; X7 Y)] + 0(71_1/2)7

so that &orq is first-order correct. The bootstrap estimate &4 will be discussed
later in this section. A similar argument can be used to show that Ggtug is
first-order correct when ¢ is unknown. The analysis of the hybrid observed
confidence level follows in a manner similar to the methods used to establish
Equation (3.17), so that it follows that

anyb[C(es X, Y)] = a4+ n 2 [A1(3a) — A (Ha)] + O 7).
In the case of Equation (3.17) A;(H,) = A1(Ha) only in special cases, such
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as when H, is a sphere centered at the origin. In the regression setting it
is known that 71 (t) = s1(t) and therefore A;(8) = A;(8) for all § C RP.
Therefore, it follows that

ahyb [Cstud(a; X> Y)] =a+ O(n_l)u

and therefore amyt, is second-order correct. The increased accuracy of boot-
strap methods in regression was first discussed by Hall (1992a). However, as
will be shown later in this section, this increased accuracy does not always
translate to more accurate methods for computing observed confidence levels.

As with the multiparameter case discussed in Section 3.3, Edgeworth expan-
sions for the bootstrap estimates of g, (t) and h, (t) will allows us to analyze
the accuracy of the bootstrap methods for computing observed confidence
levels. In particular, following Equations (3.20) and (3.21) it follows in the
regression setting that

P*[n'/?21/2(0 — 0)/6 € S|, ... ~ E]
= Do(8) +n2A1(8) + Op(nh),

and

P*[n'?xY2(0 — 0) /6" € S|ei, ... e ~ F)]
= Ao(8) +n 2N (8) + O, (n7Y).

As in Section 3.3, these results can be used to establish that & 4, &%, and
Gyt are second order accurate in probability. The accuracy of the percentile
method is still first-order. Following the arguments used to establish Equation

(3.22) it can be shown that in the regression case

& e [Cotna (s X, Y)] = a — 207 Y2A (Hy) + Op(n7h).

perc
The asymptotic accuracy of observed confidence levels in the case of simple

linear regression follows closely to the development in Section 2.4. Of course
Qord and aggug are correct. To analyze &q.q note that

dord [Cord (O[, W X7 Y)}

I
KA
—N—
3
.
~
N
)
8
,E‘)
|
>
9
a.
S
o
——
|

= P(g1-w) = P(g1-wp)-

which exactly matches Equation (2.33). Following the analysis of Section 2.4
it follows that ¢pq is first-order accurate for the case when o is known. A
similar analysis can be used to show that Ggtuq is also first-order accurate for
the case when o is unknown. As in Section 2.4, it can be established that

ahyb [Cstud(aa W, X»Y)] =a+ n71/2A(wL; WU) - nil/QA(vawU) + O(nil)'
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In this case

AMwr,wu) = Alwr,wu) = @120y )20y ) = P1 (2w )P(20y)
—q1 (ZWL)¢(ZWL) +p1 (zWL>¢(ZWL)
-0

due to the fact that pi(¢f) = ¢i(t) is the regression setting. Therefore g
is second-order correct. As in the case of multiple regression, cperc remains
first-order correct as

Aperc[Cstua (0, w; X, Y)] = o + 2n_1/2A(wL,wU) + O(n_l),

in the regression setting. For the bootstrap estimates of the observed con-
fidence levels, the analysis is virtually the same because the asymptotic ex-
pansions of the confidence levels match their nonbootstrap counterparts to
second order. Therefore &7 4, Qpop, and G, q are all second-order accurate
in probability, while a3, is first-order accurate in probability. Hall (1992a,
pages 169-170) shows that for the regression problem the bootstrap studen-
tized confidence interval for 6 is actually third-order accurate. However, this
property does not hold for the bootstrap estimate of the studentized observed
confidence level due to the fact that the bootstrap estimate of H,,(t) remains
second-order accurate.

As developed in Chapter 3, the bias-corrected and accelerated bias-corrected
confidence intervals can be used to construct corresponding methods for ob-
served confidence levels. The methods have a very similar form to those de-
veloped in Chapter 3. See Poliak (2007) for further details.

4.4 Empirical Comparisons

The asymptotic comparisons of Section 4.3 indicate that the bootstrap meth-
ods used for computing observed confidence levels in the regression setting are
equally accurate for large samples with the exception of the percentile method.
If these trends hold for finite samples the result is important as the hybrid
observed confidence level is typically easier and quicker to compute. This sec-
tion empirically investigates the finite sample accuracy of these methods in
the case of simple linear regression.

In particular, for a sample of size n consider an equally spaced grid of points
on the interval [0, 1] given by x; = i/n for ¢ = 1,...,n for the elements of
the vector x, and a simple linear regression model of the form Y = gx +
€. The values of 8 considered in this study are [ = i, %, 1 and 2 with
samples of size n = 25, 50, and 100. The error vectors for the study are
generated from three of the six normal mixtures first studied in Section 2.5
and plotted in Figure 2.1. The distributions studied are the standard normal,

skewed unimodal, and kurtotic unimodal distributions. For each combination
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Table 4.1 Average observed confidence level (in percent) that 3 € ¥ = [0,1] from
100 simulated sets of regression data of the form Y = x3 + €. The measure whose
average is closest to the average level of asiua 18 italicized.

Distribution I] n Ogtud  Qstud  Xhpud df;yb Qpere
Standard 0.25 25 3856 40.18 40.04 39.98 40.13
Normal 50 51.06 51.18 50.91 51.29 51.21

100 63.09 63.20 63.30 63.09 63.26
0.50 25 41.26 41.27 41.08 41.21 41.40
50 55.46 55.76 55.81 55.85 55.84

100 71.69 7212 7215 72.08 71.84
1.00 25 34.09 3420 84.10 3429 34.24
50 41.31 40.88 40.87 40.88 40.88

100 51.60 47.23 49.93 50.19 46.99
200 25 13.78 13.60 13.85 12,57 12.63
50 6.04 5.97 8.74 6.44 8.00

100  0.02 0.02 0.01 0.02 0.02
Skewed 0.25 25 43.33 51.33 44.72  44.47 49.04
Unimodal 50  588.53 60.39 56.69 60.51 54.10
100 69.39 66.92 7446 69.51 69.81
0.50 25 48.56 48.56 49.18 49.44 49.48
50 61.54 63.87 63.53 63.23 64.39

100 81.41 79.44 76.12 7892 79.47
1.00 25 41.90 46.42 37.57 4219 41.66
50 47.82 45.71 4556 48.95 44.52

100 43.31 51.28 46.67 46.68 40.23
2.00 25 9.43 9.55 9.36 9.18 7.84
20 5.10 2.48 3.25 2.39 3.38

100  0.27 0.78 0.80 0.35 1.37
Kurtotic 0.25 25 4723 47.35 44.84 48.66 46.23
50  62.75 60.60 60.81 59.43 61.82

100 71.35 68.68 71.77 7296 70.27
0.50 25 48.64 50.09 46.51 50.71 51.99
50  65.57 64.21 61.92 61.21 65.13

100 82.76 77.03 76.31 79.66 82.07
1.00 25 37.57 43.29 41.50 39.85 42.24
50  42.71 44.56 44.85 41.39 51.40

100 50.66 47.21 48.45 52.87 53.90
2.00 25 10.45 8.34 9.35 9.88 9.44
50 3.86 3.95 3.82 4.11 2.90

100  0.61 0.66 0.78 0.86 0.35
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of simulation parameters 100 Y vectors are simulated using the simple linear
regression model given above.

The results of the simulation are given in Table 4.1. When interpreting the
results of this study it should be remembered that the hybrid and studen-
tized method are both second-order accurate. One can observed from Table
4.1 that, while there is no method that had the best accuracy for all of the
situations studied, the studentized and hybrid methods do best in a majority
of the situations. More extensive empirical studies have been performed by
Poliak (2007). These more extensive studies also show that the studentized
and hybrid methods do best in a majority of the situations.

4.5 Examples
4.5.1 A Problem from Analytical Chemistry

Finding alternate techniques to determine difficult to obtain measurements
is a major avenue of research in the physical sciences. Chikae, et al. (2007)
study the problem of determining compost maturity on the basis of three
electrically measured parameters. An efficient compost system can aid in the
recovery of waste products, such as from food processing and domestic refuse,
as new materials or biosources for energy. A common application of compost
products is in the field of agriculture. However, the application of immature
compost materials can be harmful to crops. See, for example, Zucconi, et
al. (1981). It is therefore important to be able to assess whether composting
material has matured.

A common method of measuring the maturity of composting material is based
on the germination index. To compute the germination index a water extract
sample is taken from the compost material and seeds of a certain plant are left
to germinate in the water for 48 hours. Another set of seeds of the same type
are germinated in distilled water to serve as a control. The germination index is
then a function of the number of seeds that germinated in each water sample
along with the length of the roots of the germinated seeds. A germination
index that exceeds 50% is considered an indication that the compost material
is sufficiently mature. See Zucconi, et al. (1981). The 48-hour waiting period
for this measurement makes it difficult to quickly analyze the maturity of
compost material.

Chikae, et al. (2007) develop a quick and simple method for estimating the
germination index based three electrochemical measurments: pH, NHZ con-
centration, and phosphatase activity in a water extract a compost sample. The
measurements of these three properties can be easily obtained using portable
sensors and a laptop computer. The time required to take the measurements is
approximately 2 minutes. To investigate the reliability of this system, Chikae
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Figure 4.1 The estimated germination index and the actual germination index com-
puted from twenty-four samples of compost material. The solid line is the least
squares linear regression line for the data. The dotted line is the identity function.
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et al. (2007) obtained germination index measurements for twenty-four com-
post samples. The actual germination index, along with the estimate of the
germination index obtained from the portable sensor where obtained for each
sample. These measurements are plotted in Figure 4.1.

One can observe from Figure 4.1 that the estimation process is not a perfect
predictor of the actual germination index. The fitted regression line indicates
the mean estimated germination index tends to overestimate smaller values
and underestimate larger values of the actual germination index. Given this
observed behavior, how much confidence is there that the slope of the regres-
sion line is less than 17 This region will be defined as ©;. It is important in
this problem to detect whether the compost is really mature or not based on
the estimated germination index. Within this context it is important to de-
termine how much confidence there is given that the actual germination index
does not exceed 50%. This region will be defined as ©s.

This simple linear regression model fits within the statistical framework de-
scribed in Section 4.2.1, and the question of the observed confidence level of
the region corresponding to the slope being less than 1 is easily computed.
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Table 4.2 Estimated observed confidence levels (in percent) for the regions of interest
in the germination indexr example. The region ©1 corresponds to the regression line
having a slope less than 1. The region ©2 corresponds to the regression line staying
below 50 when the actual germination index is below 50. The region ©s corresponds
to the regression line being below 50 when the actual germination index is exactly
50.

Observed Confidence Levels

A % A%

. A A~ %
Region  Ggstud  Ogua Ohy,  Operc

6, 98.46 96.00 98.80 98.90
Oy 48.10 32.70 31.20 31.90
O3 49.50 3290 31.20 31.90

The least squares estimates for the regression line plotted in Figure 4.1 are
6 = 10912, 8 = 0.804, and & = 9.953 with o, = 22.389. The normal ap-
proximation for the amount of confidence there is that the slope is less than
1is
Gstud (©1) = 1 — $(—2.160) = 0.9846.

The bootstrap estimates of this observed confidence level for this region are
presented in Table 4.2. See Section 4.7 for the details of these calculations.
It is clear from Table 4.2 that there is a large amount of confidence that the
slope parameter is less than 1.

The computations for the region O are slightly more complicated by the fact
that the region jointly depends on the slope and intercept and that the region
is a complicated function of those two parameters. Let ' = (3, §) where, using
the notation established in Section 4.2, 3 is the intercept and @ is the slope of
the linear regression model. The region ©5 is then given by

O, = {0 € R?: < 50,5+ 500 < 50}.

To compute the observed confidence level for this region, the joint sampling
distribution of @ must be used. Let

Gn(t) = P[n'?2;2(0 — 0)Jo < tley.... e, ~ F,X],
and

H,(t) = P[n'/?Z;Y%2(0 - 0)/6 < tley....,en ~ F,X],
where

s [T Rd? —ped?
T 7‘umd;2 d;2 )
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and
n
|
Mz =T E L.
i=1

The corresponding observed confidence levels are then developed using these
distributions as in Section 4.2. The observed confidence levels for this region
are reported in Table 4.2. Details for computing the observed confidence levels
using R are given in Section 4.7. It is apparent that there is around 30%
confidence that the regression line stays below 50 when the actual germination
index is below 50. Certainly for small values of the germination index there
should be little problem with concluding that the compost is mature based
on the estimated germination index. The problem lies, not surprisingly, when
the germination index approaches 50. This can be verified by computing the
observed confidence level of the region

03 = {0 € R? : 3+ 500 < 50}.

Note that ©®y C ©3 and that the region ©3 only requires that the regression
line be less than or equal to 50 when the actual germination index is exactly
50. The observed confidence levels for ©3 are reported in Table 4.2. From
Table 4.2 one can observe that the estimated observed confidence levels for
O3 are very close to that of ©5. This is an indication that it is the restriction
that 8 + 500 < 50, which is driving the observed confidence level down to
around 30%, and not the restriction that 8 < 50.

4.5.2 A Problem in Ezxperimental Archaeology

In a study of the ability of flint axes to fell trees, Mathieu and Meyer (1997)
consider data originally obtained by Jergensen (1985) on the breast height
diameter of trees in centimeters and the time to fell the tree in minutes for
three types of trees: maple, oak, and birch. Data similar to what was reported
are presented in Figure 4.2. Consider modeling the data using three separate
linear regression lines: one for each tree type. The slopes of the regression lines
then indicate how difficult each type of tree is to fell using a flint axe. Observed
confidence levels can then be used to measure the amount of confidence there
is that, for example, Maple is the most difficult type of tree to fell, followed
in order by Oak and Birch.

Let Y;; be the observed felling time for a tree with diameter x;; of type ¢ for
j=1,...,n; and i = 1,2,3. The tree types are indexed as Maple (1), Oak
(2) and Birch (3). The value n; corresponds to the number of trees of type i
used in the study. For the data in Figure 4.2, ny = no = ng = 20. The value
n = ny + ne + n3z = 60 will denote the total sample size. To fit a separate
regression line for each tree type, the model E(Y|X) = W3 + X6 where

Y/ - (Y117-"aylnlayélvﬂ~aY2n27Y31a"'7Y3n3)7
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Figure 4.2 Data on felling time and breast height diameter for three tree types: Maple
(o), Oak (A), and Birch (+). The plotted lines are individual least squares regression
lines for the three tree types: Maple (solid line), Oak (dashed line) and Birch (dotted
line).

Time (minutes)

Diameter (cm)

/6/ = (ﬂ15ﬁ2753)7 0 = (01702;93)a

W= 0, 1, 0, |,

and
X1 On1 Onl
X = On2 X9 On2 s
07L3 07L3 X3
/
where X, = (zi1,...,Tin,)-

The mechanism for generating Y conditional on X is assumed to have the form
Y = W3 + X0 + € where E(e) = 0,, and V(e) = X, where the covariance
matrix has the form
O-%I’n.l 0'(1,1,"12 OTLl,”Lg
= 0n;.m U%Inz 0n;.m5
Ongny Ongny 071,
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Table 4.3 Observed confidence levels for the siz possible orderings of the slope pa-
rameters in the tree felling example.

Region Ordering Ostud  Olua d;yb d;em
CH 01 < 0y < 03 0 0 0 0
(G 01 < 03 < 6y 0 0 0 0
O3 0y < 61 < 03 0 0 0 0
O4 0y < 05 < 0 5.4 10.5 7.8 7.5
O 03 < 01 < 65 0 0 0 0

O 03 < 0y < 64 94.6 89.5 92.2 92.5

Table 4.4 Least squares estimates for fitting a linear regression to each of the three
tree types separately.

i Tree Type 0; 0; G

1 Maple -36.080 4.646  2.222
2 Oak -2.893 1.573 14.767
3 Birch 1.335 0.889  7.842

Hence a different error variance will be used for each tree type. A close inspec-
tion of Figure 4.2 strongly indicates that the variability between tree types
differs. It is also assumed that the three experiments are independent of one
another. In this case it is efficient to fit the three regression lines separately
to obtain estimates of @ and €. See Zellner (1962). This model is an extension
of the one given in Equation (4.1), though this type of model still falls within
the general linear model, and the observed confidence levels defined in 4.2 can
be adapted to this problem with only minor modifications as discussed below.

Of interest for this problem is computing levels of confidence for each of the
six possible orderings of 81, #2, and #3. The corresponding regions of © = R3
are defined in Table 4.3. The least squares estimates obtained by fitting a
separate regression line to each type are given in Table 4.4.

By assumption the three estimates él, ég, and 0 are independent of one
another meaning that the asymptotic normality of 6’ = (6,05,03) follows
from the asymptotic normality of the individual estimators. This suggests
that a reasonable method for computing observed confidence levels is given
by the normal approximation of Equation (4.3), with suitable modifications
for the current model. Due to the independence of the elements of é, the
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asymptotic covariance matrix of n'/ 20 is given by

2 7—2
o1d; ] 0 , 0
_ 27—
ET = 0 02d172 0 ) 5
2 —
0 0 o3d, 3
where
n;
2 ~ 2
dz i Z(ml] - -Tz) )
i=1
and
ni
| Z
xX; n; Lij-
i=1
The covariance matrix 37 is estimated by
63d;2 0 0
Sr=1| 0 63d;3 0
22 -2
0 0 03d, 3
where 62 = €}€; where the residual vector € = (€1, €z, €3), with each subvector

€; corresponding to the residuals for the separate fit of each tree type. In the
context of this problem, define

H,(t) = P[n'/?5.'%(6 — 6) < t|E]

where E is the event that €;1,...,€n, ~ F; for i = 1,2, 3 where it is assumed
that the vector € is indexed in the same way as Y. It follows that an observed
confidence level for an arbitrary region ¥ C © = R? based on a studentized
confidence region for @ is given by

astud(qj) :/ 12 hn(t)dt,
n1/2812(6-v)

where h,,(t) is the three-dimensional density corresponding to H,(t). For this
example Fy, Fy, and F3 are unknown so that h,(t) is also unknown. As stated
above, the normal approximation can be applied to this case to obtain

dstud(\l’) = / R ) (bg(t)dt
n1/28712(6-w)

For comparison, estimates based on the bootstrap will also be implemented.
The bootstrap estimate of H,(t) is given by

H,(t) = P[n'/?535:7 126 — 6) < t|E¥],

where E* is the event that €,... €}, ~ F; for i = 1,2,3, conditional on
the event E defined earlier. The distribution F} corresponds to the empirical
distribution of €;,...,éy,, conditional on E, for ¢ = 1,2,3. The bootstrap

estimate can be used to compute the bootstrap estimate of agiuq(¥) given by

(V) = / o () .
nl/28212(6-w)
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Bootstrap estimates of the hybrid and percentile method observed confidence
levels are developed in an analogous way. The estimates for each of these
methods and regions are reported in Table 4.3. It is clear from Table 4.3 that
there is a great amount of confidence that maple is the most difficult tree
type to fell. The remaining question arises as to whether oak or birch is more
difficult to fell. The observed confidence levels reported in Table 4.3 that there
is a great deal of confidence (90%-95%) that oak is more difficult to fell than
birch.

4.5.8 A Problem from Biostatistics

Consider the example described in Section 1.3.5, which concerned selecting
the best hyperactivity treatment from four possible treatments on the basis
of a study which used a randomized complete block design. Let Y be a vector
indexed as in Equation (4.4), where Y;; represents the response for the i‘h
treatment within the j* block for i = 1,...,4 and j = 1,...,4. The treat-
ments have been labeled, in order, as A, B, C, and D. There are no replications
in this experiment. This experiment can essentially be analyzed in terms of a
two-way layout with no interaction. Such a model can then be set within the
statistical framework of Chapter 3. See Theoretical Exercise 2. Of interest in
this design is the effect of each treatment. Let 8; be the estimable effect for
treatment 4 for i = 1,...,4 with 6’ = (01,02, 03,0,), where as in Section 4.2.2,
the overall mean of the model is taken to be 0. A secondary restriction that the
effect of block 1 is 0 will also be used to create a unique model. Under these
restrictions the effect of the i*? treatment coincides with the mean response
for treatment 4 so that the estimated effect of treatment ¢ is then given by

L1
91‘:1;1@]%

Note that a different set of restrictions, such as the more common one given
in Equation (5-19) of Montgomery (1997), could also be used without any
modification. This is due to the fact that ordering the treatment means under
those restrictions is equivalent to ordering the estimated treatment effects.
The regions of interest correspond to each of the treatment effects having the
lowest value without regard to the ordering of the remaining effects. That is

Q;={0cR*:0,>0;for j=1,...4}.

To analyze this problem we use the definitions of G,,(t) and H,(t) defined
in Equations (3.1) and (3.2). The covariance matrix in this case is given by
Y = 021, where o2 is the error variance. The observed confidence levels for
the four regions ©1,...,0, are then developed as in Chapter 3. The observed
confidence levels for these regions are reported in Table 4.5. One can observe
from Table 4.5 that Treatment D has the highest observed confidence level
for being most effective followed by Treatment A. One can also note that
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Table 4.5 Observed confidence levels for the four each of the four treatments in the
hyperactivity example being the most effective.

Ak Ak

; N A %
Region  Gstud  OGua Gy, &

perc
6, 173 327 309 29.6
Oq 0 0 0 0
O3 0 0 0 0

Oy 82.7 673 69.1 704

Treatment A has less than half the confidence of Treatment D, and that there
is essentially no confidence that either Treatment C or Treatment D is the
most effective.

4.5.4 A Problem from Biostatistics

The LRC-CPRT study was a large scale investigation of the effect of the
drug cholostyramine on blood cholesterol levels. Efron and Feldman (1991)
and Efron and Tibshirani (1996, 1998) consider modeling the decrease in the
total blood cholesterol level for each participant in the study as a polynomial
model of each participant’s compliance with the intended dose of the drug.
The data considered by Efron and Tibshirani (1996, 1998) consist of 201
observations from participants of the study who where in the control group
and therefore received a placebo instead of the active treatment. A scatterplot
of this data along with a cubic polynomial fit is displayed in Figure 4.3. There
is clear curvature in the polynomial fit, but how much confidence is there in
the shape of the regression line. For example, how much confidence is there
that the curve is actually concave down over the range of the data dependent
data?

Let Y; be the decrease in total blood cholesterol level for participant ¢, and
let z; be the corresponding compliance level of the same participant. The
regression model fit in Figure 4.3 then has the form

E(Yi|x;) = 0o + 612 + 0227 + 0327

Let 8" = (6p,01,02,605) be the parameter vector of interest in this problem
with parameter space © = R*. The region corresponding to the regression
function being concave down has the form

©4 = {6 : 20, + 6265 < 0 for all z € [0,100]},

where the interval [0, 100] corresponds to the range of participant compliance.
Similarly, the region were the regression function would be concave up has the
form

©, = {0 : 202 + 6203 > 0 for all x € [0,100]}.
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Figure 4.3 Cholesterol decrease versus compliance for the participants in the control
group for the Minnesota arm of the LRC-CPRT study. The solid line corresponds to
a cubic regression fit.
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The region 0,, will represent the remaining possibility that the regression line
is neither strictly concave up or concave down in the range of compliance
between 0 and 100.

Table 4.6 presents observed confidence levels for these regions using the meth-
ods described in this chapter. The contention that the curve is actually concave
down, as observed in the fit of the data, only has observed confidence levels of
about 30%. There is little or no confidence that the curve is actually concave
up. Most of the observed confidence is that the curve is neither concave up or
concave down.

4.6 Further Issues in Linear Regression
4.6.1 Model Selection

A major potential application of observed confidence levels in linear models
and regression is in model selection. In the usual framework of model selection
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Table 4.6 Observed confidence levels in percent that the actual regression line is
concave down (Bgq), concave up (0.) or neither (©y). The bootstrap calculations
are based on 10,000 resamples.

Regions
Method O4 O. O,

&% 272 000 728
iy, 3015 0.02 69.83
a 29.10 0.01 70.89

perc

it is assumed that all of the relevant independent variables have been observed
to model the dependent variable, and the problem of interest is then to discover
which of the variables do not have a significant effect and can be removed
from the model. Model selection was mentioned Efron and Gong (1983) as
a potential application of a bootstrap method where the proportion of time
each model was selected in a series of bootstrap resamples was suggested as an
indication of which variables where relatively important in the model. Model
selection in polynomial regression is also an example of significant interest in
Efron and Tibshirani (1996, 1998). This section will explore these methods
and will discuss the possible application of observed confidence levels to these
types of problems.

In direct application observed confidence levels are of little help to the regres-
sion model selection problem. This is because the region corresponding to a
particular variable not having a significant effect on the dependent variable
usually has measure 0 with respect to the probability measure that provides
the observed confidence levels for each region. As an example consider the ex-
ample of fitting a polynomial regression model to the cholesterol data studied
in Section 4.5.4. The interest in this example is determining the correct order
of the polynomial for the regression function. Suppose a fifth-order polynomial
is considered to be the absolute highest order to be considered. Therefore, the
regression model to be fit has the form

5
E(Y|z) =) _a'6;,

i=0
where the parameter vector 8 = (6, ...,05) has parameter space © = RS,
Consider the region corresponding to a fourth-order polynomial being suffi-
cient for the model, that is ©4 = {6 : 05 = 0}. The region is a surface in
R® running along one of the axes in RS. Using the studentized method for
computing observed confidence levels it follows that

O4stud(6)4) :/ . hn(t)dt = O7
n1/22z/ (0_@4)
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whenever h,,(t) is a continuous density in R®. This will be true for any model
selection problem where one of the regression parameters must equal 0 for a
smaller model to be true.

Efron and Tibshirani (1996, 1998) compute confidence levels for this example
that are nonzero. The question of interest then is how the levels are computed,
and what they mean. For the cholesterol data, Efron and Tibshirani (1996,
1998) first divide the cholesterol decrease values by 15.09 so that the variance
of the data is approximately 1 and then consider a transformation of this stan-
dardized response vector Y so that the square of the successive coordinates
correspond to the square root of the reduction in error sums of squares real-
ized by adding one to the polynomial order of the model. Efron and Tibshirani
(1998) report that the first three coordinates of this vector are 7.20, 2.74, and
—2.55. The uncorrected total sum of squares of the standardized data for the

model is
201

> V7 =260.4234,
i=1
and the sums of squares, corrected for fitting a constant model is
201
> (¥i = Y)? = 208.6101.
i=1
Therefore the square root of the decrease in sums of squares for fitting a
constant model is (260.4234 — 208.601)/2 = 7.1979, yielding the first element
of the transformed vector. The remaining elements follow in a similar manner.

To choose the order of the polynomial model Efron and Tibshirani (1998) use
Mallow’s C), criteria, which has the sample form

201
Co(i) = ). Y2420+ 1), (4.8)

i=j+1

where Y; is the i component of the transformed response vector for the
cholesterol data and j is the order of polynomial under consideration. The
usual criteria for implementing the C’ is to compute C »(j) for j =0,...,k
where k is the highest order polynomlal under consideration. The jth—order
polynomial is the indicated as the proper order when C »(j) is the smallest of
Cp(0),...,Cy(k). See Mallows (1973). In this context, Efron and Tibshirani
(1998) define @ = E(Y) with & = Y. The corresponding parameter space is
© = R?°!, Assuming that the correct order of the model is p, the estimator
in Equation (4.8) is an estimator of

I'(j) = 0 2E(SSE;) — (n — 2p),

where SSE; is the error sum of squares for the 7' order model. When j = p,
the correct order of the model, E(SSE;) = ¢%(n — p) and I'(p) = p. Therefore
the population selection criteria for the j** order model is that I'(j) = j. Using
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the parameter space of the transformed regression vector defined above, the
j™ order polynomial is correct when 8 € ©; where ©; = {6 : §; = 0,41 =
-+» = 0, = 0}, which will have measure zero with respect to the sampling
distribution of 8, for example. This differs from the application of the sample
case implemented by Efron and Tibshirani (1998), which selects the ;" order
model when 6; is the minimum of 6y, ..., 8. Therefore, the method used by
Efron and Tibshirani (1998) is actually equivalent to choosing the j*" order
model when 8 is in a neighborhood of ©;. The transformation implemented
by Efron and Tibshirani (1998) does not solve the fundamental problem that
the region of interest has measure 0 with respect to the probability measure
of interest.

The possibility that a transformation of the parameter space will solve this
problem is remote in most cases. To see this consider the simple example
where X ~ Fp is an observed d-dimensional random vector where © is the
parameter space of 8. Take @ = X and let ¥ C © = R? be any region such

that
/ dFg =0,
N

for all 8 € ©. Now consider computing the percentile method observed con-
fidence level of ¥, where F' is estimated by the parametric estimate F' = Fy.
This observed confidence level is then given by

Cperc(¥) = P(6* € U|0* ~ Fy,X) = /WdFé =0,

as long as 6co.

Can a transformation of the data vector X, and therefore the parameter space
O, provide a nonzero observed confidence level for ¥? Let Y = L(X) for some
real function L so that the parameter space of the problem is transformed to
A@. That is
Ao ={A:A=E(Y),Y=L(X),X ~ Fp}.

Let Ay be the region of Ag that is equivalent to ¥. This means we should
get the same probability model using either representation, or that @ € ¥ if
and only if A € Ag. Similarly, it will be assumed that 6 € U if and only if
X € Ao. Note that if the regions are not equivalent the confidence level of
Ay will be computing a confidence level for a different model than is specified
by ¥. Now compute the percentile method observed confidence level for Ay.
Let G be the distribution of L(X) and let G be an estimate of G. Then the
percentile method observed confidence level for Ay is

Qpere(Aw) = P(j\* € A\If|5\* ~ éax)'
The probability model G has not been specified here, and it could be chosen so
that aperc(Aw) > 0, but under the assumptions of this section it must follow

that R . R R R
P € Ay|A* ~ G, X) = P(0" € V[0" ~ [4,X) =0,
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as before. It is clear then that two equivalent regions must have the same
observed confidence level.

4.6.2 Observed Prediction Levels

Consider once again the simple linear regression model Y = 0x + 01 + €
where the basic framework of Section 4.2.1 will be assumed along with the
additional assumption that € has a normal distribution with mean vector 0
and covariance matrix o2I. Suppose that one wishes to predict the value of
the dependent variable for a specified value of the independent variable x,,. In
the usual case where 6 and (§ are unknown, this predicted value will be given
by Yp = éxp + B where 6 and ﬁ are the least squares estimates of 6 and (3
computed from the observed data. To account for the variability inherent in
making such a prediction, a 100a% prediction interval can be computed for
)Afp as

l)(Ot7 w; X, Y) = [Yp — tl_wLﬂL_QOA'p, }/p — tl_wUm_Q(pr], (49)
where a = wy — wy and &Z is an estimate of the variance of the predicted
value given by

2

Z?:1(Yi - B - éxz)Q lan -t (xp — )

n—2 2z (@i — )2

As with confidence intervals, one may be interested in how much confidence
there is that the predicted value will be within a specified region, say ¥ =
(tr,tv). In this case the prediction analog of an observed confidence level can
be computed by setting ¥ = D(a,w;x,Y) and solving for a. The resulting
measure can then be called the observed prediction level of the region V.
For example, for the prediction interval given in Equation (4.9) the observed
prediction level for ¥ = (¢, ty) is given by

~2
p =

Y, —tr T
~ — dn-2

Y, — ty
/\p .

Op

4.7 Computation Using R

The fundamental framework for calculating observed confidence levels in R
in the regression setting is very similar to what was developed for the mul-
tiparameter case in Section 3.6. The main difference is that the algorithm
for generating resamples relies on an empirical model approach in which the
residuals from the original fit of the linear model are resampled. These resam-
ples are then filtered through the fitted model to produce resampled data. The
boot function is general enough to handle this case with the only modifications
occuring in the way that the resampling function is developed.

To motive the method that is used to generate the resamples, note that in
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Equation 4.2, 0* is the least squares estimate of the slope parameter vector
fitted from resampled data Y* with the same constant matrix X. The error
vector €* is generated by resampling from the residuals from the original
fit of the model given by €, that is, by taking a sample of size n from the
empirical distribution of € conditional on Y and X. The resampled vector
Y is then generated as Y* = B1, + X6 + €*. This method of generating
resamples in the regression model, usually known as residual resampling, is
generally considered to be most appropriate for regression models where X is
a fixed matrix of constants. The alternate method of resampling the rows of
Y along with the corresponding rows of X is equivalent to resampling from
the joint empirical distribution of Y and X taken together. This method is
more appropriate when X as well as Y are stochastic. See Chapter 7 of Shao
and Tu (1995).

Suppose HAZ* and &7 are the least squares estimates of @ and o computed on the
ith set of resampled data given by Y} and X for i = 1,...,b. The bootstrap
estimates of g, (t) and h,(t) can then be approximated by

b
Gu(t) = b3 5le: nt2BY2 (67 — 6)/6],
=1

and
b

hn(t) ~ 071 " 6[t : n!/2EL2(0; - 0) /57,
i=1
where /2532 (67 —6)/6 and nl/QE}L/Z(HAf —0)/67 are taken to be singleton
sets. The bootstrap estimates of the observed confidence levels for a region ¥
can then be approximated by

Gora (V) 2071 > 016 = 0(07 = 0) /53],

b
(V) 2 b7 610 — 6(67 — 6)/67; 1],
i=1

b
Ay (U) = 071y " 5[20 — 67 0],
=1
and
b A
erc(U) = b7~ 6(67; 0],
=1

following the parallel development in Section 3.6.

The calculations performed for the example from Section 4.5.1 will demon-
strate many of the principles used to compute observed confidence levels for
regression models in R. It will be assumed that the data are stored in an ob-
jects called GI and EGI. The object GI corresponds to the actual germination
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index values and the object EGI corresponds to the estimated germination in-
dex values. A simple linear regression model can be fit in R using the command
GI.fit <- 1m(EGI~GI) where the information from the fit of the model is
stored in the object GI.fit. Information about the fit can be obtained by
applying commands such as anova and summary to the object. For example,
the summary command yields

> summary(GI.fit)

Call:
Im(formula = EGI ~ GI)

Residuals:
Min 1Q Median 3Q Max
-20.04915 -7.20928 0.00631 8.23430 20.25649

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 10.91242 4.97057 2.195 0.039 x*
GI 0.80399 0.09478 8.483 2.2e-08 **x

Signif. codes: O ***x 0.001 *x 0.01 * 0.05 . 0.1 1

Residual standard error: 10.4 on 22 degrees of freedom
Multiple R-Squared: 0.7659,Adjusted R-squared: 0.7552
F-statistic: 71.96 on 1 and 22 DF, p-value: 2.201e-08

which provides the least squares estimates of § and 6. Using the estimator
defined in Section 4.2.1, the estimate of o is can be obtained by extracting
the residuals from the object GI.fit using the command

sqrt (sum(GI.fit$residuals™2)/length(GI.fit$residuals))

The first region of interest in this example is the region ©; which corresponds
to all values of the slope parameter that are less than 1. The function used by
the boot that is suitable for computing &j,(01) is given by

giboothyb <- function(data,i,tval,fit) {

Ystar <- fit$coefficients[1] + fit$coefficients[2]*data
+ fit$residuals[il

fitstar <- 1m(Ystar~data)

if (2xfit$coefficients[2]-fitstar$coefficients[2]<tval)
delta <- 1

else delta <- 0

return(delta) }

In this case it is assumed that the only data specified in the boot command
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is the GI object. It is also assumed that the objects GI.fit and tval are
passed to this function through the boot command. This allows the giboothyb
function to resample from the residuals of the original fit for without having
to compute the least squares fit each time. The command

mean (boot (GI,statistic=giboothyb,R=1000,tval=1,fit=GI.fit)$t)

will the return the estimated observed confidence level for ©; based on the
hybrid bootstrap method. To compute the &, .(01) the function

perc

gibootperc <- function(data,i,tval,fit) {
Ystar <- fit$coefficients[1] + fit$coefficients[2]*data
+ fit$residuals[il
fitstar <- 1lm(Ystar~data)
if (fitstar$coefficients[2]<tval) delta <- 1
else delta <- 0
return(delta) }

is used. To compute &% 4(©1) we add the minor complication that &} must
be computed with each resample. In this case this does not require an added
level of resampling since the estimate has a closed form. A suitable function
to compute &, 4(©1) with the boot command is

gibootstud <- function(data,i,tval,fit) {

Ystar <- fit$coefficients[1] + fit$coefficients[2]*data
+ fit$residuals[i]

fitstar <- 1lm(Ystar~data)

shat <- sum(fit$residuals”2)/length(fit$residuals)

shatstar <- sum(fitstar$residuals~2)
/length(fitstar$residuals)

if (fit$coefficients[2] -shat*(fitstar$coefficients[2]
-fit$coefficients[2])/shatstar<tval) delta <- 1

else delta <- 0

return(delta) }

Note that a slightly more efficient version of this function can be created by
sending shat directly to the function so that it need not be recalculated for
each resample.

To compute the observed confidence levels for @5 similar functions are used.
For example, a suitable function to compute & 4(©2) with the boot com-
mand is given by

gibootstud2 <- function(data,i,fit) {
Ystar <- fit$coefficients[1] + fit$coefficients[2]*data
+ fit$residuals[il
fitstar <- 1m(Ystar~data)
shat <- sum(fit$residuals”2)/length(fit$residuals)
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shatstar <- sum(fitstar$residuals~2)
/length(fitstar$residuals)

tbeta <- fit$coefficients[1] - shatx*
(fitstar$coefficients[1]
-fit$coefficients[1])/shatstar

ttheta <- fit$coefficients[2] - shatx*
(fitstar$coefficients[2]
-fit$coefficients[2])/shatstar

if ((tbeta<=50)&& (tbeta+50*ttheta<=50)) delta <- 1
else delta <- 0

return(delta) }

The command
mean(boot (GI,statistic=gibootstud2,R=1000,fit=GI.fit)$t)

will the return the estimated observed confidence level for @, based on the
studentized bootstrap method.

The normal approximation ésyuq can be computed using numerical integration
of the bivariate standard normal density, or by using simulation techniques
as follows. Let Z7,...,Z] be a set of independent and identically distributed
random variables from a bivariate normal density with mean vector 0 and
covariance matrix I. Then

dstud(\I’) = ¢(t>dt

/7),1/22;/2@—‘1/)/&

1

b
b1 8(Zis /2826 — w) /6]
i=1

b
= b ' 5[0 —6n VPR 0.
i=1

This calculation is easily implemented in R using the following commands

b <- 1000
n <- length(GI)
kount <- 0

that <- GI.fit$coefficients

shat <- sqrt(sum(GI.fit$residuals”2)/n)

mx <- mean(GI)

dx2 <- sum((GI-mx)"2)

sx <- sqrt(dx2/n)

Sx <- matrix(c(1/n+mx~2/(dx2),-1.0*mx/(dx2),
-1.0*mx/(dx"2),1/dx2),2,2)

svdSx <- svd(Sx)

srSx <- svdSx$ulx’sqrt (diag(svdSx$d)) %x%svdSx$u
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Z <- matrix(rnorm(2*b),b,2)
for(i in 1:b)
{
Zt <- that - shat/sqrt(n)*solve(srSx)%*%Z[1i,]
if ((Zt[11<=50)&& (Zt [1]1+50%Zt [2]<=50)) kount <- kount + 1

4.8 Exercises

4.8.1 Theoretical Exercises
1. Consider the simple linear regression model described in Section 4.2.1.

(a) Derive the hybrid critical point for estimating the intercept parameter
3. Use this critical point to write out a 100a% confidence interval for 3.
(b) Using the confidence interval derived in Part (a), find the hybrid ob-
served confidence level for G for an arbitrary interval region ¥ = (¢, ty).

(¢) Find the normal and bootstrap approximations to the hybrid observed
confidence level for 3 for an arbitrary interval region ¥ = (¢, ty).

2. Consider a two-factor analysis of variance without interaction. In this case
a random vector Y indexed as Yj;; is observed where

Yije =+ + 65 + €ij

fori=1,...,p,7=1,...,gand k =1,...,n. The parameters p, y1,...,%
and 41, ..., 0, are unknown constants.

(a) Write out the general form of a matrix D that would allow this model
to be written as Y = DA + € where

A,: (:u771a"'77pv517"'75q)

is the parameter vector and € is a vector containing the error random
variables €;;;, and is indexed the same as the vector Y above. Find the
rank of D.

(b) Reparameterize the model given in part (a) so that it is a full rank model
with unique parameters.

(¢) Write the model given above in a form so that it can be analyzed using
the multiple parameter methods of Chapter 3.

3. Consider the percentile method for computing observed confidence levels
for the slope parameter 6 of a simple linear regression model. Following the
development in Chapter 3, develop a bias-corrected observed confidence
level for this parameter, and perform an asymptotic accuracy analysis to
determine the order of accuracy of the method (Poliak, 2007).
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Table 4.7 Drilling data.
Brand A

Depth 71.0 922 874 51.6 70.2 651 50.3 914
Time 349 45.7 43.7 29.1 359 33.0 251 474

Depth 86.2 97.0 30.7 435 489 96.2 749 199
Time 44.7 459 16.0 233 239 456 356 12.0

Brand B

Depth 30.7 67.1 477 473 40.7 419 225 20.3
Time 185 27.6 275 204 16.2 20.0 11.1 88

Depth 36.0 27.1 873 309 904 384 90.1 40.6
Time 213 11.8 319 19.2 36.5 20.7 38.6 159

Brand C

Depth 20.7 98.6 11.2 49.2 522 53.1 64.1 5/3.7
Time 219 74.1 158 453 424 428 51.1 36.0

Depth 80.8 829 882 23.1 96.6 178 342 293
Time 624 64.0 624 205 703 11.0 255 18.7

4. Consider the percentile method for computing observed confidence levels
for the slope parameter 0 of a simple linear regression model. Following the
development in Chapter 3, develop an accelerated bias-corrected observed
confidence level for this parameter, and perform an asymptotic accuracy
analysis to determine the order of accuracy of the method. (Poliak, 2007).

5. Following the framework used in this chapter, show that the hybrid method
produces second-order accurate observed confidence levels for slope param-
eters in the linear regression model.

4.8.2 Applied Ezercises

1. A mining company is considering three possible brands of drill bits that are
designed to penetrate a certain type of granite. In order to study the three
brands, the company purchases sixteen of each type of bit and observes the
amount of time (in seconds) each bit takes to drill holes of varying depths
(in centimeters) throughout the work week. The observed data from this
study are given in Table 4.7. Assume that the data are independent between
brands.

(a) Fit a linear regression model for each brand separately. Compare the
estimates of the slopes of each fit. Which brand appears to be most
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efficient in drilling through the granite, that is, which brand has the
largest slope?

(b) Compute observed confidence levels that each brand has the largest slope
using the normal approximation, and bootstrap estimates of the studen-
tized, hybrid and percentile methods. Which brand, or brands, would
you recommend to the company?

2. An automotive engine design firm is considering two new types of software
for their electronic engine control systems. They wish to compare these
systems to a standard system which is currently installed in a certain model
of vehicle. A set of twenty-one automobiles of this model are obtained and
are randomly divided into three groups of seven each. Each group is then
randomly assigned to one of the software systems. The software systems are
then installed in the automobiles and the gasoline mileage for each vehicle
was determined using a standard testing routine. The data are given in the
table below.

Standard Software System
274 283 272 283 27.7 279 26.9

New Software System 1
28.2 285 28.9 288 27.2 294 288

New Software System II
31.0 30.3 314 29.0 314 30.8 30.6

(a) Fit a one-way analysis of variance on the data given in the table. Is
there a significant difference in the mean gasoline mileage for the three
systems?

(b) Using the bootstrap with b = 1000 resamples compute observed confi-
dence levels using the studentized, hybrid, and percentile methods for
regions of the parameter space corresponding to each possible ordering
of the software systems with respect to mean gasoline mileage. What
conclusions can be made about the gasoline mileage of the three sys-
tems?

3. The printing time for a page (in seconds) of grayscale graphics is being
studied in terms of the pixel density of the page being printed and the type
of printer being used. The pixel density of a page is a measure of how dark
the entire area of the page is that uses both the number of nonwhite pixels
used on the page as well as the grayscale darkness of the pixel. The pixel
density is scaled to be between 0 and 100 where 0 represents a blank page
and 100 represents a totally black page. Ten different graphics, each with
varying levels of pixel density, were printed using three different printers.
The observed data is given in Table 4.8.
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Table 4.8 Printing time data.

Pixel Printing Time
Graphic Density Printer I Printer II  Printer II1
1 89 18.1 17.3 7.3
2 26 9.3 5.0 8.8
3 34 8.6 7.6 18.3
4 12 4.4 5.2 8.7
5 24 7.8 8.7 4.2
6 52 9.0 10.9 12.4
7 30 8.9 8.1 8.0
8 31 7.7 9.3 11.2
9 71 12.8 13.1 8.5
10 50 11.0 8.7 10.6

(a) Fit a separate regression model for each printer using printing time as
the dependent variable and pixel density as the independent variable.
Does it appear that the slopes of the three fits, which is a measure of
how many seconds are spent printing per unit of pixel density, are the
same? Examining the plots, does it appear that there are other factors
besides the slopes that might affect the printing speed of the printers?

(b) Compute observed confidence levels for each of the six possible orderings
of the three slopes using the normal approximation and the bootstrap
estimates of the studentized, hybrid, and percentile methods. For the
bootstrap calculations use b = 1000. The printer with the smallest slope
is considered the fastest per unit of pixel density. Do the observed con-
fidence levels suggest which printer or printers are the best in terms of
this measure?

(¢) Consider only the data from Printer I. Consider the regions for the slope
parameter equal to ©; = (0,0.05], ©, = (0.5,0.10] ©3 = (0.10,0.15],
©3 = (0.15,0.20] and ©3 = (0.20, o) corresponding to different classifi-
cations of the speed of the printer. Compute observed confidence levels
that the slope parameter for Printer I is within each of these regions
using the normal approximation and the bootstrap estimates of the stu-
dentized, hybrid, and percentile methods. For the bootstrap calculations
use b = 1000. Is there a region that appears most likely?

(d) Counsider again only the data from Printer I. Using the data construct
a 95% prediction interval for the printing time of a page that has a
pixel density equal to 75 using the usual normal theory based prediction
interval. Now consider regions of printing times equal to (0, 5], (5, 10] and
(10, 20]. Compute observed prediction levels for each of these regions
using the usual normal theory based prediction interval as a basis for
computing the observed prediction levels.
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Table 4.9 Viscosity data.
Sample 1 2 3 4 5

Standard Method 0.5142 0.5027 0.4867 0.4938 0.5230
New Method 0.5017 0.4838 0.4703 0.4806 0.5128

Sample 6 7 8 9 10

Standard Method 0.4984 0.4842 0.5062 0.4837 0.5108
New Method 0.4827 0.4666 0.4911 0.4723 0.4988

Sample 11 12 13 14 15

Standard Method 0.5136 0.4846 0.5145 0.4912 0.4970
New Method 0.4969 0.4729 0.4955 0.4803 0.4844

Sample 16 17 18 19 20

Standard Method 0.5017 0.5067 0.5168 0.4857 0.5015
New Method 0.4896 0.4901 0.5003 0.4709 0.4870

4. The viscosity (measured in centipoise, or c¢P) of a chemical used to produce
paint is an important factor that determines how well the finished paint
product will perform. The company purchasing the chemical currently uses
a standard test procedure to determine the viscosity of a shipment of the
chemical, but the procedure is time consuming. A new procedure, which
is much faster, is tested to determine if it is a reliable substitute for the
standard procedure. Each method was used to test the viscosity of twenty
shipments of the chemical. The data are given in Table 4.9.

(a)

()

Fit a linear regression line using the new method as the independent
variable and the standard method as the dependent variable. Using this
line, what assessment would you give as to the relationship between the
two measurements? Does the new method tend to systematically under
or over estimate the viscosity? What correction would you suggest mak-
ing to the new method observations to make them agree more with the
standard method observations? Discuss the possible hazards of making
such corrections.

The company decides to accept the new method as valid if there is a high
degree of confidence that the intercept of the true regression line is in the
range (—0.05,0.05) and the slope of the true regression line is between
0.95 and 1.05. Compute an observed confidence level for this region using
normal approximation and the bootstrap estimates of the studentized,
hybrid, and percentile methods. What recommendation should be made
to the company?

Compute a 95% confidence interval for the mean measurement of the
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standard method when the new method equals 0.5. Compute observed
confidence levels that this mean value is within 0.01, 0.05, and 0.10 of
0.5. Compare these results to the confidence interval.

Compute a normal theory 95% prediction interval for the measurement
of the standard method when the new method equals 0.5. Compute
normal theory observed prediction levels that this value is within 0.01,
0.05, and 0.10 of 0.5. Compare these results to the prediction interval.

5. Fischer and Polansky (2006) study the effect of normalized remote tensile
stress on the number of joints, or cracks, in bedded layers of sedimentary
rock. Some representative data of such a process is given in the table below.

(a)

(b)

Stress 81 29 50 6.7 69 78
Number of Joints 116 98 113 114 113 115
Stress 32 13 37 88 20 4.2
Number of Joints 98 56 105 117 83 107
Stress 49 58 32 37 52 33
Number of Joints 111 115 100 108 113 102
Stress 53 9.7 81 28 49 6.3
Number of Joints 111 119 118 100 114 115
Stress 78 85 55 75 46 1.1

Number of Joints 118 117 112 115 111 38

Fit a polynomial regression model to the data using a method such as
Mallow’s C}, to determine the order of the polynomial. Perform a residual
analysis on the fit. Does the fit appear to be reasonable?

Consider a general k' order polynomial of the form

k+1

fle)=> 6,
i=0

where k is the order of polynomial determined in Part (a). Let 8 =
(B, ..., 0kt1) and describe regions Oy and ©p that specify parameters
of the polynomial model where f is concave up, and down, respectively,
within a specified interval (a, b).

Using the representation from Part (b), compute observed confidence
levels that the (k + 1)-order polynomial regression model that predicts
the number of joints based on the remote tensile stress is concave down,
concave up, or neither on the range of stress between 1 and 10. Use the
normal approximation, and the bootstrap estimates of the studentized,
hybrid and percentile methods.

Compute a 99% confidence interval for the mean number of joints when
the remote tensile stress is 3. Compute observed confidence levels that
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the mean number of joints when the tensile stress if 3 is in the regions
[95,100) and [100, 105). Compare the observed confidence levels to the
confidence interval. For both calculations use the normal approximation,
and the bootstrap estimates of the studentized, hybrid and percentile
methods.

(e) Compute a normal theory 99% prediction interval for the mean number
of joints when the remote tensile stress is 3. Compute normal theory ob-
served prediction levels that the mean number of joints when the tensile
stress of 3 is in the regions [95,100) and [100,105). Compare the ob-
served prediction levels to the prediction interval. For both calculations
use the normal-based theory.
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CHAPTER 5

Nonparametric Smoothing Problems

5.1 Introduction

Many modern problems in nonparametric statistics have focused on the esti-
mation of smooth functions. Nonparametric density estimation considers esti-
mating an unknown smooth density using only assumptions that address the
smoothness of the unknown density and the weight of its tails. Nonparametric
regression techniques focus on the estimation of an unknown smooth condi-
tional expectation function under similar assumptions. This chapter addresses
the issues of computing and assessing the accuracy of observed confidence lev-
els for these types of problems. The regions of interest in these problems often
consider the density or regression function itself as the parameter of interest.
As such, the parameter space becomes a space of functions, and the regions of
interest often correspond to subsets of the function space that contain func-
tions with particular properties. For example, in nonparametric density esti-
mation interest may lie in assessing the amount of confidence there is, based
on the observed data, that the unknown population density has one, two or
three modes. In nonparametric regression problems it may be of interest to
assess the amount confidence there is that the regression function lies within
a certain region.

Section 5.2 will consider computing observed confidence levels for problems
in nonparametric density estimation. For simplicity, this section will focus
on the method of kernel density estimation. This method is widely used and
is comparatively simple to apply, but is sophisticated enough to provide a
sound theoretical framework for the development of the observed confidence
levels. Other methods can be used as well with the proper modifications to
the corresponding theory. Section 5.2 also includes some empirical results on
the behavior of observed confidence levels in these problems as well the appli-
cation of the methods to several examples. Section 5.5 considers computing
observed confidence levels for problems in nonparametric regression. As with
section 5.2, Section 5.5 will focus on the particular method of local polynomial
regression, also known as kernel regression. As with kernel density estimation,
local polynomial regression is widely used, is simple to apply, and has a sophis-
ticated enough theoretical framework to allow for the theoretical development
of observed confidence levels to these problems. This section also includes

141
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some empirical results on the behavior of observed confidence levels in these
problems as well as the application of these methods to two examples.

5.2 Nonparametric Density Estimation
5.2.1 Methods for Nonparametric Density FEstimation

This section reviews the basic elements of kernel density estimation. Further
details can be found in Chapter 2 of Wand and Jones (1995). Additional
methods for nonparametric density estimation can be found in Chapters 1-2
of Bowman and Azzalini (1997) and Chapters 2-3 in Simonoff (1996).

Let X4,...,X,, be a set of independent and identically distributed random
variables from a distribution F' that has continuous density f. Section 1.2
introduced the empirical distribution function given by

F, _125 [X;,00))

for all t € R as a estimate of the distribution function F'. No assumptions are
necessary to show that this estimator is point-wise unbiased and consistent.
Therefore, the empirical distribution function is considered a nonparametric
estimate of F. Unfortunately, the empirical distribution function cannot di-
rectly provide a nonparametric estimate of the continuous density f. This is
because F,(t) is a step function with steps of size n= 327", d(t; {X;}) for
each t € R. Hence the step sizes correspond to the number of values in the
observed sample that equal t. Therefore, the empirical distribution function
corresponds to the discrete distribution

=Y 5(6 (X)),
=1

for all t € R. Fix and Hodges (1951, 1989) considered using the proportion of
X; values within a neighborhood of ¢ to estimate an unknown density f(t).
The width of the neighborhood was decreased as a function of the sample size
to create a consistent and continuous estimate of f(t). This is equivalent to
taking the convolution between the empirical distribution function F, and a
uniform density whose range depends on the sample size n. Rosenblatt (1956)
and Parzen (1962) considered the generalization of taking the convolution
of F,, with a continuous weight function, that is not necessarily uniform, to
develop what is called kernel density estimator. Therefore, a kernel density
estimate of the continuous unknown density f has the form

fon(x) ZK< )
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where K is a continuous function called the kernel function where

/R K(z)dz = 1,

/x2K(x)dx = 0% < o0,
R
and

/RxK(a:)d:r = / 23K (z)dr = 0.

R
The parameter h is called the bandwidth, and controls how smooth the re-
sulting estimate is. Both the kernel function K and the bandwidth h control
the shape of the resulting estimate, and therefore both must be chosen in a
way that produces a reasonable estimate. There are many ways to evaluate
how close the kernel estimate fn,h is to the true density f. The most common
approach is to use the mean integrated square error (MISE) given by

MISE(fu. f) = [ Blfun(a) = f(@)Pda.

Rosenblatt (1956) and Parzen (1962) consider an asymptotic analysis of
MISE(fu.n, f)- Such an analysis requires the following assumptions.

1. The density f has a continuous, square integrable and an ultimately mono-
tone second derivative f”.

2. The bandwidth & is a sequence of constants depending on the sample size
n such that h — 0 and nh — oo as n — oo.

3. The kernel function K is a symmetric and bounded probability density
having at least four finite moments.

For further details on the first assumption see page 20 of Wand and Jones
(1995). Under Assumptions 1-3 it can be shown that

MISE(fun, f) = (nh) "R(K) + 1h*R(f")o% + o[(nh) " + 1Y, (5.1)

where, for a real function g that is square integrable,

R(g) = /R g% (x)d.

If the error term in Equation (5.1) is ignored and the remaining terms are min-
imized with respect to h for a fixed kernel function K then an asymptotically
optimal value for the bandwidth A can be found as
R(K) 1/5
hopt =~ /0 |t . 5.2

TR 2
Epanechnikov (1969) shows that there also exists an optimal kernel function.
Unfortunately, this choice of kernel function can result in a kernel density
estimate that is not differentiable everywhere, which may affect the calcula-
tion of some functionals of f. A careful study of the asymptotic expansion in
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Equation (5.1) reveals that the choice of the kernel function does not have
an effect of the asymptotic order of MISE( fn’h, f). Further, the relative effi-
ciency of alternate kernel functions, such as the normal kernel, is quite close
to 1. Therefore, from an asymptotic viewpoint, the choice of kernel function is
usually considered a secondary issue. In this book, unless otherwise specified,
the normal kernel function will always be used in examples and simulations.

It is apparent from Equation (5.2) that the optimal value of the crucial band-
width depends on the unknown density through the function R(f”). That is,
hopt must be estimated based on the observed sample Xi,...,X,,. A substan-
tial amount of research has been devoted to the problem of estimating the
asymptotically optimal bandwidth. See Silverman (1995), Simonoff (1996),
and Wand and Jones (1995) for detailed reviews of the more common meth-
ods.

A simple method for estimating hop¢ is given by the least squares cross vali-
dation method of Rudemo (1982) and Bowman (1984). This method is based
on the idea that
MISE(foo£) = B |RUFus) =2 [ Foale)fa)da] + RO
R

It can be shown that an unbiased estimator of MISE(fy.p, f) — R(f) is given
by

LSCV(h) - R(fhn) - anl Z fn,h,(—i) (X1)7
=1

where

~ 1 i T — Xj
Fan-o(X) = 00 - D Sk (253,
J#i

is the kernel density estimate of f with bandwidth h, based on the sample
where the observation X; has been deleted. Because R(f) does not depend
on the bandwidth A, minimizing MISE( fn,;“ f) is equivalent to minimizing
MISE(fn.n, f) — R(f), that is hpscy = arg min{h : LSCV(h)}. It can occur
that the function LSCV(h) may have more than one local minimum. In such
a case has been suggested that the largest local minimum be used as the
estimate of hopt. See Hall and Marron (1991) and Marron (1993). Theoretical
and empirical studies of the least squares cross-validation estimator of hgps
show that ELSCV usually has a large variance. See Hall and Marron (1987a)
and Park and Marron (1990). A biased version of this method, which reduces
the variance, has been suggested by Scott and Terrell (1987).

An alternative method to least squares cross-validation is based on direct plug-
in methods. Note that from Equation (5.2), estimating the asymptotically
optimal bandwidth is equivalent to estimating R(f"). It is convenient at this

© 2008 by Taylor & Francis Group, LLC



NONPARAMETRIC DENSITY ESTIMATION 145

point to generalize the problem. Let

RFO) = [17@)Pds,

Hall and Marron (1987b) and Jones and Sheather (1991) suggest a kernel
estimator of R(f(®)) of the form

. n n X _ X
Rn,g(f(s)) = (—l)sg*(%“)n” ZZL(zs) (Zgi> , (5.3)

i=1 j=1

where ¢ is a bandwidth which may differ from h and L is a kernel function
which may differ from K. Under suitable conditions it can be shown that the
asymptotically optimal bandwidth g for estimating R(f(®)) is given by

. 1/(25+3)
—(23+3)|: QL(Q‘)(O) }

“ERGET) o)

Gopt =1

which obviously depends on R(f(**1)). This suggests an iterative process for
estimating hop. To begin the process the bandwidth in Equation (5.4) is ap-
proximated by assuming that f is a normal density whose standard deviation
is given by & = min{4,IQR/1.349} as suggested by Silverman (1986, page 47),
where & is the sample standard deviation and IQR is the sample interquartile
range. In this case it can be shown that the kernel estimate in Equation (5.3)
reduces to

(=1)°(2s)!

(25)25+15l71/2’

where it has been assumed that L = ¢. This is known as a normal scale
rule. The estimate R¢( ) is used to estimate the optimal bandwidth for
estimating R(f(*~1)) using the kernel estimate in Equation (5.3). The estimate
]:Bnyg (f(s’l)) is then computed using this bandwidth. The process continues

Ry(f)) =

until the estimate R, ,(f”) is computed. This estimate is then used to estimate
hopt.-

For example, the two-stage plug-in bandwidth selector of Sheather and Jones
(1991) uses the following algorithm. Again, it is assumed that L = ¢.

1. Calculate the normal scale estimate

- 105

Wy 72
Rd’(f ) - 327’(’1/26'9 .

2. Calculate R, ,(f®) using the bandwidth

1/9
=m0
(2m) /2Ry (f®)
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3. Calculate R, ,(f") using the bandwidth

1/7
gQ = n71/7 A_6 .
(2m) 2Ry 5, ()

4. The estimate of hopt is then calculated as

R(K) 1 1o
Ml

U%{Rn@z(

7 ~1/5

hpi’g =N

There are several more proposed methods for estimating the asymptotically
optimal kernel smoothing bandwidth. The methods presented in this section
were chosen because of their relative simplicity and reasonable performance.
Other potential problems such a boundary bias have been ignored to keep
the presentation as simple as possible. In effect, it will be assumed that the
support of the densities studied in this chapter consist of the entire real line, or
that the effect of boundary problems of the densities studied here are minimal.

Alternate bandwidth selection methods can be used in the following develop-
ment with little modification as long as the bandwidth estimates are asymp-
totically equivalent to the methods presented here. However, specific finite
sample results such as those presented in the emprirical studies and the ex-
amples may differ slightly. Alternate methods for nonparametrically estimat-
ing densities may also be used in principle, though the corresponding theory
developed below is unlikely to still be valid.

5.2.2 The Search for Modes

The premier problem addressed in nonparametric density estimation is the
estimation of the number and location of modes of an unknown continuous
density. A mode of a smooth density is a local maximum, that is, a mode ex-
ists for a sufficiently smooth density f at a point ¢ if f/(¢) =0 and f”(¢) < 0.
The possibility that a density has more than one mode may be an important
indication that the population consists of two or more subpopulations, or that
the density f is a mixture. See Cox (1966). It is a simple matter to inspect
a kernel density estimate of f based on a sample X1,...,X,, and locate and
count the number of modes in the estimate. The central problem is concerned
with accounting for the variability of such estimates. This is particularly true
with the case of estimating the number of modes a density has. Outliers can
cause small modes to appear in the tails of kernel density estimates. In most
cases, kernel density estimates have a high degree of variation in the tails due
to the sparsity of data in those regions. Therefore, it becomes crucial to de-
termine whether these modes are indicative of some real underlying behavior,
or just due to the variability in the data. This section will discuss methods for
computing observed confidence levels on the number of modes of an unknown
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continuous density. As is discussed below, it is much more difficult to address
this problem than the problems studied in the previous chapters.

A hypothesis testing approach to counting the number of modes in an un-
known smooth density based on kernel density estimation was suggested by
Silverman (1981). In this approach a hypothesis of unimodality is tested
against a hypothesis of multimodality by finding the smallest bandwidth Ayt
for which the kernel estimate of f is unimodal. This takes advantage of the
fact that the number of modes in fnyh decreases as the bandwidth A increases
for certain kernel functions, most notably the normal kernel function. Because
samples from multimodal densities generally require more smoothing (larger
h) to obtain a unimodal kernel density estimate than samples from unimodal
densities, the hypothesis of unimodality is rejected when h.i; is too large. Of
course, determining what values of h¢.y; should result in rejecting the hypoth-
esis of unimodality is the key difficulty in applying this test.

Silverman (1981, 1983) discusses the use of standard families to obtain the
rejection region for this test and studies the asymptotic behavior of heyp. A
clearly more universal method is based on the smoothed bootstrap. To test
unimodality one would obtain the distribution of A,y assuming that fn’h
is the true population. That is

P(heris <t) =~ P*(hiy <HXE, .., X5~ frho)s (5.5)

crit

crit

where h};; is computed on the sample X7,..., X Section 5.4 will discuss
the computational issues concerned with computing this estimate. The null
hypothesis is then rejected when he; exceeds the (1 — a)*™ percentile of the
estimated distribution in Equation (5.5). Further calibration of this method

is discussed by Hall and York (2001).

The use of the bootstrap was adapted by Efron and Tibshirani (1998) as a
method for computing confidence levels for the number of modes of a smooth
density. In their approach they essentially implement the percentile method
for computing observed confidence levels. Define 6 to be a functional param-
eter corresponding to the number of modes of f. A simplistic mathematical
definition of # can be taken as

0=0(f)=#{teR:f'(t)=0f"(t) <0}, (5.6)

where f is assumed to have at least two continuous derivatives. Donoho (1988)
points out potential problems in defining the mode functional. For example,
the uniform density may be defined to have 0, 1, or infinitely many modes
depending on the definition of mode. An alternate definition of the mode
functional used by Donoho (1988) is given by

0=0(f) = lim O(f © do,n2),

where @ is the convolution operator, and 6(-) is the functional defined in
Equation (5.6). Consider the bootstrap estimate of the distribution of the
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number of modes observed in a kernel estimate given by

o(t) = P*[0(f, 1-) = t1XT, ..., X; ~ B,
where fn 5~ 18 a kernel estimate computed on Xy,..., X with bandwidth
estimate also computed on X7,..., X . It is also possible, as suggested by

Efron and Tibshirani (1998), to use the original bandwidth estimate com-
puted on the original sample as the bandwidth for all of the resamples as well.
In either case, Efron and Tibshirani (1998) use the cross-validation technique
for their work, though any reasonable bandwidth selection method could be
implemented. Note that 0y, (t), as well as v,(t), are necessarily discrete. Fol-
lowing the general idea of the percentile method, the approximate observed
confidence level for f having ¢ modes is simply a5, (¥ = {t}) = 9y, (t). Section

5.4 will discuss the practical application of this method.

Note that studentized and hybrid observed confidence levels can also be de-
veloped for this problem. For example, let

halt) = POCF ) — 07, )I/SE10(F ;.0) = t1X7,.... X5 ~ F),

n

where SE [G(f; h]) is the bootstrap estimate of the standard error of G(f: i ).

Then the studentized observed confidence level for the density f having ¢
modes is given by

G (¥ = {t}) = ha{[8(F,, ;) — )/ SEWB(], )]}

The mode functional does not fall within the smooth function model, and
therefore it is not clear whether &, (¥ = {t}) yields any improvement over
&% e (U = {t}) in this case, or whether these estimates are even consistent.

H%ll and Ooi (2004) address some of the issues of the development of asymp-
totic theory for this functional. Summarizing this research shows that there
are two main issues to be dealt with. The first is that a bandwidth that will
insure consistency in the usual sense when mode are clearly defined must con-
verge to zero slower than the usual rate of n~ /> as implemented by Efron and
Tibshirani (1998). Unfortunately no optimal rate or form for the bandwidth
is known at this time. The second result states that when the density may not
have clearly defined modes, such as when the density is allowed to have shoul-
ders where f/(t) = f”(t) = 0, then an even larger bandwidth that converges
to 0 slower than 7~ /7 must be employed. See Hall and Ooi (2004) for further
details of these results. Related issues in the nonbootstrap case are studied
by Mammen (1995), Mammen, Marron, and Fisher (1992), and Konakov and
Mammen (1998). The general need for the larger bandwidths in both of these
problems is to avoid the effect of small spurious modes that often occur in
the tails of kernel density estimates. The larger bandwidth in the second case
insures that shoulders are sufficiently smoothed so that they are not taken
for modes either. This would generally indicate that the method of Efron and
Tibshirani (1998) would tend to overestimate the likelihood of larger numbers
of modes. The effect of these results is studied empirically in Section 5.2.3,
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where the method of Efron and Tibshirani (1998) is implemented using a two-
stage plug-in bandwidth estimate which is of order n='/%. Further research is
required to obtain optimal bandwidths for this problem, if they are available.

The rate at which the bandwidths converge to 0 in kernel density estimates
is not the only fundamental problem in attempting to estimate the number
of modes of an unknown smooth density. As the development below shows,
certain topological properties of the problem complicate matters even further.
The number of modes is a nonlinear functional that falls within a class of
problems studied by Donoho (1988) that includes mixture complexity and
various density norms. For these types of functionals Donoho (1988) argues
that it is not possible to obtain two-sided confidence intervals in a completely
nonparametric setting. The reasoning is quite simple. Considering the case
of interest in this section where 6 is the number of modes of f, it turns out
that there are an infinite number of densities that are arbitrarily close to a
specified density that have any number of modes more than is observed in
f. The metric used by Donoho (1988) is the variation distance, where the
distance between to distribution functions F' and G is defined as

/}R m(t)dF (1) — /R m(t)dG(1)

sup
meM[0,1]

; (5.7)

where MJ0, 1] is the collection of all measurable functions on R with values in
[0, 1]. For additional details on this distance measure see Le Cam (1973, 1986).
An example of this effect can be visualized using Figure 5.1. The density indi-
cated by the solid line in Figure 5.1 is a bimodal density. The density indicated
by the dashed line is the same density with a small perturbation which causes
the density to become trimodal. The two densities can be have a distance that
is arbitrarily close using the measure in Equation (5.7) by simply making the
small third mode arbitrarily small. Thus there is always a trimodal density
whose samples are virtually indistinguishable from any specified bimodal den-
sity, regardless of the sample size. This result can be extended to add any
countable number of modes. This effect makes it impossible to set an upper
confidence bound on the number of modes in a density without further specific
assumptions on the behavior of the density. It is possible, however, to set a
lower confidence bound on the number of mode of an unknown density. This
is because it is not always possible to find a density with fewer modes than a
specified density that has an arbitrarily small distance from the density. Using
these arguments, Donoho (1988) argues that only lower confidence bounds are
possible for such functionals.

This obviously has a very profound effect on the construction of observed con-
fidence levels for the number of models of an unknown density. Using these
results, it appears to be only practical to obtain observed confidence levels for
regions of the form ¥y = {# € N: § > k}. Donoho (1988) derives a conser-
vative lower confidence bound for 6. Let ||F' — G| denote the Kolomogorov
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Figure 5.1 A bimodal density (solid line) and the same density with a small pertur-
bation that makes it a trimodal density.
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distance between two distribution functions F' and G defined by

|IF = G| = sup |F(t) — G(£)].
teR

A lower e-envelope is established for the functional 0(F') using this distance
as

L(F,e) = mf {0(G) : [|IF - G|| < ¢},

which for the functional in this section is the minimum number of modes found
in all of the distributions that have a Kolmogorov distance within € of F'. The
collection F will be taken to be all distributions with a continuous density
that has at least one smooth derivative. It can be shown that ||F), — F|| is
distribution-free over F. Therefore, let d¢ be the £ percentile of the distribu-
tion of ||U,, — U|| where U,, is the empirical distribution function computed on
a set of n independent and identically distributed observations from a uniform
distribution on [0, 1] and U(t) = t6(¢; [0, 1]) 4+ 6(¢; (1, 00)). The proposition in
Section 3.2 of Donoho (1988) the implies that L(Fn, d,) is a lower confidence
bound on the number of modes 8(F') with a coverage probability of at least a.
Using the general method for computing observed confidence levels described
in Section 2.2, the observed confidence level for ¥y is computed by setting
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Uy = [AL(Fn,da),oo) N N and solving for «, which is equivalent to setting
k = L(F,, d,) and solving for a. Equivalently this requires the value of € such
that

=i |F, — < e}.
k= inf {6(G) : [|Fn — Gl| < €}

For this value of € there is at least one member of F that has k modes whose
Kolmogorov distance to Fn is not greater than e. Note that the other distribu-
tions in F with £ modes may have Kolmogorov distances larger than, or less
than or equal to e. When focus is shifted to distributions in F that have k — 1
or fewer modes, none of these distributions can have a Kolmogorov distance
to F), that is less than or equal to e. Therefore, € is the largest Kolmogorov
distance that does not include any distributions with k£ — 1 or fewer modes.
Let €; be equal to this value of €. The observed confidence level for ¥y is then
computed as P(||U, — U|| < €). Due to the conservative nature of the lower
confidence bound, this observed confidence level is technically a lower bound
on the observed confidence level. Further, this method does not require any
smoothing and so the issue of bandwidth selection is eliminated. This measure
is studied empirically in Section 5.2.3.

Miiller and Sawitzki (1991) provide an alternative approach to considering
statistical inference about the number of modes of a smooth density. They ar-
gue that a mode should be associated with a point that has a high probability
in a neighborhood around the point. Therefore, small modes that are small
perturbations of a smooth density are not statistically interesting. Their ap-
proach does not use the usual analytic definition of modes given above. Rather,
modes are studied through a functional known as ezcess mass. The univariate
case will be considered in this section. Extension to the multivariate case in
the context of testing for modes is considered by Miiller and Sawitzki (1991)
and Polonik (1995). The excess mass functional of a smooth density f in one
dimension is defined as

e() = / [F(t) = X dt = /C () — Aldt, (5.8)

where A > 0, and for a real function m, m™(t) = m(t)d(m(t);[0,00)). That
is e(A\) measures the amount of probability mass exceeding the density level
A. The set C is Equation (5.8) is given by {¢ € R : f(t) > A}. The set C
can be written as the union of a collection of connected, disjoint subsets in R.
That is, C' is the union of a set of interval subsets of R. The set C' is usually
written as the most efficient representation, that is the smallest collection
of nonoverlapping intervals whose union is C. In this case the intervals are
called A-clusters and are denoted Cy(\), ..., Cp (). Figures 5.2-5.3 show the
A-clusters for a trimodal density for two different values of A. Note that a
distribution that has m modes has at most m A-clusters.
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Figure 5.2 The excess mass e(\) and A-clusters of a trimodal density for a specific
value of A. In this example the number of \-clusters equals the number of modes.
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This leads Miiller and Sawitzki (1991) to define

m

RSN O AIRCIUEP
{C1(A)s+,Cm (N} €Tm 57 Y C5(N)

where J,, is the collection of all sets of m disjoint interval subsets of R. That
is J,;, can be taken to be the collection of all possibles sets of m A-clusters. If f
has fewer than m modes then some of the A-clusters will be empty. Note that
this can also occur when A is below the “dip” between one or more modes,
or when A is above one of the modes, as is demonstrated in Figure 5.3. If
f has more than m modes then the clusters will be concentrated on the m
regions that contain the most excess mass at density level A\. The clusters
again can contain more than one mode depending on the value of A. This will
be assumed in the discussion below. The difference d,,(\) = e (A) — e1(N)
therefore measures how much excess mass is accounted for between the single
mode with the most excess mass above A and the excess mass of the remaining
m — 1 modes, if they exist. Note that is f is unimodal then d,,(A) = 0 for
all A\ > 0, but that if f has more than one mode d,,(A) > 0 for A > 0. This
motivates a test statistic for testing the hypothesis of a single mode versus
more than one mode.
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Figure 5.3 The excess mass e(\) and A-clusters of a trimodal density for a specific
value of X. In this example the number of A-clusters is less than the number of modes.
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To develop the sample version of d,,(A) in the univariate case, consider a
A-cluster of the form C;(\) = (a;(A),b;(A)). Then

b5 (A) b5 (A)
/Cj(k)(f(t)—)\)dt = /ajm f(t)dt—)\/%w dt
= F(b(V) ~ Fla;(3) = Mby(N) —a;(0). (5.9)

Replacing F' with the empirical distribution function F, yields an estimate of
the integral given in Equation (5.9) as

n

Eo(bj ()= Fu(a(0)=Ab;(\)=a; (A)) = 071 7 8(X5; G5 (N) =Ab; (A) —a;(A).

i=1
Therefore d,,, (\) can be estimated as dm(X) = ém(X) — é1(X) where

k n
ér(A) = sup DT> a5 () = Albi(A) — a; (V)
=1

{Cl(k),...,Ck(A)}ejk j=1

The test statistic suggested by Miiller and Sawitzki (1991) for testing the null
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hypothesis of a single mode versus m modes is then given by
Ay = sup dpm (N).
A>0

Methods for computing this statistic are considered in Section 5.4. The test
rejects unimodality when d,,, is too large. This test is equivalent to the DIP
test of unimodality developed by Hartigan and Hartigan (1985).

The main difficulty with using the test statistic dpm to investigate unimodality
is that critical values of the test are difficult to compute when f is unknown,
even asymptotically. See Miiller and Sawitzki (1991) and Polonik (1995). The
usual method for computing the critical value of the test is based on sim-
ulating samples from a uniform density. This method has some asymptotic
justification though empirical evidence usually shows the test is quite con-
servative. See Polonik (1995). Cheng and Hall (1998) develop a method for
computing the critical value that provides a less conservative version of the
test. Fisher and Marron (2001) consider combining the excess mass test with
the test proposed by Silverman (1981, 1983).

Hall and Ooi (2004) also investigate the problem of computing confidence
levels for the number of modes of an unknown smooth density. Citing the
results of Donoho (1988), and using their own asymptotic investigations, they
conclude that the simple approach of Efron and Tibshirani (1998) will not
provide a sound method for mode investigation. In particular they show that
the bandwidth required for this method would need to be larger than that is
used for density estimation so that small spurious modes in the tails of the
estimate are smoothed out. Hall and Ooi (2004) therefore conclude that the
excess mass approach is a more suitable approach to investigating modality.
Theorem 3.4 of Hall and Ooi (2004) shows that the bootstrap can be used
to construct a consistent estimate of the sampling distribution of ds and that
the bootstrap percentile method can be used to construct a confidence interval
for ds that has asymptotically correct coverage accuracy. This implies that an
observed confidence level for the excess mass statistic can then be computed
by setting the region of interest ¥ equal to the endpoints of the bootstrap per-
centile method confidence interval and solving for the corresponding coverage
probability using the methods of Chapter 2.

Such observed confidence levels will not provide confidence levels on the num-
ber of modes of an unknown smooth density. They can, however, be used to
investigate the shapes of the density in terms of the excess mass using meth-
ods similar to those presented in Hall and Ooi (2004). As an example, suppose
we compute that the observed confidence level that the excess mass is within
a region ¥ = [a,b] is equal to «. Using the data sharpening algorithms pre-
sented in the appendices of Hall and Ooi (2004), smooth estimates of f based
on kernel density estimation can be computed under the constraint that the
excess mass of the estimate is equal to a grid of values between a and b. These
estimates would indicate the estimated shapes of the corresponding densities
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that are contained within that region of excess mass. Examples using this
method are presented in Section 5.3. For further details on data sharpening
algorithms see Section 5.4, Choi and Hall (1999), Braun and Hall (2004), Hall
and Kang (2005), and Hall and Minnottee (2002).

5.2.8 An Empirical Study

This section considers an empirical study of computing observed confidence
levels on the number of modes of an unknown density using two methods
based on the ideas of Efron and Tibshirani (1998) and the method described
in Section 5.2.2 based on the results of Donoho (1988). The densities under
consideration are normal mixtures studied in Marron and Wand (1992), and
are plotted in Figure 5.4. Two of these mixtures are unimodal, three are bi-
modal, and one is trimodal. Samples of size n = 25, 50, 100 and 200 where
simulated from each of these densities and the observed confidence level that
the number of modes is greater than or equal to 2 was computed using all
three methods. Two or more modes corresponds to the region W5 using the
notation of Section 5.2.2. Bandwidth selection for the method of Efron and
Tibshirani (1998) was based on the two-stage plug-in method described in
Section 5.2.1. The original method proposed by Efron and Tibshirani (1998)
uses a single bandwidth estimate from the original data and for each density
estimated from the resamples. In addition to this method, the use of a new
bandwidth estimate computed on each resample was also studied. These two
estimated observed confidence levels will be denoted as &g (V2) and a5, (V2),
respectively. Both methods used b = 1000 resamples to estimate the confidence
level. For the method based on the results of Donoho (1988), the Kolmogorov
distance between the empirical distribution function of the sample and the
nearest unimodal density must be computed. To approximate this distance,
the distance between the empirical distribution function and the distribution
function corresponding to the kernel density estimate with the smallest band-
width that results in a unimodal density is used. The observed confidence
level estimated using this method will be denoted as &3, (¥2). For further
information on computing both of these estimates, see Section 5.4.

The results of the study are presented in Table 5.1. For the unimodal distri-
butions both &g and &5, would appear to overstate the amount of confi-
dence, even for large sample sizes, while &}, tends to do a better job of not
putting to much confidence into more than one mode. Note that choosing a
new bandwidth for each resample only causes this problem to be worse. For
the skewed unimodal distribution, however, the average observed confidence
levels appear to be stable or increasing with the sample size. This is probably
due to spurious modes appearing in the long tail of the skewed distribution.
The measure &, may also have the additional issues that the confidence
statement in Donoho (1988) provides only a lower bound for the confidence
level of the interval and the approximate nature of the method for finding the

© 2008 by Taylor & Francis Group, LLC



156 NONPARAMETRIC SMOOTHING PROBLEMS

Figure 5.4 Normal miztures used in the simulation study: (a) Standard Normal, (b)
Skewed Unimodal, (c) Symmetric Bimodal, (d) Separated Biomodal, (e) Asymmetric
Bimodal, and (f) Trimodal.
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closest unimodal density to the original one from the data. All three meth-
ods are able to detect the bimodal distributions. All of the methods are less
able to detect the trimodal distribution, almost certainly due to the fact that
the small third mode between the two larger modes makes samples from this
distribution appear to be unimodal at times.

5.3 Density Estimation Examples
5.8.1 A Problem from Astronomy

Consider the data on the percentage of silica in a sample of chondrite mete-
orites introduced in Section 1.3.6. It is clear from Figure 1.8 that the kernel
density estimate based on this data exhibits two clear modes, though the dip
between the modes is not substantial. The existence of at least two modes has
been the conclusion of several researchers including Good and Gaskins (1980),
and indirectly Hall and Ooi (2004). Observed confidence levels for the conclu-
sion that there are at least two modes in this density based on the methods
described in Section 5.2.2 are given in Table 5.2. Both of the methods based
on Efron and Tibshirani (1998) show strong support for the contention that
there is at least two modes in the underlying density for the data, while the
method based on the confidence interval of Donoho (1998) shows much less
support for this contention. Most analyses of this data have shown a clear
preference for two or more modes. Recall that the method based on Donoho
(1998) may understate the observed confidence level in this case due to the
conservative nature of the corresponding confidence bound.

The second approach to investigating the modality of this data is based on the
excess mass approach. The excess mass statistic ds is always between 0 and 1
and therefore the bootstrap method of Hall and Ooi (2004) can be used to find
observed confidence levels that the excess mass is in the regions ©; = [0,0.10),
6, = [0.10,0.20), ©5 = [0.20,0.30), ©4 = [0.30,0.40), ©5 = [0.40,0.50), and
O = [0.50,1]. The observed confidence levels based on the bootstrap per-
centile method with b = 1000 resamples are given in Table 5.3. To get an idea
of what type of shapes the density estimate has for various values of excess
mass, the data sharpening method, based on a simulated annealing algorithm
was used to produce density estimates whose excess mass is constrained to
the endpoints of the regions with the largest observed confidence levels. These
density estimates are given in Figure 5.5. The value of excess mass with the
largest observed confidence levels appear between plots (a) and (c). It appears
that the estimates of the densities in this range of excess mass are bimodal,
though the mode is quite weak for the lower end of the range. For the range of
the excess mass with the largest observed confidence level, ¥3 = [0.20,0.30),
whose bounds correspond to plots (b) and (¢), the second mode is more pro-
nounced. Note that plot (d) hardly resembles the original plot of the data.
This arises from the fact that there is little chance that the excess mass for
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Table 5.1 The results of the simulation study on counting the number of modes of an
unknown smooth density. The reported results are the average observed confidence
levels, in percent, for the region Vo, which includes all densities with two or more
modes. The observed confidence levels G2:(V2), Gperc(V2), and &3,,(¥2) correspond
to the methods of Efron and Tibshirani (1998) using a single bandwidth and a band-
width for each resample, and the method based on the results of Donoho (1998).

Sample Method
Distribution Size Gg (W) Gfere(W2) @3y, (P2)
Standard Normal 25 45.51 66.38 7.86
50 40.83 61.67 8.49
100 35.43 55.75 5.40
200 32.02 50.90 6.86
Skewed Unimodal 25 61.00 75.51 16.12
50 63.89 76.63 19.28
100 67.56 77.74 15.81
200 72.34 80.39 23.08
Symmetric Bimodal 25 52.62 72.20 10.21
50 70.46 78.39 18.04
100 80.23 83.84 22.46
200 93.57 93.38 46.00
Separated Bimodal 25 99.92 99.88 56.56
50 100.00 100.00 80.58
100 100.00 100.00 94.77
200 100.00 100.00 99.74
Asymmetric Bimodal 25 53.92 74.66 12.79
50 64.18 75.18 17.46
100 76.51 81.60 22.92
200 91.19 91.35 43.03
Trimodal 25 62.28 78.34 14.89
50 71.80 79.57 20.55
100 90.06 90.90 36.43
200 97.92 97.57 58.06
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Table 5.2 Estimated observed confidence levels, in percent, that the density of the
percentage of silica in chondrite meteorites has at least two modes.

Method d:t(\yQ) &;erc(\pQ) OA‘zon(\IIQ)
Observed Confidence Level 82.5 94.2 20.2

Table 5.3 Observed confidence levels for the regions ©1,...,0¢ based on the boot-
strap percentile method with b = 1000 resamples for the excess da computed on the
chondrite meteorite data.

Region ~ ©; =[0,0.10) ©,=[0.10,0.20) ©3 = [0.20,0.30)

& re 0.2 41.4 57.0
Region O, = [0.30,0.40) ©5 = [0.40,0.50) 06 = [0.50,1]
& re 1.4 0.0 0.0

the distribution is that large, and therefore a significant amount of perturba-
tion of the original data was required to obtain an excess mass estimate that
large.

5.3.2 A Problem from FEcology

Holling (1992) obtained data on the body mass index for 101 boreal forest
birds found east of the Manitoba-Ontario border in pure conifer or mixed
conifer stands. The data are given in Appendix 1 of Holling (1992). Holling
suggests that there are certain biological processes operating at different scales
of time and space, and that these differences can lead to discontinuities in
the distributions of certain ecological variables. In particular, Holling (1992)
suggests that there are eight discontinuities in the distribution of the body
mass index of the 101 boreal forest birds. Manly (1996) reconsidered this data
using the mode test of Silverman (1981) and concludes that the data indicate
far fewer modes, and that a bimodal distribution fits the data quite well. A
kernel density estimate computed on the data is given in Figure 5.6.

There are two relatively strong modes in the kernel density estimate, and
a hint of a third mode in the shoulder between the two modes. Observed
confidence levels for the conclusion that there are at least two modes in this
density based on the methods described in Section 5.2.2 are given in Table
5.4. To compute &}, (¥2) the data were slightly perturbed with some random
noise to avoid ties. All three methods show that there is substantial evidence
that there is at least two modes in this density.
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Figure 5.5 Kernel density estimates for perturbed versions of the chondrite data
with the specified values of excess mass: (a) d2 = 0.10, (b) d2 = 0.20, d2 = 0.30 and
d2 = 0.40. Bandwidth selection was accomplished using a two-stage plug-in technique.
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Figure 5.6 Kernel density estimate of the log (base 10) of the body mass index of 101
boreal forest birds. The bandwidth was selected using a two-stage plug-in procedure.
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Table 5.4 Estimated observed confidence levels, in percent, that the density of the
body mass of the boreal forest birds has at least two modes.

MethOd &Zt(\PQ) &;erc(‘lIQ) CAk(d:ion(\llz)
Observed Confidence Level 99.70 99.60 95.30

The observed excess mass for this data is d» = 0.072. The bootstrap percentile
method was used to compute observed confidence levels that the excess mass
do is in the regions ©; = [0,0.05), ©2 = [0.05,0.10), ©3 = [0.10,0.15), ©4 =
[0.15,0.20), and ©5 = [0.20,1.00]. The observed confidence levels are given
in Table 5.5. A plot of density estimates with excess mass constrained to the
endpoints of the the regions ©2—0, is given in Figure 5.7. It is clear that two
modes are observed in each of the plots. There is a hint of as third mode in
the last plot, but the excess mass associated with this plot is well beyond the
confidence range of excess mass for this data.
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Figure 5.7 Kernel density estimates for perturbed versions of the bird mass data
with the specified values of excess mass: (a) dz = 0.05, (b) d2 = 0.10, d> = 0.15, and
d2 = 0.20. Bandwidth selection was accomplished using a two-stage plug-in technique.
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Table 5.5 Observed confidence levels for the regions ©1, ..., Os based on the bootstrap
percentile method with b = 1000 resamples for the excess da computed on the bird
mass data.

Region  ©7 =[0,0.05) ©,=1[0.05,0.10) O3 = [0.10,0.15)

e 0.0 58.9 10.6
Region ©4=1[0.15,0.20) ©5 = [0.20,1.00)
rre 0.5 0.0

Table 5.6 Estimated observed confidence levels, in percent, that the density of the
body mass of the boreal forest mammals has at least two modes.

Method G (W2)  Gperc(Va) G, (P2)
Observed Confidence Level 72.9 98.6 46.59

A second set of data considered by Holling (1992) considers thirty-six species
of boreal forest mammals from the same area. Holling (1992) again suggests
the presence of multiple gaps in the data, whereas Manly (1996) concludes that
the distribution is unimodal. A kernel density estimate computed on the data
is given in Figure 5.8. There again are two strong modes in the kernel density
estimate, though the low sample size may indicate considerable variability in
the estimate.

Observed confidence levels for the conclusion that there are at least two modes
in this density based on the methods described in Section 5.2.2 are given in
Table 5.6. While the percentile method indicates that there is strong evidence
that there are at least two modes in the data, the method of Efron and Tib-
shirani (1998) and the method based on Donoho (1988) indicate a moderate
level of confidence for these hypotheses. The observed excess mass for the
data is 622 = 0.108. Percentile method observed confidence levels based on
b = 1000 resamples where computed for the excess mass ds begin in the re-
gions ©; = [0,0.10), ©5 = [0.10,0.20), ©3 = [0.20,0.30), and ©4 = [0.30, 1.00].
These estimated observed confidence levels are given in Table 5.7. It is clear
from Table 5.7 that there is a great amount of confidence that the excess
mass is in the region ©,. The simulated annealing program was used to create
density estimates constrained to have an excess mass equal to the endpoints
of this interval. A plot of these estimates is given in Figure 5.9. Both plots
indicate clear bimodality.
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Figure 5.8 Kernel density estimate of the log (base 10) of the body mass index of
thirty-sixz boreal forest mammals. The bandwidth was selected using a two-stage plug-
in procedure.
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Table 5.7 Observed confidence levels for the regions ©1, ..., 04 based on the bootstrap
percentile method with b = 1000 resamples for the excess d2 computed on the mammal
mass data.

Region  ©; =1[0,0.10) ©,=1[0.10,0.20) ©3 = [0.20,0.30)

v 1.3 85.4 14.6
Region 6,4 = [0.30, 1.00]
e 0.0
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Figure 5.9 Kernel density estimates for perturbed versions of the mammal mass data
with the specified values of excess mass: (a) d2 = 0.10 and (b) d2 = 0.20. Bandwidth
selection was accomplished using a two-stage plug-in technique.
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5.8.8 A Problem from Geophysics

Azzalini and Bowman (1990) considers data based on 299 eruptions of the Old
Faithful geyser in Yellowstone National Park in the United States between
August 1, 1985, and August 15, 1985. Figure 5.10 shows a kernel density
estimate of the 299 eruption durations from this data. The data have been
slightly presmoothed by a vector of independent random variates with mean
0 and standard deviation 1—10 to remove ties from the data which would inhibit
the calculation of &jj . The bandwidth for the kernel density estimate was
computed using the two-stage plug-in estimate described in Section 5.2.1.
There is clear evidence in the density estimate of at least two modes. In fact,
the kernel density estimate shows four modes, though two of the modes are
quite weak. The observed confidence levels for two or modes are given in Table
5.8. Clearly, all of the methods imply very strong evidence that there are at
least two modes in this density.

5.4 Solving Density Estimation Problems Using R

The R statistical computing environment offers many functions and libraries
for computing kernel density estimates. The library used to generate the plots
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Figure 5.10 Kernel density estimate of the duration of 299 eruptions of the Old
Faithful geyser in Yellowstone National Park. The bandwidth was selected using a
two-stage plug-in procedure.
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Table 5.8 Estimated observed confidence levels, in percent, that the density of the
duration of geyser eruptions has at least two modes.

MethOd OA‘ZtOIJQ) &;erc(\I/Q) OAézﬁion(\ll2)
Observed Confidence Level  100.00 100.00 99.99

and perform calculations in this book is the KernSmooth library that was
developed in conjunction with Wand and Jones (1995). The dpik command
computes the two-stage plug-in bandwidth estimate described in Secton 5.2.1
and the bkde command computes the kernel density estimate with a specified
bandwidth on a grid of values. For example, to produce a plot of the kernel
density estimate for an object x that contains the data, the command

plot(bkde (x,bandwidth=dpik(x)) ,type="1")
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can be used. To count the modes in a kernel density estimate the naive function

count.modes <- function(kde) {

k <- kde$y
n <- length(k)
mc <- 0

for(i in 1:(n-2))
if ((k[1]<k[i+1])&&(k[i+1]>k[i+2])) mc <- mc + 1
return(mc) }

was used. Note that a more sophisticated function would be required for gen-
eral use. The above function may be not pick up on very wide and flat modes
where the value of the kernel estimator may not change. The argument of this
function is an object created by the bkde. Therefore, to count the number
of modes of a kernel estimate on a data object x using the two-stage plug-in
estimate of the bandwidth the command

count .modes (bkde (x,bandwidth=dpik(x)))

can be used. This same approach can be used to compute observed confidence
levels based on the method suggested in Section 5.2.2. A function that is
suitable for use with the boot function to compute éperc is given by

mode.boot <- function(data,i) {
if (count .modes (bkde (data[i] ,bandwidth=dpik(datal[i])))==1)
return(0)
else return(1) }

This particular function can be used to compute the observed confidence level
that there are at least two modes in the unknown density. Simple modifications
of this function make it suitable to compute observed confidence levels for
other regions. The observed confidence level can then be computed using the
command

mean (boot (data=x,statistic=mode.boot,R=1000) $t)

using the same data object x. The original approach used by Efron and Tib-
shirani (1998) used the bandwidth from the original data x for computing the
kernel density estimate on each resample. This procedure is easy accomplished
by modifying mode.boot to read in this bandwidth. A suitably modified func-
tion is
mode.boot.const <- function(data,i,h) {

if (count .modes (bkde (datal[i] ,bandwidth=h))==1) return(0)

else return(l) 7}

and the corresponding command to calculate the observed confidence level is

mean (boot (data=x,statistic=mode.boot,R=1000,h=dpik(x))$t)

© 2008 by Taylor & Francis Group, LLC



168 NONPARAMETRIC SMOOTHING PROBLEMS

Computation of the observed confidence level Ggon(¥y) requires slightly more
sophisticated computations. The Kolmogorov distance and related probabili-
ties can be computed using the ks.test function. This function performs the
Kolmogorov goodness-of-fit test that either a single sample follows a spec-
ified distribution, or that two samples follow the same distribution. In the
single sample case, the first argument is the observed data vector and the
second argument is a function corresponding to the distribution function that
data is being tested against. For example, the p-value from testing whether
a data vector x follows a standard normal distribution can be obtained with
the command

ks.test (x,pnorm) $p

To test against a nonstandard normal distribution, for example a normal
distribution with mean equal to 7 and standard deviation equal to 10, the
optional arguments for the pnorm function are appended to the end of the
arguments of the ks.test function as follows

ks.test (x,pnorm,mean=7,sd=10) $p

In order to use the function ks.test to compute &qon(¥x), the function spec-
ified in the arguments must correspond to the distribution function of the
closest distribution to the empirical distribution function of the data that
has k — 1 or fewer modes. The special case of calculating dgon(¥2) will be
addressed in this section. In this case the argument required is the closest uni-
modal distribution to the empirical distribution of the data. The approximate
algorithm for finding this distribution used in Sections 5.2.3 and 5.3 was to
find the kernel density estimate of the data with the smallest bandwidth that
is still unimodal. The following function uses a simple search technique to find
this bandwidth.

h.one.mode <- function(x,gridsize=100) {
hstart <- dpik(x)
if (count .modes (bkde (x,bandwidth=hstart))==1) {
nm <- 1
hlower <- hstart
while(nm==1) {
hlower <- hlower/2
nm <- count.modes (bkde(x,bandwidth=hlower)) }
for(h in seq(hlower,hstart,length.out=gridsize))
if (count .modes (bkde (x,bandwidth=h))==1)
return(h) }
else {
nm <- 2
hupper <- hstart
while(om!=1) {
hupper <- 2xhupper

© 2008 by Taylor & Francis Group, LLC



NONPARAMETRIC REGRESSION 169

nm <- count.modes (bkde(x,bandwidth=hupper))

for(h in seq(hstart,hupper,length.out=gridsize))
if (count .modes (bkde (x,bandwidth=h))==1)
return(h) }}

A function corresponding to the distribution function evaluated at t of a kernel
density estimate on a sample sample with bandwidth h is given by

kdf <- function(t,sample,h) {
s <- 0
n <- length(sample)
for(i in 1:n) s <- s + pnorm((t-sample[i])/h)/n
return(s) }

This function assumes that the kernel function is normal. The observed con-
fidence level Gigon(¥2) can then by computed using the command

1-ks.test (x,kdf,sample=x,h=h.one.mode(x))$p

To compute the excess mass statistic, the function dip from the R library
diptest can be used, based on the fact that dy is twice this statistic. See
Miiller and Sawitzki (1991) for further details. Therefore, the excess mass of a
sample contained in the object x can be computed using the command dip(x).
A function suitable for use with the boot function to compute an observed
confidence level based on the percentile method that the excess mass is in the
range L to U is given by

boot.excess.mass <- function(data,i,L,U) {
if ((dip(datal[i]l>=L)&&(dip(datal[il<=U)) return(1l)
else return(0) }

Hence the percentile method observed confidence level that the excess mass
of the sample contained in the object x is in the range L to U can be computed
using the command

mean (boot (data=x,statistic=boot.excess.mass,R=1000,L=L,U=U)$t)
The construction of a reliable simulated annealing program is somewhat more
involved and will not be addressed.

5.5 Nonparametric Regression

5.5.1 Methods for Nonparametric Regression

Nonparametric regression methods attempt to model the relationship E (Y |z) =

6(x) as a function of x where no parametric assumptions about the function
O(x) are made. The data considered in this chapter will consist of data pairs
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(1,Y1),...,(xn,Y,) where the values x1, ..., z, are considered fixed, and not
random. The value Y; is considered random and is assumed to be observed
conditional on x;. The model generating the data is assumed to have the
form Y; = 0(z;) +¢; for i = 1,...,n where €1,...,¢€, is a set of independent
and identically distributed errors with E(e;) = 0 and V(e;) = 02 < oo. Less
restrictive models, that do not require homogeneity of the variances, or can
be modeled using random variables for the dependent variable, can also be
studied with minor modifications to the framework studied here.

Many methods have been developed for fitting nonparametric regression mod-
els. The focus of this chapter will be on local polynomial fitting methods, also
commonly known as kernel regression. An overview of local polynomial fitting
techniques can be found in Wand and Jones (1995). For additional techniques
for performing nonparametric regression see Hérdle (1990), Simonoff (1996),
and Thompson and Tapia (1990). There are other types of kernel regression.
Chu and Marron (1991) provides an overview of these methods along with
comparisons of their practical use.

Local polynomial regression is motivated by the idea that smooth functions
can be approximated locally by low order polynomials. Therefore, the essen-
tial components of local polynomial regression are the order of the polynomial
that is used to locally approximate the function, and the criteria used to define
the locality around the point where the function is being estimated. There is
theoretical evidence that higher order polynomials will provide a fit with bet-
ter asymptotic statistical performance than lower order polynomials. There is
also an advantage in choosing polynomials with an odd order. The advantage
of increasing the polynomial order diminishes for larger orders of the poly-
nomial and therefore the focus of this book will not go past linear functions.
Extension of the methods presented here to higher orders of polynomials is
easily accomplished. Locality of the polynomial fit is accomplished through
weighted least squares regression techniques where the weight of each data
pair (z;,Y;) used in the fit is inversely proportion to the distance between the
point = where the function is being fit and the value of z;. A simple method
of fitting a usual least squares estimate on points that are within a certain
distance to x; can produce estimates for 6(z) that have some nonsmooth
properties, such as points where 6’(z) does not exist. A generalization of this
procedure is based on using a smooth function K (z) to calculate the weight of
the weighted least squares fit. This function usually has the same properties
as the kernel function defined in Section 5.2.1. Therefore, local polynomial
regression is also referred to as kernel regression. As with kernel density esti-
mation, the standard normal density will be assumed to be the kernel function
in this chapter, though the methods can be adapted to other kernel functions
readily. The locality of the weights of the kernel function will again be ad-
justed using a bandwidth h that essentially is used as a scale parameter for
the kernel function.

The local polynomial estimate of f(x) at the point x is derived by computing
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the Weighted least squares estimate of a p*"-order polynomial fit of Y7,...,Y,,
on xi,...,xy, using the kernel function and the bandwidth to set the weights.
This fit is centered at x so that the p** order polynomlal fit of O(x) will be the

constant term from this fit. Therefore, let ﬂo, R ﬁp minimize the weighted
sum of squares

2

> {v -S| 35 (257

=1

Then the p'f-order polynomial estimate of #(z) with bandwidth h is given
by 0p5(z) = Oo. Such an estimate can be written efficiently using matrix
notation. Let X (z) be a n X (p + 1) matrix of the form

1 z9—2 -+ (z1—2)?
1 zo—2a -+ (zg—2)?
1 z,—=z (zp, — )P

and a weight matrix W(z) be a diagonal n x n matrix with i** diagonal
element equal to K[(x; — x)/h]/h. The intercept of the standard weight least
squares fit can then be written as

() = e [X' (@)W (@)X (2)) "' X (1) W(2) Y, (5.10)
where e is the first Euclidean basis vector of RP! given by €} = (1,0,...,0).

In some cases this estimator has a closed form. When p = 0, or local constant
fitting, the estimator can be written as

i K (252) Y
p— )
Y K (25E)
which is a simple local weighted average. This estimator is usually known as
the Nadaraya-Watson Estimator and was introduced separately by Nadaraya

(1964) and Watson (1964). When p = 1, or local linear fitting, the estimator
can be written as

Oo.n(z) = (5.11)

(nh)~! ~ B = S1p(2)(z; — 2)]K (52)Y;
K ; 527h(1')§0,h($) — 82, (2)

)

where
n

~ -1 k ;i — &
8 (x) = (nh) ;(x )P K ( - ) .
The asymptotic mean squared error of local polynomial estimators can be
found, though in the general case the results can be somewhat complicated.
The results for local linear estimators will be summarized below. Complete
results can be found in Ruppert and Wand (1994) and in Chapter 5 of Wand
and Jones (1995). Assume

© 2008 by Taylor & Francis Group, LLC



172 NONPARAMETRIC SMOOTHING PROBLEMS
The design is equally spaced on [0, 1]. That is x; = i/n for i =1,...,n.
The function 0" (x) is continuous on [0, 1].

The kernel function K is symmetric about 0 with support [—1, 1].

= W o=

The bandwidth h is a sequence in n such that h — 0 and nh — oo as
n — oo.

5. The point x is on the interior of the interval. That is h < x < 1 — h for all
n > ng for a fixed value of ng. The interior of the interval will be denoted
as 1[0, 1].

Assumption 1 specifies a fixed equally-spaced design for the x values. Assump-
tion 2 assures that the function is smooth enough to be approximated locally
by a linear function. The third assumption is technically violated by the use
of the normal kernel in this chapter, but the broad issues of the results will
still demonstrate the relevant factors that affect the mean square error of the
estimator. Assumption 5 will be critical in applying kernel regression methods.
The behavior of kernel estimates near the edge of the range of the data is very
different from the interior of the range of the independent variable. In partic-
ular the bias and variance of the estimator can be inflated when estimating
O(x) for values of z near the boundaries of the data range. For example, the
Nadaraya-Watson estimator has an optimal mean square error of order n~=%/5
for estimating #(z) when z is in the interior of the range of the data. Near the
boundaries, however, the mean square error is of order n=2/3. See Section 5.5
of Wand and Jones (1995) for further details on this problem.

Under Assumptions 1-5, the asymptotic bias of the local linear estimator of
O(x) is
Elfp=1,n(x) — 0(x)] = 370" (z)o% + o(h?) + O(n™1),
and the asymptotic variance is
V[bp=1,n(2)] = (nh) "' R(K) + o[(nh)~"].

These results can be extended to any order of local polynomial fitting. These
results generally show a preference for an odd order for the local polyno-
mial. Further, higher orders of the polynomial have asymptotically lower mean
square error. The practical gains from choosing orders greater than 3 are min-
imal, and a local linear or cubic fit is generally suggested. Bandwidth selection
for these methods is based on minimizing a weighted integral of the asymp-
totic mean square error, from which an asymptotically optimal bandwidth can
be derived. Typically this bandwidth depends on derivatives of the regression
function 6(z). A plug-in method, similar to the one presented in Section 5.2.1,
can be applied and these derivatives are estimated using derivatives of local
polynomial estimates, each with their own optimal bandwidth. See Section
5.8 of Wand and Jones (1995) for further details of these methods.

An alternative method for choosing the smoothing parameter is based on a
cross-validation score, as was summarized in Section 5.2.1 for choosing the
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smoothing parameter of a kernel density estimator. To obtain this smoothing

parameter one minimizes the leave-one-out cross-validation score given by

n

Z[Yi - ép,h,(fi)(mi)]Q

i=1

1
CV(h) = —
()=
where 91,,,1’(#) is the local polynomial estimate calculated when the i*" data
pair (x;,Y;) is omitted from the data.

5.5.2 Observed Confidence Levels for 6(x)

The focus of this section will be on constructing observed confidence levels
for O(x) for a specified value of x € I[0,1]. Problems concerned with deter-
mining the shape of the regression function are bound to encounter similar
problems to those found in nonparametric density estimation. For example,
one may wish to compute an observed confidence level that 6(x) is monotonic
in I[0,1]. Unfortunately, nonmonotonic functions that are within e of any
monotonic function can be constructed using arbitrarily small nonmonotonic
perturbations. Without specific assumptions to forbid such behavior, it would
be impossible to tell the difference between the two situations on the basis of
finite samples from each.

The development of confidence intervals, and the associated observed confi-
dence levels, follows the same general framework as in Chapter 2, with a few
notable differences. For simplicity, this section will deal specifically with the
local constant, or Nadaraya-Watson estimator of Equation (5.11), though sim-
ilar developments of this material could center around alternative methods of
nonparametric regression.

The development of confidence intervals for (x) naturally evolves from con-
sidering the standardized and studentized distributions of éo,h(x). That is,
the distributions of the random variables [0 5 (z) — 0(z)] /() and [Bo.n(z) —
0(x)]/7(z) where 72(x) = V[é07h(1’)|x] is the pointwise variance of 0y , () and
#2(x) is an estimate which will be described later. The asymptotic bias of
the Nadaraya-Watson estimator is of order h2, under the usual assumption
that x € I[0,1]. This bias can be significant, particularly in places where the
concavity of 6(x) is large, such as regions where there are sharp peaks in 6(x).
Confidence intervals centered on the estimate éo,h(x) can therefore be unre-
liable. For the immediate development of the theory below, the bias problem
will be ignored in the sense that the confidence intervals will be developed for
0o.n(x) = E[fo.(x)|x], following the development of Hall (1992b). Suggestions
for correcting or reducing the bias will be discussed at the end of this section.

Define
G(,t) = P{[f0.n(x) — o.n(x)]/7(x) < tx},
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and
Hy(x,t) = P{[fo,n(x) — 0o n(2)]/7(x) < t|x}.
The pointwise variance of 9A07h(x) is given by
2 n KZ T—x;
ri(e) = T2 IO R
[Zi:l K (T)]

2

To estimate 72(x) the error variance o2 must be estimated based on the ob-
served data. Considerable research has concentrated on this problem, and
difference based estimators appear to provide simple methods that work rea-
sonably well in practice. See Dette, Munk, and Wagner (1998), Gasser, Sroka,
and Jennen-Steinmetz (1986), Miiller (1988), Miiller and Stadtmiiller (1987,
1988), Rice (1984), and Seifert, Gasser, and Wolfe (1993). In this section an
optimal difference estimator developed by Hall, Kay, and Titterington (1990)
will be used to estimate o2. See Seifert, Gasser, and Wolfe (1993) and Dette,
Munk, and Wagner (1998) before applying this type of estimator for general
use, especially if periodicity may be an element of a regression problem.

To represent general difference based estimators of o2, let d_,,, ..., dm, be a
sequence of real numbers such that

i=—m1

and

ma
o odi=1
1=—m1
It will be assumed that for ¢ < —my or ¢ > mgy that d_,,,dm, 7# 0 where
m1 > 0, my > 0, and m1 + ma = m. Let Y};; be the element in Y that
corresponds to the " largest element in x, then a general difference based
estimator of o2 has the form

2
n—msa mo

. 1
o= > | D AV | (5.12)
i=mi+1 j=—mq

Therefore, 72(x) can be estimated with
o, O K2 ()
7o(x) = = T

[ K (5]
See Dette, Munk, and Wagner (1998), Hall, Kay, and Titterington (1990), and
Seifert, Gasser, and Wolfe (1993) for further information on choosing m and
the weights d_,,,...,dm,. Dette, Munk, and Wagner (1998) show that the
choice of m is motivated by similar ideas to choosing the bandwidth h. For

functions that are fairly smooth with no periodicities, m = 3 with the weights
di = 0.809, do = —0.500 and d3 = —0.309 can be used. For functions that
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have larger variation, m = 3 with the weights d; = —0.408, dy = 0.816, and
dz = —0.408 have been suggested.

To develop confidence intervals for G_O,h(x)_, let go(7) = G, (2, @) and hy(z) =
H, '(z,a). The usual critical points for y 5 (z) from Section 2.3 are

éord(x7 o) = éo,h(x) —7(2)g1-a(T),
éstud(xy 04) = éo}h(l‘) - 7A—(‘KE)hlfoz(x)a

Oy (2, @) = o () = 7(2)g1-a(2),
and
Operc(, @) = 0o 1 (%) + 7(2)ga(x).
The corresponding confidence intervals are given as in Section 2.3. For exam-
ple, a studentized 100(wy — wr)% confidence interval for 6y j,(x) is given by

Cstua (@, 0 X, Y) = [fon(@) = #(2) b1, (2), 0,1 (2) = F(2)h1 -y, (2)],
for a fixed value of x within the range of x. Let ¥ = [t1,{yy] be an arbitrary
interval on © = R. Then, setting ¥ = Cyya(, w; x,Y) yields

Oon(@) —te| |, fon(@) —tu
o ] Hn[, ] ] (5.13)

7(x
as the observed confidence level for W. The ordinary, hybrid, and percentile
observed confidence levels are similarly developed as

>

astud(xa \I/) = H, |:’L',

éo,h(ﬂf) —tr

aord(xa lI/) =G, |z, T(l’)

-G, |z

any (2, ) = Gy, |7, éo’h(;(;)_ o _ Gy |z, 90,h(;zz)p)— tU] , (5.15)
and
apere(z, V) = Gy, [x, tU;((g;;L(m)] -G, [x, tL;?;)h(x)] . (5.16)

Note that the ordinary observed confidence level assumes that the variance
function 7(x) is known, while the remaining observed confidence levels use an
estimate for 7(x). Following the usual development, if G, (z,t) and H,(z,t)
are unknown then the normal approximation can be used to approximate these
observed confidence levels as

é‘stud(xa \Ij) =0

éo,h(x)_tL _
@) ] ®

éo’h(m) — tU]

()
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and

élord(l'; \I/) =

)

éo,h(x)ftL . éo,h(x)ft(]
7(x) @ [ 7(x)

for the cases when 7(x) is unknown, and known, respectively.

To develop bootstrap approximations for G, (z,t) and H,(z,t) let & =Y; —
00,5, (2;) for all ¢ such that z; € I[0, 1]. Denote this set simply by I and let 7
be the number of elements in I. Let

aAnd define é; = €; — € for i € I as the centered residuals, whose mean is 0. Let
F,, be the empirical distribution of ¢; for ¢ € I. Then the bootstrap estimate
of Gy, (z,t) is given by

G, t) = P{[0 5 (x) = 05 ()] /7(2) < tlef, .. e ~ F),
where P*(A) = P(Alx,Y), 96‘h(x) is the local constant estimator computed
on (21,Y7), ..., (xn, V") and Y = 6y j,(x) + € for i = 1,...,n. The function

7(z) is defined by
_ YL K ()

() =
z—xz;\12 "’
Sk (5]
F=n'y &
iel
Finally, it follows that égjh(x) = Oop(x). See Theoretical Exercise 5. The
bootstrap estimate of H,(z,t) is given by

Hy(w,t) = P{[05 (@) — 05 1 (@)]/7* () < tlef, ... e ~ Fo},
where function 7*(z) is defined by

7L K (552)

where

P (x) = 5
[ K (55%)]
and )
» 1 n—ms mo
o T —m Z Z djeis;

i=mi1+1 \j=—m

See Section 4.5.3 of Hall (1992a). Correspondingly, the bootstrap estimates of
the observed confidence levels given in Equations (5.13)—(5.16) are given by

~x i e Bo,n(w) —t1 . 0o, (z) — tu
O‘stud(xvlp) =H, [ ) 7A'((E) ] Hy, l ’ ’72(.’1,') ] ;

éo)h(l‘) —tL] —G [{E éo’h(a?) —tU‘|
n b ) )

’ 7(x) 7(x

dgrd(‘r7 \Il) = G’ﬂ
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Gpyp (2, W) = Gy |,

7(x) N ’

and

o ) =G

aperc('r7 ) mn ’ 7:(,13) 7:(58)

The asymptotic analysis of these methods again follows from Edgeworth ex-
pansion theory. As before, the parameter 6 j,(x) will be assumed to be the

parameter of interest. It follows from Section 4.5.2. of Hall (1992a) that

Gulw,t) = ®(t)+ (nh) " Pypi(t)d(t) + (nh) ™ [kpa(t) +~7ps(t)]e(t)
+0[n~t + (nh) =32,

ty — éo,h(a?)] _a [x tr, — éo,h(x)] .

and

H,(z,t)

O(t) + (nh) " Pypr(t)p(t) + (nh) " rpa(t) + ¥ ps ()] (1)
3Ry (60(8) + Of ™ + () /2],

The polynomials pq(t),...,ps(t) are functions of x, h, n, K and x, but are
not functions of any unknown parameters. This presentation will only use
various general properties of these functions so that their specific form need
not be known. For specific definitions of these polynomials see Section 4.5.2
of Hall (1992a). The coefficients v and  are defined as v = E|(¢;/0)?] and
k= E[(e;/0)*] — 3.

The bootstrap estimates of G,,(z,t) and H,,(z,t) also have Edgeworth expan-
sions of the form

Gula,t) = @(t) + (nh)"*4p1(£)(1) + (nh) ™ [Apa(t) + A7ps(D)]é(t)
+0,[n~! 4 (nh)3/?].,

and

Hy(x,1) () + (nh) ™ 23py ()6(t) + (nh) ! [Ap2(t) + 7ps(B)]6(?)
+n 2R 2Api(06(t) + Opln ! + (nh) 7).

The polynomials in the bootstrap expansions are exactly the same as in the
conventional expansions. The only change between the bootstrap and con-
ventional expansions is that « and k are replaced be their sample versions,
which generally have the property 4 = v+ O, (n"'/2) and & = & + O, (n~1/2).
Therefore it follows that G, (z,t) = G, (z,t) + Op(n~'h=1/2) and H, (x,t) =
H,(x,t)+0,(n""h~1/2). See Sections 4.5.2 and 4.5.3 of Hall (1992a) for more
in-depth discussion about the rates of convergence of the error terms of these
expansions. Finally, the corresponding bootstrap estimates of the percentiles of

Gn(x,t) and H,(z,t) are given by jo(z) = G5 (z, @) and ho(z) = H; ' (z, ).

The asymptotic analysis of the observed confidence levels defined above follows
the same general arguments used in Chapter 2 with some notable differences.
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Take Citud(a, w;x,Y) as the standard confidence interval for the case when
7(x) is unknown and note of course that as,q is accurate. Similarly agpq is
accurate for the case when 7(x) is known and the ordinary confidence interval
is used as the standard interval.

To analyze the hybrid observed confidence level note that
Qhyb [Cstud(aa w; X, Y)] = Gn [x7 hl—wL (1})] - Gn [.’E, hl—wU (x)}

Assume that h is of larger order that n~'/3, then the Edgeworth expansion
for H,(z,t) can be inverted to yield the Cornish-Fisher expansion

hi—wy, = 21-w, — (Wh) 7 2Ap1(21-0, ) + O[(nh) ™" +n~1/201/2),

Substituting this expansion into the Edgeworth expansion for H,(x,t) and
using appropriate Taylor expansions yields

Gn(z,hi_w,) =1 —wp +O[(nh)~' +n~1/2p1/2),
with a similar result for G, (x, h1_y, ). It then follows that
Qb [Cstud (@, w; X, Y)] = o + O[(nh) ™! + n~1/2p1/2),

The optimal bandwidth h for the local constant estimator is of order O(n='/%)
so that in this case the hybrid method has accuracy of order O(n=3/%). For
the percentile method it follows that

perc|Cstud (@, w; X, Y)] = G [z, —hi—wy (2)] = Gulz, —hi—w, ()],
where it follows from the Cornish-Fisher expansion of h;_,, that
G(, =1y, (7)) = wu+2(nh) " 2p1 (21 -0y )$(21 - )FO[(nh) 402012,
with a similar result for G, (x, —hi_,,, ). It then follows that
pere[Cspua (0, wi X, YY) = a+2(nh) ™ 2py (21— )$(21-wr))
—2(nh) " ?p1(21-0,)0(21-w,)
+O[(nh) "t + 0~ V2p1/2]
= a+O0[(nh)"1/2.
Therefore, when h = O(n~1/%), it follows that
Aperc[Cstud (@, w; X, Y)] = a + O(n=%/%),

which is less accurate than the hybrid method. The analysis of the normal
approximation is similar. Note that

Gistud [Cstua (@, Wi X, Y] = @Ay, (2)] = ©[h1—wy ()]
Again, the Cornish-Fisher expansion of hy_, (z) yields
O(hi—w,) =1 —wp + (0h) " 2p1(21-0, )8 (210, ) + Ol(nh) ™ + 0712012,
so that

brspua [Cispua (@, w; X, Y)] = a + O[(nh) Y2 4 n~1/2p1/2),
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which matches the accuracy of the percentile method.

While the studentized method is accurate, the bootstrap version is not due to
the bootstrap approximation of H,(x,t). In particular,

&:tud[CStud(o‘vw;X’Y” = Hn[xvhl—wL(x)
Hylz, hi—w, (2)
+0,(n"th=1/?)

= a+0,(n"th/?)

} - Hn[xv hl—wU ('r)]
} - Hn[xvhlfwu (x)]

where the accuracy of the bootstrap approximation which was described ear-
lier is implemented. This indicates that when h = O(n~'/%) it follows that
& alCstud (@, w;x,Y)] = a + O(n=%'%), an improvement over the normal
approximation and the nonbootstrap versions of the percentile and hybrid
methods. In fact, the accuracy of these methods stay the same as the non-
bootstrap case. This is due to the fact that the bootstrap approximation of
G, (x,t) is more accurate than the corresponding observed confidence levels.
For example, for the hybrid method

OA‘l*;yb [Cstua(, X, Y)] = Golz,hi—w, (2)] — én [, M=y, (2)]
= Gnlr,hi—o, (2)] = Galz, hi—wy, (7)]
+Op(n71h71/2)
_ oz—l—Op[nl/Qh_l/Q Lo lpl2 4 (nh)_l],

where if h = O(n™'/%) it follows that the largest order in the error term is
O(n_3/ %), matching the result from earlier. A similar argument applies to the
percentile method.

As indicated earlier, the results for the observed confidence levels given in
this section are technically for 6 ,(z) and not the true parameter 6(z) due to
the significant bias that can be induced by the smoothing method. There are
two basic approaches to account for this bias. To motivate these approaches
first consider the asymptotic bias of the local constant estimator which for an
equally spaced design is given by

Oo.n(z) — 0(x) = h?0" (x)0% /2 + 0,(h?).

It is clear that the asymptotic bias is heavily influenced by both the band-
width h and the concavity of 6(z) at the point z. One approach to ac-
count for the bias is to explicitly estimate it based on the data, which es-
sentially requires an estimate of 6" (z). Local polynomial estimators can be
used for this purpose, though the estimates require estimation of an addi-
tional smoothing parameter. See Section 5.7 of Wand and Jones (1995) for
further details. A second approach chooses the bandwidth to be much smaller
than is usually implemented for the estimation of 8(z). For example, when
h = O(n='/3) it follows that 0y ,(z) — 0(z) = O,(n=2/3), but if h = O(n=3/4)
then 0y 5, (x) — () = O,(n=3/2). The particular form of the bandwidth is dif-
ficult to specify in this case. See Hall (1992b) for a more detailed discussion of
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these issues. A third approach is based on using infinite-order kernel functions.
See McMurry and Politis (2004). As these methods are beyond the scope of
this book, the bias problem will not be dealt with explicitly in this book. In
the simulations and applications that follow, observed confidence levels will
only be computed when it is apparent that the concavity of the regression
function appears to be near 0, where the asymptotic bias is negligible.

5.5.3 An Empirical Study

This section presents the results of a small empirical study designed to investi-
gate how well the asymptotic results of the previous section translate to finite
sample size problems. Due to the availability of software for bandwidth selec-
tion, local linear regression will be the focus of this investigation. For the study
100 sets of data were simulated from the regression model §(x) = 1 — e=5¢
where = was a set of n evenly spaced observations on [0, 1]. This function
is plotted in Figure 5.11. The error vector € was generated as a set of n
independent and identically distributed random variables from a normal dis-
tribution with mean 0 and variance o2 = 1/25. The observed confidence levels
Qstuds Gstuds Alpuas Oy, a0d &g, Where computed that O(x) is in the region
U = [0.8,0.9] when z = 0.40. Bandwidth selection for the local linear es-
timate was based on the direct plug-in methodology described by Ruppert,
Sheather, and Wand (1995). The variance is estimated using the difference
estimator with m; = my = 1 and the weights d_; = 0.809, dy = —0.500 and
d1 = —0.309. Therefore, the estimator has the form
L 1 n—1

0t = — ;[(o.sog)ni_l} + (—0.500)Y};; + (—0.309)Y}; 1]

Samples of size n = 25, 50, 100, and 200 were used in the simulation. The
average observed confidence levels for each method are reported in Table 5.9.
The studentized observed confidence levels were estimated by simulated obser-
vations from the true model. The bootstrap methods used residuals for values
of x in the range (0.10,0.90) to avoid boundary effects.

The results of the simulations show no clear winning method for the simu-
lated problem, though none of the methods perform particularly poorly from
an absolute error standpoint. The studentized method does show its superior
performance as the sample size increases, indicating that perhaps larger sam-
ples are required before the asymptotic superiority of this method is apparent.
It should be noted that the estimate of the true studentized method (astuq)
does not include a bias-correction so that it is not possible to quantify the
true effect of the smoothing bias in this problem.
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Figure 5.11 The regression function used in the empirical study.
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Table 5.9 Results of the empirical study of observed confidence levels using local
linear regression. The reported values are the average observed confidence level over
100 replications that 8(x) € ¥ = [0.80,0.90] when x = 0.40. Bandwidth selection for
the local linear estimate is based on a direct plug-in methodology. The value closest
to the true estimated value given by auspa 1S italicized.

A %

n Ostud &St‘ld CAY:tud OA[]leb apcrc
25 3713 3571 36.68 3742 41.10
50  48.92 47.09 4229 45.61 49.20
100 56.97 61.39 57.50 55.82 63.20
200 68.86 75.29 67.64 66.69 78.70
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Table 5.10 Observed confidence levels, in percent, that é(m) is in the region ¥, =
[75,80] when x = 4.

. ~ * A% *
Reglon Qstud Astud ahyb apcrc

U =([75,80] 97.7 96.5 95.6 98.6

5.6 Nonparametric Regression Examples
5.6.1 A Problem from Geophysics

Consider the duration and waiting time data for the Old Faithful geyser pre-
sented in Section 1.3.7. The data are plotted in Figure 1.9. Based on this
data it is of interest to determine an observed confidence level that 6(x) is in
the region ¥ = [75,80] when & = 4. The methods described in Section 5.5.2
where implemented to compute this observed confidence level. The estimated
optimal bandwidth using the direct plug-in method described by Ruppert,
Sheather, and Wand (1995), is given by ini = 0.2036, which yields an esti-
mate of (4) = 76.53. The estimated standard error of 6(4) is 7(4) = 0.7621.
The bootstrap methods used b = 1000 resamples each. To avoid the effects
of boundary bias, residuals where only used from for durations that where
between 2 and 5 minutes. The results of these calculations are given in Table
5.10. One can observed from the table that there is a great degree of confidence
that 6(z) € [75,80] when = = 4, or that there is a great deal of confidence
that the mean waiting time to the next eruption is between 75 and 80 minutes
when the duration of the previous eruption was 4 minutes.

5.6.2 A Problem from Chemistry

Radiocarbon dating is a method that uses the half life of the naturally occur-
ring unstable isotope carbon-14 (1*C) to determine the age of materials that
are rich in carbon. As the relationship is not perfect, calibration of the method
based on items of known ages is important. Pearson and Qua (1993) report
data on high precision measurements of radiocarbon on Irish oak, which can
be used to construct a calibration curve for radiocarbon dating. The age indi-
cated by radiocarbon data versus the actual calendar age for samples of Irish
oaks that have an actual calendar age between 5000 and 6000 years are plotted
in Figure 5.12. The data are also available in the software library associated
with Bowman and Azzalini (1997), where a different subset of the data is an-
alyzed. A similar set of calibration data is also reported by Stuiver, Reimer
and Braziunas (1998). A local linear kernel regression fit is included in Figure
5.12. The optimal bandwidth was estimated using the direct plug-in algorithm
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Table 5.11 Observed confidence levels, in percent, that é(m) is in the region ©1 =
[4750, 4850] when z = 5500.

. ~ * A % *
Region Qstud  Ofpua Ohyb  Xperc

©, = [4750,4850] 92.4 98.6 99.7 91.3

of Ruppert, Sheather, and Wand (1995), which for this data produces a band-
width estimate of h = 37.56. As Bowman and Azzalini (1997) report, the
regression curve exhibits nonlinear fluctuations that result from the natural
production of radiocarbon. Given the curve exhibited in the figure, it may be
of interest to hypothesize about the location of the regression function based
on the observed data. For example, suppose an object has an actual age of
5500 years. How much confidence is there that the mean radiocarbon age is
between 4750 and 4850 years?

The methods described in Section 5.5.2 where implemented to compute the
observed confidence level that 6(5500) € ¥ = [4750,4850] The estimated
optimal bandwidth using the direct plug-in method described by Ruppert,
Sheather and Wand (1995), is given by ini = 37.56, which yields an estimate
of (5500) = 4773.50, which is an element of ¥. The estimated standard error
of (5500) is 7(5500) = 16.40. The bootstrap estimates are based on 1000 re-
samples. To avoid the effects of boundary bias, only residuals from actual ages
between 5100 and 5900 years were used for resampling. The results of the cal-
culations are given in Table 5.11. For the region ¥ there is general agreement
between the measures that there is considerable observed confidence that the
mean radiocarbon dated age is in the range 4750 to 4850 years when the actual
age is 5500 years. The normal approximation and percentile method assigns
slightly less confidence to this region than the remaining methods.

5.7 Solving Nonparametric Regression Problems Using R

Several R libraries are capable of computing local polynomial estimates. For
simplicity the KernSmooth library used in Section 5.4 will also be used for
local linear fitting. Two functions are important to local linear fitting in this
library. The dpill function computes a direct plug-in estimate of the optimal
bandwidth based on the algorithm of Ruppert, Sheather, and Wand (1995).
The usage is quite simple. To store the estimate of the optimal bandwidth for
a local polynomial estimator of the object Y over the grid of values in x in the
object h, the command

h <- dpill(x,Y)

© 2008 by Taylor & Francis Group, LLC



184 NONPARAMETRIC SMOOTHING PROBLEMS

Figure 5.12 Radiocarbon dated age versus actual age for samples of Irish oaks be-
tween 5000 and 6000 years old. A local linear fit is indicated by the solid line.
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is used. The corresponding local linear estimate can then be stored in the
object 11.fit using the command

11.fit <- locpoly(x,Y,bandwidth=h)

The object 11.fit contains the fitted values in 11.£it$y and the correspond-
ing grid of x values in 11.fit$x. The grid of = values used for the fit can be
adjusted using the range.x and gridsize options in the locpoly function.
These options are discussed below.

The difference estimator of 02 described in Equation (5.12) is easily imple-
mented in R. For the specific form of this estimator used in Sections 5.5.3 and
5.6 the function

npr.diff.est <- function(Y) {
w <- ¢(0.809,-0.500,-0.309)
n <- length(Y)
out <- 0
for(i in 2:(n-1)) out <- out + (sum(wxY[(i-1):(i+1)]))"2
return(out/(n-2.0)) %
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can be used. Note that this function assumes that the Y vector has been
sorted with respect to x. The variance function estimate 7(z) can then be
computed for the local linear estimator using the function

npr.tau.hat <- function(xx,x,Y,h) {

n <- length(x)

s2 <- npr.diff.est(Y)

bottom <- n*n*(npr.s(xx,x,h,2)*npr.s(xx,x,h,0)-
npr.s(xx,x,h,1)*npr.s(xx,x,h,1))"2

top <- 0

for(i in 1:n) top <- top + ((npr.s(xx,x,h,2)-
npr.s(xx,x,h,1)*(x[i]-xx) ) *dnorm((x[1]-xx) /h) /h) "2

return(s2*top/bottom) }

where xx is the value of = that the function is being evaluated at.

Implementing the bootstrap is more difficult for local linear regression as only
residuals for x values away from the boundary are used. Therefore, the boot
function is not used here, and the residuals are resampled using the sample
function. This can cause many potential technical problems, especially when
using the locpoly function. In particular, one must assure that the fitted
values for the desired x values are available in the fitted object. This can
be controlled to some extent using the range.x and gridsize options in
the locpoly function. The function given below was used to compute the
bootstrap estimate of H,,(z,t) for the empirical study of Section 5.5.3.

npr.student.boot <- function(xx,x,Y,b) {

n <- length(x)

h <- dpill(x,Y)

11.fit <- locpoly(x,Y,bandwidth=h,range.x=c(0,1),gridsize=n)

11.fit.default <- locpoly(x,Y,bandwidth=h)

that <- 11.fit.default$y[1l.fit.default$x==xx]

xI <- x[(x>0.10)&(x<0.90)]

YI <- Y[(x>0.10)&(x<0.90)]

nt <- length(xI)

et <- matrix(0,nt,1)

for(i in 1:nt) et[i] <- YI[i]-11.fit$y[11l.fit$x==xI[i]]

ehat <- et - mean(et)

T.star <- matrix(0,b,1)

for(i in 1:b) {
ehat.star <- sample(ehat,n,replace=T)
Y.star <- 11.fit$y + ehat.star
h.star <- dpill(x,Y.star)
11.fit.star <- locpoly(x,Y.star,bandwidth=h.star)
that.star <- 11.fit.star$y[11l.fit.star$x==xx]
tau.star <- sqrt(apr.tau.hat(xx,x,Y.star,h.star))
T.star[i] <- (that.star-that)/tau.star }
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return(T.star) }

This function returns b simulated values of [Afh(x) — 0y.,(x)]/7* () where
again xx is the value of z that the functions are being evaluated at. For a
given value of t, H,(z,t) can then be estimated using the command

sum(T.star<t) /b

Note that two separate local linear fits are used in this function. The first
object 11.fit is computed so that the values in the object x have fitted
values. This is possible because the values in x are a regularly spaced grid.
This allows the residuals to be calculated. The second object 11.fit.default
is computed so that the value stored in the object xx has a fitted value. Note
further that the interior range for the x values has been hard coded into this
function. Obviously this code depends on a certain values for the x and xx
objects, and the function would need to be modified before it could be used in
a more general setting. An alternative approach involves interpolating between
the fitted values using a function such as the following

npr.interpolate <- function(xx,11.fit) {

x <- 11.fit$x

y <- 11.fit$y

n <- length(x)

if (xx<x[1]) return(y[1l)

if (xx>x[n]) return(y([n])

for(i in 2:n) if (xx<x[i]) return(y[i-1]+(y[il-y[i-1])

*(xx-x[i-11)/(x[i]-x[1i-11))

though the efficiency of the algorithm would almost certainly suffer. A version
of the npr.student.boot function that uses the interpolation function is

npr.student.boot.interpolate <- function(xx,x,Y,b,LB,UB) {
n <- length(x)
h <- dpill(x,Y)
11.fit <- locpoly(x,Y,bandwidth=h)
that <- npr.interpolate(xx,11.fit)
xI <- x[(x>LB)&(x<UB)]
YI <- Y[(x>LB)&(x<UB)]
nt <- length(xI)
et <- matrix(0,nt,1)
for(i in 1:nt)
et[i] <- YI[i]-npr.interpolate(xI[i],11.fit)
ehat <- et - mean(et)
T.star <- matrix(0,b,1)
for(i in 1:b) {
ehat.star <- sample(ehat,n,replace=T)
Y.star <- matrix(0,n,1)
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for(j in 1:n) Y.star[j] <-
npr.interpolate(x[j],11.fit) + ehat.star[j]
h.star <- dpill(x,Y.star)
11.fit.star <- locpoly(x,Y.star,bandwidth=h.star)
that.star <- npr.interpolate(xx,ll.fit.star)
tau.star <-
sqrt (npr.tau.hat.linear(xx,x,Y.star,h.star))
T.star[i] <- (that.star-that)/tau.star }
return(T.star) }

Note that this function has added the arguments LB and UB, which specify the
range over which the residuals used by the bootstrap calculated. The use of
the locpoly function is usually preferable to writing a new function for the
calculation of the local linear estimator because the locpoly function takes
advantage of the fast computation techniques based on binning. See Appendix
D of Wand and Jones (1995). To compute hybrid and percentile observed

confidence levels, a function that returns b simulated values of [07 . (7) —

015 (x)]/7(x) can be obtained by making small changes to the functions shown
above.

5.8 Exercises

5.8.1 Theoretical Fxercises

1. The symmetric bimodal distribution used in the empirical study of Section
5.2.3 has density

3 3(t+1) 3 3(t—1)
f(t)4¢<2> +4¢<2 .
Suppose A is an arbitrary positive value. Write out and expression for the

excess mass do () in terms of A. Using R, or some other software package,
plot da(A) versus A and approximate the value of ds.

2. Derive Equation (5.10). That is, using standard estimation theory based
on weighted least squares, show that

Bp.n(2) = er[X/ (2)W (2) X (2)] 7' X (2) W ()Y

is the constant term /3’0 where BO, ceey Bp minimizes the weighted sum of

squares
2

n

P 1 T, — X
> [¥i- Sty (20,

=1

3. Using the form of the local polynomial estimator ép’h given in Equation
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(5.10), show that the local constant estimator can be written as

inate) = ZL LS
=1 h

4. Using the form of the local polynomial estimator ép’h given in Equation
(5.10), show that the local linear estimator can be written as

" _ _ine [Bo,n (@) = 81 () (2 — )] K (B2 Y,
Dun(e) = ()™ D 8o (2)d0.n(x) — 57 ), ()

=1

)

where
n

Sunle) = (o) S (o - o i (BT

i=1

5. Consider the local constant estimator 9A07h given by
Oo,n(z) = Lo K (27%) Vi
| i K (55

where Y; = 0(z;) +¢; fori=1,...,n and €,...,¢€, is a set of independent

and identically distributed random variables with mean 0 and variance o2.

(a) Show that

_ Y K (55) il
i K (55)

(b) Use the result in Part (a) to show that

éo,h(x) —éo,h(x) 1 i . T — T
@ I lK< R )

éo’h(x) — é()’h(fl,‘)

and . ) :
where ) »
L(z) = [; K <f”h>] |

See Equations (4.105) and (4.106) of Hall (1992a).

6. Demonstrate that there is a bimodal density F' such that ||® — F|| < € for
every € > 0.

5.8.2 Applied Exercises

1. A educational researcher in mathematics is interested in the effect of op-
tional tutorial sessions offered for students in a first-year calculus course.
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She suspects that there may be two distinct populations of final exam
grades in the class corresponding to those students who attended the ses-
sion and those who did not. Unfortunately, attendance was not taken at
the sessions and therefore there is no data on which students attended
and which did not. She decides that she will look at a kernel density es-
timate for the scores on the final exams. If there is an indication of two
sub-populations, that is two modes, in the density then she will pursue the
matter further with a more formal investigation the next semester. The
scores on the final exam for the fifty students in her class are given in the
table below.

76 76 100 81 88 81 71 93 88 58
74 98 77 91 8 68 83 8 85 87
79 8 27 72 59 60 40 65 46 69
81 58 37 67 67 41 76 37 72 36
67 58 72 41 69 57 80 56 71 59

(a) Compute a kernel density estimate based on the data using the two-
stage plug-in bandwidth described in this chapter. How many modes are
apparent in the density?

(b) Compute observed confidence levels using the three methods described in
Section 5.2.2 for the condition that the density has at least two modes.
What general conclusions would you make about the contention that
there may be two subpopulations in the data?

(c) Compute observed confidence levels for the excess mass ds using regions
of the form ©; = [0,0.10), ©3 = [0.10,0.20), and O3 = [0.20,0.30).
What regions have the greatest observed confidence? Optional: Using a
simulated annealing algorithm, construct density estimates whose excess
mass is constrained to the endpoint values of the region with the highest
observed confidence. What do these plots indicate about the possible
number of modes of the density?

2. An biologist spends a sunny Sunday afternoon collecting sixty pine needles
in a forest near her home. That night she carefully measures each of the
pine needles in millimeters. These observations are given in the table below.
The biologist is interested in whether there is more than one population of
pine needles in the sample.

41 41 35 31 43 36 31 35 27 44
26 34 32 39 34 38 30 36 37 36
39 33 41 43 34 34 29 38 76 71
61 55 62 57 63 49 53 65 56 66
67 54 65 70 75 B9 67 62 47 63
58 74 67 50 58 40 43 49 55 66
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Table 5.12 Electricity bill and average monthly high temperature (°F) for a single
home over 36 months.

Month 1 2 3 4 ) 6
Temperature  30.8 35.7 52.5 67.7 79.8 78.6
Electric Bill ~ 96.71  90.28  74.69 70.13 81.45 101.94

Month 7 8 9 10 11 12
Temperature  86.9 77.8 80.6 68.2  51.0 38.5
Electric Bill  121.45 107.52 99.63 76.85 73.71 91.51

Month 13 14 15 16 17 18
Temperature  34.7 34.9 56.4 60.3 73.8 78.7
Electric Bill  96.73  89.59  77.52 67.61 78.73 97.95

Month 19 20 21 22 23 24
Temperature  92.0 82.4 84.1 65.9  52.9 42.8
Electric Bill  121.97 109.66 101.70 76.52 74.55 88.80

Month 25 26 27 28 29 30
Temperature 41.2 36.3 54.8 64.7 74.1 88.1
Electric Bill  102.70  91.26 73.88 71.40 79.48 101.60

Month 31 32 33 34 35 36
Temperature  88.5 81.1 74.1 67.6  63.3 34.1
Electric Bill  120.77 109.08 102.89 75.20 76.64 89.13

Compute a kernel density estimate based on the data using the two-
stage plug-in bandwidth described in this chapter. How many modes are
apparent in the density?

Compute observed confidence levels using the three methods described in
Section 5.2.2 for the condition that the density has at least two modes.
What general conclusions would you make about the contention that
there may be two subpopulations in the data?

Compute observed confidence levels for the excess mass ds using regions
of the form ©; = [0,0.10), ©3 = [0.10,0.20), and O3 = [0.20,0.30).
What regions have the greatest observed confidence? Optional: Using a
simulated annealing algorithm, construct density estimates whose excess
mass is constrained to the endpoint values of the region with the highest
observed confidence. What do these plots indicate about the possible
number of modes of the density?

3. The data in Table 5.12 gives the results of a study on the mean monthly high
temperature (°F) of a house with electric heating and air conditioning and
the corresponding monthly electric bill. A total of 36 months were observed.
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Table 5.13 Corn yield and rainfall for twenty-five counties.

County 1 2 3 4 5
Rainfall 17.8 16.4 14.3 14.4 12.8
Yield  140.6 144.3 1339 134.2 1174

County 6 7 8 9 10
Rainfall 156 141 174 126 11.2
Yield 145.8 141.4 147.9 117.9 122.0

County 11 12 13 14 15
Rainfall 13.2 215 152 142 16.2
Yield  127.1 145.2 142.7 122.8 136.5

County 16 17 18 19 20
Rainfall 13.6  13.0 8.2 9.9 13.4
Yield 132.8 130.5 102.6 113.1 135.6

County 21 22 23 24 25
Rainfall 13.3  20.3 14.2 124 16.5
Yield 134.6 1489 136.2 114.0 145.7

(a) Fit a local linear regression line to the data and comment on the result.
Use the direct plug-in estimate of Ruppert, Sheather, and Wand (1995)
to estimate the asymptotically optimal bandwidth. Comment on the
trend observed in the local linear fit and use the fitted model to estimate
the mean electric bill when the average high temperature in a month is
80 degrees.

(b) Compute observed confidence levels that the mean electric bill is in the
regions ©; = [70,80), ©2 = [80,90), O3 = [90, 100), ©4 = [100, 110), and
©5 = [110,120), when the average high temperature for the month is
80 degrees. Use the normal approximation and the bootstrap estimates
of the studentized, hybrid and percentile methods. For the bootstrap
methods use b = 1000 resamples. The standard error of §(z) can be
estimated using the method outlined in Section 5.5.3.

4. The amount and timing of rainfall are important variables in predicting
corn yield. An early example of a study of the effect of rainfall on corn yield
is given by Hodges (1931). Suppose that twenty-five counties in the mid-
western United States were randomly selected during the previous growing
season (May through August) and the growing season precipitation and
corn yield, measured in bushels per acre, were reported. The data are given
in Table 5.13.

(a) Fit a local linear regression line to the data and comment on the result.
Use the direct plug-in estimate of Ruppert, Sheather, and Wand (1995)
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to estimate the asymptotically optimal bandwidth. Comment on the
trend observed in the local linear fit and use the fitted model to estimate
the mean yield when the rainfall is 14 inches.

(b) Compute observed confidence levels that the mean corn yield is in the re-
gions ©1 = (129, 131), O, = (128,132), O3 = (127,133), 04 = (126, 134),
and ©5 = (125, 135) when the rainfall is 14 inches. Use the normal ap-
proximation and the bootstrap estimates of the studentized, hybrid, and
percentile methods. For the bootstrap methods use b = 1000 resamples.
The standard error of 6(z) can be estimated using the method outlined
in Section 5.5.3.
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CHAPTER 6

Further Applications

6.1 Classical Nonparametric Methods

Classical nonparametric methods, which are usually based on ranking or
counting, can be used to compute distribution-free confidence regions for many
problems where no specific assumptions about the form of the population of in-
terest can be made. These methods can therefore be used to compute observed
confidence levels for the associated parameters as well. Classical nonparamet-
ric methods usually focus on slightly different parameters than their paramet-
ric counterparts. For example, the median of a distribution is usually the focus
instead of the mean. The problems also usually use simplifying assumptions,
such as symmetry, to translate these problems into more familiar parameters.
For example, in the case of symmetry, the mean and the median will coincide.
This section will briefly discuss the use of these methods for the particular type
of problem where the possible shift in a symmetric distribution is of interest.
Several references provide book length treatments of nonparametric statistics.
For more applied presentations, see Conover (1980), Gibbons and Chakraborti
(2003), Hollander and Wolfe (1999), and Lehmann (2006). For theoretical pre-
sentations, see Hajek (1969), Hajek and Sidak (1967), Hettmansperger (1984),
and Randles and Wolfe (1979).

The two sample location problem is usually studied in nonparametric statistics
with the location-shift model. In this model it is assumed that Xi,..., X,
is a set of independent and identically distributed random variables from a
distribution F' and that Y7,...,Y,, is a set of independent and identically
distributed random variables from a distribution G where G(t) = F(t — ) for
every t € R. The two samples are assumed to be mutually independent. The
parameter 6 is called the shift parameter. The null hypothesis that § = 0 is
usually tested using the Wilcoxon two-sample rank statistic. This statistic is
computed by combining and ranking the two samples. The test statistic then
corresponds to the sum of the ranks associated with Y7, ...,Y,. Under the null
hypothesis the distribution of the test statistic is distribution free over the set
of continuous distributions. This allows one to construct a distribution-free
test of the null hypothesis that § = 0. The test was originally introduced by
Wilcoxon (1945). An equivalent test was also proposed by Mann and Whitney
(1947).

193
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Inversion of the Wilcoxon rank sum test yields a distribution-free confidence
interval for 6. Let we be the £™ percentile of the distribution of the Wilcoxon
rank sum test statistic under the null hypothesis that § = 0. Tables of this
distribution can be found in most applied nonparametric statistics textbooks,
though one should be very careful as there is not a standard definition of
this test statistic. See, for example, Table A.6 in Hollander and Wolfe (1999).
To calculate a distribution-free confidence interval for  compute all mn dif-
ferences of the form Y; — X; for i = 1,...,n and j = 1,...,m. Denote the
ordered version of these differences as U1y, ..., Upny. A 100(1 — wr — wy)%
confidence interval for  is then given by (U(CML), U(mn+1—ch)) where

_n(2m+n+1)
B 2

Let © be the parameter space of 6, which will generally be R, and let ¥ =
(tr,ty) be any interval subset of ©. The observed confidence level of ¥ based
on the Wilcoxon rank sum confidence interval is computed by setting t;, =
U(CWL) and ty = U(mn+1—CwU) and solving for wy and wy, where it can be
noted that

Cg +1 — Wi—¢-

n(n+1)

5
Suppose that t;, = Uc,,) implies that C,, = Cp and ty = U(mn+1_ch)
implies that mn + 1 — C,,,, = Cy. Then w1, =n(2m+n+1)/2+1-C
and wy_y,;, = Cy —n(n+1)/2, from which the values of wy, and wy, and the
corresponding observed confidence levels can be obtained.

mn+1—-C,, =Wwi—w, —

As an example consider the data of Thomas and Simmons (1969) analyzed
by Hollander and Wolfe (1999). The data consist of observations on the level
of histamine (ug) per gram of sputum for nine allergic smokers and thirteen
non-allergic smokers. The data are given in Table 6.1. Suppose it is of interest
to compute observed confidence levels that the histamine levels for allergics is
at least 25, 50, and 100 ug/g more than that of nonallergics. That is, assuming
the two samples fit within the framework described above, compute observed
confidence levels that 6, the shift parameter between the two populations, is
in the regions ©; = (—25,0), ©2 = (—50,0), and ©3 = (—100,0) where the
sample of allergic subjects is assumed to be the values X,...,X,,. There
are mn = 117 pairwise differences between the two groups of observations.
For brevity these differences will not be listed here, however it follows that
Ugry = —100, Ugay ~ —50, Ugey =~ 25, and Uo7y =~ 0. Typically, as in this
problem, one will not be able to find differences that are exactly equal to
the endpoints of the interval regions of interest. In this example the closest
difference was used.

To compute the observed confidence level for ©; it is noted that C; = 86
from which it follows that wi_,, = 123 which implies that w; = 0.9587.
Similarly Cyy = 107 from which it follows that w;_,, = 198 which implies
that wy, = 0.0002. This implies that the observed confidence level for ©; =
1—-0.9587—0.0002 = 0.0411. Similar calculations can be used to show that the
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Table 6.1 Observations on the level of histamine (ug) per gram of sputum for 9
allergic smokers (Group 1) and 13 non-allergic smokers (Group 2). The subject ob-
servations have been sorted within each group. The data originate in Thomas and
Simmons (1969).

Subject Group Histamine Level

1 1 31.0
2 1 39.6
3 1 64.7
4 1 65.9
) 1 67.6
6 1 100.0
7 1 102.4
8 1 1112.0
9 1 1651.0
10 2 4.7
11 2 5.2
12 2 6.6
13 2 18.9
14 2 27.3
15 2 29.1
16 2 32.4
17 2 34.3
18 2 354
19 2 41.7
20 2 45.5
21 2 48.0
22 2 48.1

observed confidence levels for O, and O3 are 0.4478 and 0.9872, respectively.
Therefore, it is clear that there is little confidence that the shift parameter is
within 25 units below the origin, but there is substantial confidence that the
shift parameter is within 100 below the origin.

An approximate approach can be developed by using the normal approxima-
tion given in Equation (4.41) of Hollander and Wolfe (1999). This approxima-
tion states that

Ce =mn/2 — z1_¢[mn(m +n + 1)/12]1/2.

Setting C'f, equal to this approximation yields an approximation for wy, given
by
wp, ~ 1= ®[(Cp, — mn/2)[mn(m +n+1)/12]71/2).

Similarly, setting Cy = mn + 1 — C,,, yields an approximation for wy given
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by

wy ~1—®[(Cy — 1 —mn/2)[mn(m +n+1)/12]"/2].
Applying these approximations to the example data yields approximate ob-
served confidence levels equal to 0.0169, 5916 and 0.9661 for ©1, ©,, and O3,
respectively. The approximation will be more reliable when both sample sizes
are larger.

6.2 Generalized Linear Models

Generalized linear models provide an extension of the linear model framework
to log-linear, probit, and other models. This generalization was first described
by Nelder and Wedderburn (1972). A book-length treatment of this topic is
given by McCullagh and Nelder (1989). This section will briefly discuss the
application of observed confidence levels to these types of models.

In the classical linear model there is an observed random vector Y and a
matrix of known constants X such that F(Y) = X6 where 6 is a vector of
unknown parameters. The random vector Y is called the random component
of the model and X8 is called the systematic component. The function that
relates the random component to the systematic component is called the link
function. In the classical linear model the link function is the identity function.
It is further typical in linear models to assume that Y is a multivariate normal
random vector, though this was not necessarily the case in Chapter 4.

The generalized linear model extends the framework of the classical linear
model in two fundamental ways. First, Y is no longer assumed to follow a
multivariate normal distribution, rather each component of Y is assumed
to follow a distribution that is a member of the exponential family. Such
distributions have the general form

f(y) = exp{[yB — b(B)]/a(¢) + c(y, 9)},

where a, b and ¢ are functions and § and ¢ are parameters. The parameter §
is usually called the canonical parameter and ¢ is usually called the dispersion
parameter.

The second extension of the generalized linear model over the linear model
is in the link function. The link function can be a function other than the
identity, and its specification is an important device in defining the type of
model being studied. The linear model uses the identity link which insures
a linear relationship between E(Y) and the parameters in the systematic
component. There are models where Y consists of non-negative counts where
such a link function may be unrealistic. In this case the log function is often
used as the link function resulting in a log-linear model, usually associated
with the Poisson distribution for the components of Y. Similarly a logit link
and a binomial distribution can be used to model components of Y that
are counts with a maximum value m. A special case, which focuses on binary
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data, can use any number of possible link functions including the logit, inverse
normal, complementary log-log, or the log-log link functions along with the
binary distribution. For other applications and link functions, see McCullagh
and Nelder (1989).

As an example consider the leukemia survival data of Feigl and Zelen (1965).
The data consist of the survival time in weeks of thirty-three subjects who
are from two groups. The log (base 10) of the white blood cell count of each
subject was also observed. The data are given in Table 6.2. Davison and
Hinkley (1997) fit this data using a logarithmic link function with a model of
the form

log(pij) = 0; + O37;

where 8’ = (61, 62,03), p;; is the mean and z;; is the log (base 10) of the
white blood cell count of the j* subject in group i. Hence the specified model
assumes that the effect of the white blood cell count is the same for both
groups, but that each group has its own intercept. Let Y;; be the survival time
of the j** subject in group 4, then under this model Yi;/1i; has an exponential
distribution with mean equal to 1. Davison and Hinkley (1997) conclude that
this model appears to fit the data adequately. The likelihood based parameter
estimates for the fit are 91 = 6.829, 92 = 5.811, and 93 = —0.700 with an
estimated covariance matrix for 6 given by

o 1746  1.716 —0.411
V(O)=| 1716 1819 —0.419
—0.411 —0.419  0.100

See Equation (7.4) of Davison and Hinkley (1997). Given these results, how
much confidence is there that 6 exceeds 657

There are many approaches to computing confidence intervals for the parame-
ters of such a model. For simplicity this section will consider a simple approach
based on the normal approximation. There are certainly methods that are
more more appropriate for this model. See Section 7.2 of Davison and Hinkley
(1997) for several alternative methods. The normal approximation states that
V=1/2(9)(0 — 6) approximately follows a N3(0,I) distribution. Following the
development of Section 3.2, it follows that Cetud (;X,Y) = 0—Vvi/2 (é)Na is
a 100a% confidence region for 6. The corresponding observed confidence level
for an arbitrary region ¥ C ©, where © is the parameter space of 8 is given
by

&stud(\:[/):/ o pr(t)dt
V-1/2(8)(6-w)

For the region ¥ = 0 : ; > 0 this observed confidence level is dgpua (V) =
99.75 in percent, indicating a great deal of confidence that 0; exceeds 65.
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Table 6.2 Leukemia data from Feigl and Zelen (1965). The white blood cell count
is the log (base 10) of the actual white blood cell count and the survival time is in
weeks.

White Blood Survival
Subject Group Cell Count Time

1 1 3.36 65
2 1 2.88 156
3 1 3.63 100
4 1 3.41 134
5 1 3.78 16
6 1 4.02 108
7 1 4.00 121
8 1 4.23 4
9 1 3.73 39
10 1 3.85 143
11 1 3.97 56
12 1 4.51 26
13 1 4.54 22
14 1 5.00 1
15 1 5.00 1
16 1 4.72 5
17 1 5.00 65
18 2 3.64 96
19 2 3.48 65
20 2 3.60 17
21 2 3.18 7
22 2 3.95 16
23 2 3.72 22
24 2 4.00 3
25 2 4.28 4
26 2 4.43 2
27 2 4.45 3
28 2 4.49 8
29 2 4.41 4
30 2 4.32 3
31 2 4.90 30
32 2 5.00 4
33 2 5.00 43
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6.3 Multivariate Analysis

Many problems in mutlivariate analysis can be set within the framework of
the problem of regions, and therefore are open to solution through observed
confidence levels. Several problems have already been addressed. For example
in Chapter 3, order-restricted and other types of inference of mean vectors is
considered in several examples and exercise problems. This section will briefly
focus on the application of observed confidence levels in the classical problem
of principal component analysis.

Let X;,...,X,, be a set of independent and identically distributed d dimen-
sional random vectors from a distribution F' with mean vector p and co-
variance matrix X, where the elements of ¥ are assumed to be finite. Let
X =[Xy,...,X,] be the d x n matrix whose columns correspond to the ran-
dom vectors in the sample and 3 be the usual sample covariance matrix. The
first principal component of X corresponds to the linear function pjX that
maximizes the sample variance p’lﬁlpl subject to the constraint that p] is
normalized so that pjp; = 1. Simple optimization theory can be used to show
that the vector p; is the eigenvector that corresponds to the largest eigenvalue
of 3. See, for example, Section 8.2 of Morrison (1990). The remaining orthog-
onal eigenvectors define the remaining d — 1 principal components based on
the decreasing values of the corresponding eigenvalues. That is, the k' princi-
pal component is computed using the eigenvector py that corresponds to the
k'™ largest eigenvalue under the constraints that p}p, = 1 and p}p; = 0 for
all k # j. The eigenvalues are interpretable as the corresponding sample vari-
ance of the linear function pj, X. Therefore, the first few principal components
are usually of interest as they often show the directions in which most of the
variability of the data is concentrated. Such results are useful in effectively
reducing the dimension of the data, and the corresponding complexity of any
statistical analysis of the data. In the most useful cases, the coefficients of
the eigenvectors are also interpretable in terms of the components of the data
vectors. Note that principal component analysis can also be performed on the
sample correlation matrix if a standardized approach is desired.

As an example consider the data on Swiss banknotes from Flury and Riedwyl
(1988). The data consist of six measurements of 100 genuine Swiss banknotes:
the length of the bill (X7), the width of the bill along the left edge (X3), the
width of the bill along the right edge (X3), the width of the margin (to the
image) at the bottom (X4), the width of the margin (to the image) at the
top (X5), and the length along the diagonal of the image (Xg). The sample
covariance matrix of the data is given in Table 6.3.

The eigenvalues of the sample covariance matrix in Table 6.3 are equal to

0.6890, 0.3593, 0.1856, 0.0872, 0.0802 and 0.0420. These indicate that the
first four principal components account for over 90% of the variability in the
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Table 6.3 Sample covariance matriz of the Swiss banknote data from Flury and
Riedwyl (1988).

X1 X2 X3 X4 X5 XG

X; 0.1502 0.0580 0.0573 0.0571 0.0145 0.0055
X5 0.0580 0.1326  0.0859  0.0567 0.0491 -0.0431
X3 0.0573 0.0859 0.1263 0.0582  0.0306 -0.0238
X4 0.0571  0.0567 0.0582 0.4132 -0.2635 -0.0002
X5 0.0145 0.0491 0.0306 -0.2635 0.4212 -0.0753
X 0.0055 -0.0431 -0.0238 -0.0002 -0.0753  0.1998

data. The eigenvectors corresponding to these eigenvalues are

0.061 ~0.378 —0.472
0.013 ~0.507 ~0.101
0.037 —0.454 ~0.196
Pr=1 0697 | P27 | 0358 |"P>7 | o0.108 |’
—0.706 ~0.365 —0.074
0.106 0.364 —0.844
and
0.786
—0.244
| —o02s1
Pa=1 _p.242
—0.243
~0.354

The first principal component is interpretable as the difference between the top
and bottom margins to the image, an indication of the vertical position of the
banknote image on the bill. The remaining eigenvectors have less convincing
interpretations. This analysis suggests several problems that can be studied
in terms of observed confidence levels. For example, how much confidence is
there that four principal components are required to account for 90% of the
variability in the data? Also, it appears that the top and bottom margins
are important in accounting for this variability. How much confidence is there
that these two measurements have the largest absolute weights in the first
principal component?

Standard methods for computing standard errors based on the multivariate
normal distribution are available for principal components. However, given the
complex nature of the problems suggested above, a simple bootstrap analysis
of the problem based on the percentile method will be presented. Bootstrap
analysis of the principal component problem is not new. See, for example,
Diaconis and Efron (1983), Jackson (1993, 1995), Mehlman, Shepherd, and
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Table 6.4 Observed confidence levels, in percent, that k principal components are
required to account for 90% of the variability in the data. The calculations are based
on 10,000 bootstrap resamples.

k 1 2 3 4 5 6
Gperc(k) 0.00 0.00 091 9747 1.62 0.00

Table 6.5 Observed confidence levels, in percent, for all possible pairs of measure-
ments having the largest two absolute weights in the first principal component. Only
pairs with nonzero observed confidence levels are shown. The calculations are based
on 10,000 bootstrap resamples.

Measurements Observed Confidence Level
length, bottom margin 0.03
left edge width, bottom margin 0.08
right edge width, bottom margin 0.06
right edge width, top margin 0.01
bottom margin, top margin 99.74
top margin, diagonal 0.08

Kelt (1995), Milan and Whittaker (1995), and Stauffer, Garton, and Stein-
horst (1985). For the first problem, 10,000 resamples of size 100 drawn from
the original observations from the banknotes were generated and a principal
component analysis was performed on each. The number of eigenvalues from
the sample covariance of each resample needed to account for 90% of the vari-
ability in the data was computed. The proportion of resamples that required
k principal components, where £k = 1,...,6, was then calculated as the ob-
served confidence level. The results of these calculations are given in Table
6.4. It is clear from this analysis that there is a large degree of confidence
that four principal components will account for at least 90% of the variability
in the banknote data. The same general methodology was used to compute
the amount of confidence that the top and bottom margins have the largest
weights in the first principal component. For a more complete analysis, the ob-
served confidence level was computed for each possible pair of measurements.
The results of these calculations are given in Table 6.5. It is clear that there
is substantial confidence that the bottom and top margin measurements will
generally be the measurements with the largest absolute weights in the first
principal component.
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6.4 Survival Analysis

Problems in survival analysis and reliability are concerned with estimating and
comparing the survival functions of random variables that represent lifetimes
or failure times. These problems often have the added difficulty that some
of the observed data is right censored, so for some observations it is only
known that their failure time exceeds a certain amount, but the actual failure
time is not observed. This section briefly describes the potential application
of observed confidence levels to these problems and suggests areas of further
research.

Let Xi,...,X,, be a set of n independent and identically distributed fail-
ure times from a continuous distribution F'. Let Cq,...,C, be a set of n
independent and identically distributed censoring times from a continuous
distribution G. The censoring time C; is associated with the failure time X;

so that due to the censoring the actual observed observations are Yi,...,Y,
where Y; = min{X;,C;} for i« = 1,...,n. In order to keep track of which
observed values are censored, let o; = 6(Y;; X;) for ¢ = 1,...,n. Of in-

terest in these types of problems is the estimation of the survival function
S(z) =1— F(x) = P(X; > x), which is the probability of survival past time
x. In the nonparametric setting the most common estimate of S(z) that ac-
counts for the censoring is given by the product limit estimator of Kaplan and
Meier (1958). To compute this estimator, let z(1) < x(2) < --- < () be the
ordered distinct uncensored failure times. Define

n

ni =Y 6[Yj; (=00, x(3)));

j=1

and
n

di =Y 5(Yisa)(1 - 05).
j=1
Then the product limit estimator of S(x) is given by

A d;
S(x) = <1 - Z) .
w(lllz i
Note that when there are no censored values in the data the product limit
estimator is equal to one minus the empirical distribution function of the
failure times. In this case the estimator is known as the empirical survival
function.

Observed confidence levels for regions of the survival probability defined at a
specified time z can be computed using any of the numerous pointwise con-
fidence intervals for S(x) based on the product limit estimator. For example,
Hollander and Wolfe (1999) given an asymptotic confidence interval of the
form

Cla,w; X) = [Sn(f) - Zlwa©1/2(x)v Sn(x) — Zlfwuﬁl/z(x)]
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where o = wy — wy, and
A d;
N &2 i
b(z) = S5y (2) Z m
Let U(x) = (tp(z),ty(z)) C [0,1], then setting C(a,w;X) = ®(x) yields an
asymptotic observed confidence level for ¥(zx) as

So(x) —tr(x) S, (x) — ty(z)
al¥(z)] =@ [ Al/Z(zL)/ @1/2(17[)]

(%

~ 3 (6.1)

This type of observed confidence level can be used to assess the level of confi-
dence that the survival probability is within a specified region at time x. Many
other approximate confidence intervals for S(x) have also been proposed. See
Section 11.6 of Hollander and Wolfe (1999) for a summary of some of these
procedures.

More interesting applications come from comparing two survival curves. In
biomedical applications this usually involves comparing survival curves of
a treatment and control groups. See, for example, Heller and Venkatraman
(1996). In such cases it is often on interest to asses whether one curve is
strictly dominated by the other after time 0 (where both curves equal 1) or
whether the curves cross at some point. Crossing survival curves would indi-
cate that one group had better survival probabilities for early time periods,
and worse survival probabilities for later time periods. The time at which
such a crossing occurs is also of interest. For these types of applications the
extension of confidence limits for S(z), or even confidence bands for S(z) over
the entire range of x, is not straightforward to computing observed confidence
levels that two survival curves cross. One can visualize this problem as an
extension of the multiple parameter problem of ordering the components of
two mean vectors, but the associated theory may be more complicated. For
the sake of exposition in this section the bootstrap percentile method ap-
proach will be implemented. Further research may be required to obtain more
satisfactory results.

The bootstrap percentile method approach to determining an observed confi-
dence level for two survival curves crossing is implemented by computing the
proportion of time that one estimated survival curve crosses another given in-
dependent resampling from each set of survival data. The simplest approach
to resampling from the censored survival data is to resample the pairs (Y3, 0;)
from the original data and compute the product limit estimator on the result-
ing resampled data, with the attached censoring information. For further ideas
on implementing the bootstrap with censored data, see Akritas (1986), Barber
and Jennison (1999), Efron (1981b), Efron and Tibshirani (1986), Ernst and
Hutson (2003), Heller and Venkatraman (1996), James (1997), Reid (1981),
and Strawderman and Wells (1997).

As an example consider the research of Muenchow (1986) who describes a
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Figure 6.1 Product limit estimates for the waiting times for flying insects visiting
female (solid line) and male (dotted line) flowers. The crosses on each plot indicate
the location of censored observations.
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study to determine whether male and female flowers are equally attractive
to flying insects. The data consist of waiting times for forty-nine male flower
pairs and forty-seven female flower pairs. Each flower pair was observed until
one of the flowers was visited by a flying insect. Two of the waiting times for
the male flower pairs, and eight of the waiting times for the female flower pairs
are right censored in that no insect was observed during the study time. The
product limit estimates for each type of flower pair are plotted in Figure 6.1.

The first observed confidence levels computed for this problem concerns a
waiting time of 60 minutes. The parameter space of S(z) was divided into
regions of the form ©,; = [0,4/10) for ¢ = 1,...,10. The approximate observed
confidence level was computed that S(x) is in each of these regions for each
gender of flower. The results of these calculations are given in Table 6.6. It
is clear that the most confident interval for the male flower pairs is Oy =
[0.10,0.20) while for the female flowers the most confident interval is O3 =
[0.20,0.30). A more complicated problem concerns whether the two survival
curves cross or not. The percentile method was used to compute observed
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Table 6.6 Observed confidence levels in percent for the survival probability at a wait-
ing time of 60 minutes for each gender of flower.

Gender 0, 0, O3 0y O35 0B 070

Male 1143 64.12 23.87 048 0.00 0.00 0.00
Female 0.34 11.66 52.01 33.06 2.89 0.03 0.00

confidence levels that the two survival curves cross at least one time in the
range of the data and that they cross at least once after 10 minutes. Note
that both curves are equal to 1 for very small time values, so that a crossing
is defined as crossing after initially being equal. The bootstrap percentile
method based on 1000 resamples estimates the observed confidence level of
any crossing of the two survival curves as 52.5%, while the observed confidence
level for at least one crossing after 10 minutes is 21.8%.

6.5 Exercises

1. A test of space visualization was given to two groups of students at a
local university. The first group, which consisted of twelve subjects, all had
majors within the business school. The second group, which consisted of
seventeen subjects, all had majors within the school of engineering. The
test consisted of timing how long it took, in minutes, for the student to
assemble a set of oddly shaped blocks into a cube. The data are given in
the table below. Assume that the shift model described in Section 6.1 is
true for these populations.

Business School Majors

17.66 10.67 4.20 13.04 0.53
7.56 12.65 5.75 31.85 8.18
4.36  9.89

Engineering School Majors

255 455 130 6.70 9.44
1.26 1.54 8.18 1.55 1.59
1.08 1.62  5.09 1.98 2.84
1.21 2.99

(a) Use the Wilcoxon rank sum test to test the null hypothesis that the shift
parameter is zero versus the alternative that the engineering students
take less time. Use a significance level of & = 0.05 to run the test.

(b) Using the method described in Section 6.1, compute a 95% confidence
interval for the shift parameter.
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(¢) Compute observed confidence levels that the shift parameter  is in the
regions ©1 = (—1,1) and © = (—2,2). Use the exact method and then
repeat the analysis using the normal approximation. How do the two
methods compare? How do the observed confidence levels compare to
the conclusions reached using the first two parts of this exercise?

2. Two types of charcoal are compared in terms of the length of time (in
minutes) that the stack temperature in a indirect smoking system stays
within a specified optimal range. The two types of charcoal being compared
are wood chunk charcoal, which is made from whole chunks of wood, and
compressed dust charcoal, which is manufactured from compressed pieces
of sawdust. Ten samples of each type of charcoal are tested. The observed
data are given in the table below. Assume that the shift model described
in Section 6.1 is true for these populations.

Chunk Charcoal
75.6 752 714 714 749 721 644 73.0 786 73.7

Compressed Dust Charcoal
66.4 68.8 672 684 651 726 69.2 721 66.7 74.1

(a) Use the Wilcoxon rank sum test to test the null hypothesis that the
shift parameter is zero versus the alternative that there is a difference
between the two types of charcoal. Use a significance level of a = 0.01
to run the test.

(b) Using the method described in Section 6.1, compute a 99% confidence
interval for the shift parameter.

(¢) Compute observed confidence levels that the shift parameter 6 is in the
regions ©1 = (—1,1) and O3 = (—5,5). Use the exact method and then
repeat the analysis using the normal approximation. How do the two
methods compare? How do the observed confidence levels compare to
the conclusions reached using the first two parts of this exercise?

3. A small grocery store is experimenting with the use of coupons to bring
in new customers. In a study of coupon effectiveness, coupons are put in
three different local newspapers (labeled A, B, and C) on three different
days: Friday (F), Saturday (Sa) and Sunday (Su). The coupons have codes
written on them that will allow the store to distinguish which paper the
coupon appeared in and on what day. The number of coupons redeemed at
the store were counted over the next week. The data are given in the table
below.
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Number
Newspaper Day Redeemed
A F 15
Sa 22
Su 55
B F 44
Sa 67
Su 74
C F 15
Sa 34
Su 64

207

(a) Fit alog-linear model for the data. Fit both factors, including an interac-
tion. Does it appear that both factors and the interaction are significant?

(b) Ignoring the day effect and the interaction, compute observed confidence
levels on the six possible relative rankings of the newspapers by their
effectiveness for bringing in customers based on the estimated factor
effects. Use the normal approximation. If the interaction is significant,

does this affect the interpretation of the outcome of these results?

(¢) Ignoring the paper effect and the interaction, compute observed confi-
dence levels on the six possible relative rankings of the days by their
effectiveness for bringing in customers based on the estimated factor
effects. Use the normal approximation. If the interaction is significant,

does this affect the interpretation of the outcome of these results?

4. A study of allergy medication is designed to compare a placebo versus a
standard treatment and a new treatment. In the study seven subjects where
given the treatments in a random order. It is known that each treatment
no longer has any effect after 24 hours, so that each subject was given the
three treatments over a three-day period. Each subject kept track of the
number of times that they sneezed each day. The data are given in the table

below.

Standard New
Subject Placebo Treatment Treatment
1 12 11 4
2 16 8 2
3 10 13 7
4 23 9 6
5 16 7 2
6 25 19 7
7 10 6 0

© 2008 by Taylor & Francis Group, LLC



208

(a) Fit a log-linear model to this data. Assume that the treatment effects
are the same for each subject, but that each subject has a different
baseline. That is, fit an intercept for each subject. Does the data appear

to support this model?

(b) Estimate the effect of each treatment. Using the normal approxima-
tion, compute observed confidence levels for each possible ordering of
the treatment effects. What orderings have the largest observed confi-

FURTHER APPLICATIONS

dence levels? Interpret these results in terms of the study.

5. A manufacturer is interested in examining the structure of the variability
in aluminum rods that are being produced at her plant. Four critical mea-
surements (in cm) are taken on each rod: top end diameter (X;), bottom
end diameter (X3), length (X3), and middle circumference (X4). In a study
of this variability thirty such rods are sampled and measured. The data are

given in the table below.

X1 Xo X3 Xy X1 Xo X3 Xy
1.014 1.049 49.966 3.079 1.104 1.082 50.118 2.883
1.059 1.075 50.008 3.247 0.966 1.006 49.939 3.109
0.939 0.918 49.872 3.031 0.927 0.960 50.032 2.956
1.065 1.064 50.029 3.089 0.986 1.036 50.087 3.176
0.950 0.985 49.970 3.110 0.989 0.996 50.066 2.965
1.024 1.017 49.991 3.104 1.038 1.038 49.734 3.149
1.001 1.022 49.902 3.194 1.054 1.016 50.176 3.195
0.950 0.979 49.942 3.167 0.903 0.915 50.039 3.111
1.014 0.997 49.965 3.061 0.996 0.979 49.907 3.272
1.012 0979 49.865 3.191 0.960 0.987 49.960 3.163
0.949 0.924 49.945 2.657 1.088 1.104 50.124 2.983
0.957 0.977 50.010 3.023 1.044 1.033 49.855 3.019
1.042 1.017 49.928 2.938 1.026 1.021 50.090 3.275
1.062 1.086 50.074 3.217 1.044 1.060 49.883 3.252
0.991 0.969 50.093 3.011 0.947 0.935 49.973 3.057

(a) Compute the sample covariance matrix and the sample correlation ma-
trix for this data. What measurements appear to be correlated? Does
the strength and direction of the correlations have intuitive appeal in

terms of the measurements?

(b) Compute the eigenvectors and their associated eigenvalues for the sample
covariance matrix of this data. Interpret these calculations in terms of a

principal component analysis.

(¢) Using the bootstrap percentile method and 10,000 resamples, compute
observed confidence levels on the number of principal components re-

quired to account for 90% of the variability in the data.

(d) Using the bootstrap percentile method and 10,000 resamples, compute
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observed confidence levels that each of the four measurements has the
largest absolute weight in the first principal component.

(e) Using the bootstrap percentile method and 10,000 resamples, compute
observed confidence levels that each possible pair of the four measure-
ments have the largest two absolute weights in the first principal com-
ponent.

6. The data given Table 6.7 originate from Jolicoeur and Mosimann (1960)
who studied shape and size variation of painted turtles. The data consist of
three measurements on the carapaces of twenty-four female and twenty-four
male turtles. The measurements are: length (X7), width (X2) and height
(X3). Note that Johnson and Wichern (1998) suggest that a logarithmic
transformation be applied to the measurements.

(a) Compute the sample covariance matrix and the sample correlation ma-
trix for this data, for each gender separately. What measurements appear
to be correlated? Does the strength and direction of the correlations have
intuitive appeal in terms of the measurements? Do the data seem to be
consistent between the genders?

(b) Compute the eigenvectors and their associated eigenvalues for the sample
covariance matrix of this data, for each gender separately. Interpret these
calculations in terms of a principal component analysis. Do the results
appear to be consistent between the genders?

(c) Using the bootstrap percentile method and 10,000 resamples, compute
observed confidence levels on the number of principal components re-
quired to account for 90% of the variability in the data for each gender
separately.

(d) Using the bootstrap percentile method and 10,000 resamples, compute
observed confidence levels that each of the three measurements has the
largest absolute weight in the first principal component for each gender
separately.

(e) Treating the female and male samples as being independent of one an-
other, compute an observed confidence level based on the bootstrap per-
centile method that the two genders have the same measurement with
the largest absolute weight in the first principal component. Use 10,000
resamples.

7. A local church is interested in knowing whether a new member class will
encourage new members to the congregation to stay with the church for a
longer period of time. Over the five-year study period, 100 new members
were tracked. Fifty of these new members were randomly selected to take
part in the new member class. The remaining fifty new members did not
attend the class, but were given a free coffee mug with picture of the church
on it. The number of weeks that each member attended the church until
they stopped attending for each group is given in Table 6.8. Data that are
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Table 6.7 Data on the size and shape of painted turtles from Jolicoeur and Mosimann
(1960).

Female Male
X1 X0 X3 X1 Xo X3

98 81 38 93 74 37
103 84 38 94 78 35
103 86 42 96 80 35
105 86 42 101 84 39
109 88 44 102 8 38
123 92 50 103 81 37
123 95 46 104 83 39
133 99 51 106 83 39
133 102 51 107 82 38
133 102 51 112 89 40
134 100 48 113 88 40
136 102 49 114 86 40
138 98 51 116 90 43
138 99 51 117 90 41
141 105 53 117 91 41
147 108 57 119 93 41
149 107 55 120 89 40
153 107 56 120 93 44
155 115 63 121 95 42
155 117 60 125 93 45
158 115 62 127 96 45
159 118 63 128 95 45
162 124 61 131 95 46
177 132 67 135 106 47

in boldface indicate censored observations. That is, the participants in the
study where still attending church when the study was completed.

(a) Compute product-limit estimates for the survival curve for each of the
groups and plot them on a common set of axes. From these estimates,
does it appear that new members will attend longer if they attend
the new member class? Consider the assumptions associated with the
product-limit estimator. Do these assumptions appear to be true for
this data?

(b) Using the approximate confidence interval for the survival curve, com-
pute observed confidence levels that each of the survival curves are in
the regions ©; = [(i — 1)/10,¢/10) for ¢ = 1,...,10 at one year from
when the person started attending.
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Table 6.8 Church attendance data.
Treatment Group: Attended New Member Class

169 1521 190 74 630 1332 4 532 943 24
943 24 366 638 1016 267 515 63 56 99
331 390 S 247 117 1 988 7T 182 481
713 512 296 78 101 489 804 378 480 28
466 267 25 714 111 376 221 138 625 175

Control Group: No New Member Class

258 192 173 678 537 550 487 199 327 104
925 163 90 138 420 350 699 184 235 166
97 209 188 417 104 645 67 74 286 46
730 376 1664 435 345 43 137 152 485 24
24 51 462 1251 33 170 67 43 27 270

(c) Using the percentile method, compute an observed confidence level that
the two survival curves never cross, though they may be equal to some
points. Compute observed confidence levels that the survival curve for
the treatment group is always greater than or equal to that of the control
group. Compute an additional observed confidence level that the survival
curve of the control group is always greater to or equal than that of the
treatment group.

8. Three types of cooling devices are being considered to cool a new type of
microprocessor on laptop computers. One device is a dedicated fan module,
the second device is circulates a special cooling liquid around the processor
and the third device is based on a new super efficient heat sink material.
The manufacturer of the laptop computers is interested in which cooling
system will allow the microprocessor to function the longest in adverse
conditions. Twenty prototype notebook computers were equipped with each
type of cooling system and where tested in a controlled environment of
50 degrees Celsius. The number of days until each laptop failed due to a
microprocessor problem was then recorded. Any laptop that failed due to
another reason was repaired and put back into service without changing
the microprocessor. The observed results of the experiment are given in
Table 6.9. The study had a set length of 100 days, so that any laptops
still functioning at the end of the study have censored values, indicated by
boldface.

(a) Compute product-limit estimates for the survival curve for each of the
groups and plot them on a common set of axes. Does it appear that
one of the methods is better than the others as far as providing longer
lifetimes for the microprocessors? Consider the assumptions associated
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FURTHER APPLICATIONS

Table 6.9 Microprocessor failure data.

Dedicated Fan Module

99.9 4.1 26.2 15.4 108.6
10.8 42.8 100.0 100.0 446
36.8 59.6 100.0 63.0 12.2
18.9 52.3 35.5 38.2 47.2
Liquid Cooling System
34.0 12.9 100.0 17.7 100.0
54.4 65.2 39.3 100.0 14.5
100.0 975 20.2 100.0 81.6
36.6 100.0 83.9 23.8 100.0
Heat Sink

87.8 18.4 26.2 7.7 13.5
109.5 50.2 47.5 64.0 100.0
100.0 27.3 56.7 96.7 35.2
56.0 73.9 100.0 100.0 76.6

with the product-limit estimator. Do these assumptions appear to be

true for this data?

(b) Using the approximate confidence interval for the survival curve, com-
pute observed confidence levels that each of the survival curves are in
the regions ©; = [(i — 1)/10,4/10) for ¢ = 1,...,10 at 50 days.

(c) Using the bootstrap percentile method, compute observed confidence
levels that each of the survival curves is strictly above the other two for

the range 50 to 100 days.
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CHAPTER 7

Connections and Comparisons

7.1 Introduction

This chapter compares the method of computing observed confidence levels
as a solution to multiple testing problems to standard solutions based on
statistical hypothesis testing, multiple comparison techniques, and Bayesian
posterior probabilities. The frequentists confidence levels proposed by Efron
and Tibshirani (1998), referred to in this chapter as attained confidence lev-
els are also studied. Section 7.2 considers the relationship between observed
confidence levels and a single statistical hypothesis test. In particular this sec-
tion explores the level at which points inside and outside a specified region
would be rejected by a hypothesis test based on the observed confidence level.
Sequences of multiple tests are considered in Section 7.3, where multiple com-
parison techniques are used to make the comparisons and control the overall
error rate. Section 7.4 considers attained confidence levels, and demonstrates
that certain paradoxes observed with these levels do not occur for observed
confidence levels. Section 7.5 briefly considers Bayesian confidence levels which
are based on the posterior probabilities. An example from Section 7.4 is used
to highlight the differences between observed confidence levels and Bayesian
confidence levels.

7.2 Statistical Hypothesis Testing

A more in-depth understanding of the use and interpretation of observed con-
fidence levels can be obtained by exploring the connections the method has
with statistical hypothesis testing. Let X be sample vector from a probability
model with parameter 8 and sample space ©. Let ©¢p C © be an arbitrary
region of the sample space, Then a level £ statistical test of the hypothesis
Hy : 6 € Og consists of a real function U(X,Oy), called a test statistic, and
two regions R(§, 0, U) and A(&,©g, U). The region R(, O, U) is called the
rejection region of the test and is usually selected so that
sup PQ[U(X’ 90) € R(ga Oo, U)} =¢, (71)
0cOy
where € € (0,1) is called the significance level of the test. The region A(E, ©g, U)
is usually constructed as A(£,00,U) = R\ R(£,00,U), and is called the
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acceptance region of the test. In practice, if U(X,0¢) € R(§, B¢, U), then the
conclusion is made that the hypothesis Hy : @ € Oy is false. From Equation
(7.1) it is clear that £ is the maximum probability that such a conclusion
is made in error. Note that it is possible that the acceptance and rejection
regions may also depend on the sample X, though it is not indicated by the
notation.

The connection between statistical tests of hypotheses and observed confidence
levels is obtained by comnsidering the close relationship between confidence
regions of tests of hypotheses. This relationship states that for every confidence
region C(a,w;X) for the @ based on the sample X, there exists a statistical
hypothesis test of Hy : @ = 6y such that U(X,0y) € A(&,00,U) for every
0y € C(o,w; X) where £ = 1—a. Correspondingly, for every 8y ¢ C(a, w;X),
U(X,600) € R(£,00,U). See Theorem 9.22 of Casella and Berger (2002) for
complete details on this result.

Now consider an arbitrary region ¥ C O, and suppose that C(a,w;X) = U,
conditional on the observed sample X, so that the observed confidence level
of ¥ is a. The connection between confidence regions and tests of hypothesis
described above then implies that there exists a statistical hypothesis test of
Hy : 0 = 0y such that U(X,0y) € A(£,00,U) for every 8y € U, where £ =
1—a. That is, if the observed confidence level of W is «, then the hypothesis test
associated with the confidence region used to compute the observed confidence
level would fail to reject the hypothesis Hg : 69 € W for all 68y € U, at the
& = 1 — « significance level. Correspondingly, the same test would reject all
points outside ¥ at the same significance level.

Suppose that the observed confidence level of ¥ is near 1. That implies that
points outside of U are rejected at a very low (near 0) significance level.
Equation (7.1) then implies that the points outside of ¥ would be rejected
for a very low error rate. That is, there is substantial evidence that 6 is not
outside W as these points can be rejected with little chance of error. Therefore,
an observed confidence level near 1 indicates that there is strong evidence that
6 € V. Similarly, if the observed confidence level is near 0, there are points
outside ¥ which would be rejected, but only when the error rate £ is near 1. It
is therefore difficult to conclude that & € ¥, and hence an observed confidence
level near 0 indicates that there is little evidence that @ € ¥. In a comparative
sense, if the observed confidence level of a region ©; C © is larger than the
observed confidence level for another region ©; C ©, where i # j, the one can
conclude that points outside ©; can be rejected at a lower significance level
that points outside ©;. That is, there is less chance of erroneously rejecting
points outside ©; than ©;. This would indicate that 6 € ©; is a preferable
model to 8 € ©;.

Some care must be taken when interpreting observed confidence levels in terms
of statistical tests. In particular, the results of this section do not guarantee
what properties the statistical test associated with a corresponding observed
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Figure 7.1 An ezample of a set of regions of © that may lead to an unreasonable
test. The value of 6 is indicated by the “+” symbol.

confidence level have. For example, most reasonable tests would fail to reject
Hy : 0 € ©g except for very large significance levels when 6 € 9y, particularly
when 6 has reasonable properties, such as being an unbiased estimator of 6.
The test associated with some observed confidence levels may not have this
property. A typical example is constructed as shown in Figure 7.1. Because
©; covers a large portion of the parameter space, it would not be out of the
question for the observed confidence level of ©; to be quite large even though
0 is not an element of ©;. But if the observed confidence level of ©; is near
1, then there exists a statistical test that would reject points outside ©; at a
very small significance level, including the test of Hy : @ = 6y where 6y = 6.
Therefore, the value of 6 would be rejected at a very small significance level.
In general these types of problems are much less likely to occur when 0is a
reasonable estimator of 8, say one that has small bias and is consistent, and
the sample size is moderately large.

When the sample size is small such problems may arise even when the estima-
tor O has reasonable properties. It is important to note, however, that this is
not a deficiency of the method of observed confidence levels, but is a deficiency
of attempting to interpret the observed confidence levels in terms of statistical
hypothesis tests. As an example consider once again the situation represented
in Figure 7.1 and suppose that while 0 is asymptotically unbiased, the bias
may be substantial for smaller sample sizes. In this case it may be reasonable
to conclude that 8 € ©1 even though 0 is observed in ©y. This is because it
is more likely that 8 € ©; and 6 was observed in Oy due to the substantial
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bias rather than the situation where 6 € ¢ and 0 was observed in Oq despite
the bias. A similar situation can occur even when 6 is unbiased, but has a
large standard error. In this case it may be again reasonable to conclude that
6 € ©1 even though 6 is observed in ©. This is because it is more likely that
6 € ©; and 6 was observed in Oy due to the large variability of 6, rather
than the situation where 8 € ©y and 0 was observed in O despite the large
variability in 6.

An extreme example occurs when 0 has a continuous sampling distribution
and ©g is a single point in O, or more generally where O is any region of
© that has probability 0 with respect to the sampling distribution of 6. In
such a case the observed confidence level of ©( will invariably be 0, regardless
of the observed data vector X. This occurs because most confidence regions
have a confidence level of 0 for such regions. An example of this problem is
considered in Section 4.6.1.

7.3 Multiple Comparisons

Multiple comparison techniques have been the standard approach to solving
multiple testing problems within the frequentist framework. In essence, these
methods attempt to solve the problem of regions through the use of repeated
statistical hypothesis tests. The overall error rate, which is the probability of
committing at least one Type I error, of a sequence of hypothesis tests will
generally exceed the error rate specified for each test. Therefore methods for
controlling the error rate are usually used in conjunction with the sequence of
tests. There have been many techniques developed to both make such com-
parisons and control the overall error rate, each with their own particular
assumptions and properties. This section will only look at the types of con-
clusions made for two very general techniques without getting into specific
methods. There are certainly other cromulent techniques which may perform
well for specific models and assumptions. This section is not an exhaustive
comparison, but rather a glimpse of the type of comparisons that can be
made. As the results are rather general in nature, no specific mechanism for
controlling the overall error rate of the multiple comparison methods will be
assumed.

For general accounts of multiple testing procedures see Hochberg and Tamhane
(1987), Miller (1981), and Westfall and Young (1993). Multiple testing proce-
dures have generated significant controversy over which tests should be per-
formed and how the overall error rate should be controlled. See, for example,
Section 1.5 of Westfall and Young (1993) and Saville (1990). This controversy
often extends outside the field of statistics to those fields whose data analysis
rely heavily on multiple comparison procedures. For example Curran-Everett
(2000) states that approximately 40% of articles published by the American
Physiological Society cite a multiple comparison procedure. It is the conclusion
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of Curran-Everett (2000) that many of the common procedures are of limited
practical value. Games (1971) and Hancock and Klockars (1996) consider the
use of multiple comparison techniques in educational research. O’Keefe (2003)
suggests that adjusting errors rates should be abandoned in the context of
human communication research. Miwa (1997) considers controversies in the
application of multiple comparisons in agronomic research.

Consider the usual framework where the regions of interest are given by the
sequence {©;}F_,. To simplify the problem k will be assumed to be finite.
Many multiple comparison techniques require this assumption. The inference
in this section will be assumed to be based on a sample X1, ..., X,, with asso-
ciated point estimate 6. The estimator 6 will be considered to be a reasonable
estimator of @ in that it will be assumed to be consistent, so that if 8 € ©;
for some ¢ € {1,...,k},
lim P(f € ©;) =

n—oo

It will further be assumed that a confidence region for 6, denoted generically
in this section by C(a;X), is asymptotically accurate. That is

lim P[0 € C(o; X)] =

n—0o0
Secondly, it will be assumed that the consistency of 0 insures that the con-
fidence region C(«;X) shrinks to a point mass at € as n — oo when the
nominal level of the confidence region « is held constant.

No specific method of computing observed confidence levels will be consid-
ered in this section, except that the observed confidence levels are based on
confidence regions that have some general properties that follow from the as-
sumptions stated above. Let «(©;) be a generic method for computing an
observed confidence level for the region ©;. It will be assumed that « is an
asymptotically accurate method for computing observed confidence levels in
that
lim a[C(a;X)] =

n—oo
though no specific order of accuracy will be assumed in this section. It will
also be assumed that « is consistent in that if 0 is not on the boundary of ©;,

{1 if 0 € 0,

im a©) =30 e ¢e,

n—oo

(7.2)

The hypothesis test used in the multiple comparison procedure will also be as-
sumed to have reasonable statistical properties. Let T;;(X) be the test statistic
that is used for testing the null hypothesis Hy : 8 € ©; versus the alternative
hypothesis Hy : @ € ©;. Assume that this test has rejection region R;;(c)
where « is the significance level for the test. The test will be considered to be
asymptotically accurate in that

lim P[ ( )ERZ'J‘(O(HGE@i]SOé

n— o0
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with asymptotic power function
lim P[TZJ(X) € Rz](()&)|0 € @j] =1,

for each fixed value of a.. A second approach uses a test of the null hypothesis
Hy : 6 € ©; versus the alternative Hy : 0 ¢ ©;. Let T;(X) be the test statistic
that is used for testing these hypotheses with rejection region R;(a) where «
is again the significance level for the test. As with the previous test is will be
assumed that

lim P[T;(X) € Ri(a)|0 € ©,] < «,

and
lim P[T;(X) € R;i(«)|€ ¢ ©;] = 1.

Both tests are assumed to be unbiased , that is
P[T;;(X) € Rij(a)|0 € ©;] < P[T;;(X) € Rij(a)|6 € O],

and
P[T;(X) € Ri(a)|0 € ©;] < P[T;(X) € R;()|0 ¢ ©;].

Finally, it will be assumed that the condition 6 € O, never constitutes substan-
tial evidence against the null hypothesis. That is, the probability of rejecting
the null hypothesis is 0 when 8 € ©; for both of the tests discussed above.

The first approach to multiple testing considered in this section chooses a
single region ©; as a global null hypothesis and considers all pairwise tests
of the null hypothesis Hy : 8 € ©; versus the alternative hypothesis H; :
0 € O; using the test statistic T;;(X) with rejection region R;;[{(a)], where
¢ :[0,1] — [0,1] is an unspecified adjustment function that is designed to
control the overall Type I error rate. These hypotheses are tested for each
je€{l,...,k} such that j # i, where i is fixed before the data is observed.

There are a few key situations to consider when comparing the possible out-
comes of this multiple comparison procedure with the computation of ob-
served confidence levels. For the first case consider the global null hypothesis
Hy : 8 € O; to be true, and consider the situation where the observed point
estimate of @ is also in the null hypothesis region. That is 8 € ©; and 6co,.
In this situation the stated assumptions imply that the test of Hy : 8 € ©;
versus H; : 8 € ©; will fail to reject the null hypothesis for all £ — 1 tests.
The result from the multiple comparison technique would then be the weak
conclusion that there is not substantial evidence that 0 is within any other
region. In the same case it is very likely that a(©;) would have the largest
observed confidence level of all the regions, though this would not necessarily
be the case. For example, Polansky (2003b) presents an example based on the
observed confidence levels for the mean presented in Section 2.2.1 where the
largest observed confidence level is not always in the same region as 6. The
assumption of Equation (7.2), however, indicates that this is likely to only
happen for small sample sizes.
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Consider again the case where 8 € ©; but 8 € ©; for some [ € {1,..., k}
such that [ # 4. The consistency of the estimator of 6 implies that 6 will
typically be in a region close to ©; except for small samples. In this situation
the results of the multiple comparison technique may vary greatly depending
on the structure of the regions, the location of 6 within ©; and relative to the
boundary of ©;, and other factors. In the best case it is possible that none of
the hypotheses Hy : 8 € ©; would be rejected in favor of H; : @ € ©; even
when j = [. This would most likely occur when ©; is adjacent to ©; and 0
is near the boundary separating the two regions. In this situation the weak
conclusion that there is not substantial evidence that 0 is within any other
region than ©; would be the result. For the same situation the observed confi-
dence levels would likely indicate that there is the most confidence in ©;, but
that there is also substantial confidence in ©; as well. Another likely outcome
is that only the alternative hypothesis H; : @ € ©; would be accepted, which
would present a clear, but erroneous indication that 8 € ©;. The observed
confidence levels would likely follow this lead by indicating a large amount of
confidence that 6 € ©;.

In the worst case several alternative hypotheses of the form H; : 8 € 0y,
including H; : 8 € O; are accepted. In this case there is no simple conclusion
that can be made from the multiple comparison techniques about the location
of 6. For example, consider two alternative hypotheses H; : 8 € ©; and
H, : 0 € ©, that have been accepted. This indicates that there is substantial
evidence in the data that 8 is within ©; or ©4, when compared to ©;. The
p-values from these tests may provide an indication as to how strong the
evidence is in each case, and may indicate which region is preferred over
the other, relative to the region ©;. An additional hypothesis test may be
constructed to compare these two regions. But in this case one must choose
which region would be in the null hypothesis. The result of this additional test
may or may not indicate a preference for either region. In the case where there
are several regions to contend with, the calculations and conclusions become
more difficult.

When observed confidence levels are applied to this same situation it is likely
that the region ©; would be assigned the largest observed confidence level, in
which the user would again draw the erroneous conclusion that ©; is a viable
region to contain 8. Both the multiple comparison technique and the observed
confidence levels would draw this conclusion because 8 € ©; is perhaps the
best indication based on the observed data as to the location of 8. The key
idea for the observed confidence levels in this case is that one can easily assess
how strong the indication is and what other regions may have substantial
observed confidence levels, without additional calculations.

The possible outcomes in this case can vary from the situation that the ob-
served confidence level for ©; is substantially larger than the observed confi-
dence levels for any other region, to the case where several regions, including
O;, have large levels of confidence. In the best case the observed confidence
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level for the region ©; would be comparable to these observed confidence lev-
els so that the region ©; would still be considered a viable candidate for the
region that contains 8. However, this is not a likely outcome for regions that
have been accepted over the null region 6;. The advantage of using observed
confidence levels in this case is that is easy to compare the relative observed
confidence levels of two regions without any further calculation. Further, these
comparisons do not require the assignment of the null hypothesis to one of
the regions.

Now consider the case where the null hypothesis is false, in that 8 € ©; for
some [ # 1. The conclusions elicited from the multiple comparison techniques
as well as the observed confidence levels would essentially be the same as those
described above based on the location of  relative to the null hypothesis,
only the relative truth of the conclusions will be different. For example, if
H, : 6 € O, is the only accepted alternative hypothesis then the conclusion
from the multiple comparison techniques will be the strong conclusion that
60 € O;. This is the most favorable conclusion for the multiple comparison
technique in that a strong conclusion is made by rejecting a null hypothesis,
and the conclusion is correct. As described above, the observed confidence
level for ©; in this case would likely be the largest due to the acceptance of
the corresponding alternative hypothesis.

The problem is now considered from the asymptotic viewpoint. If 8 € ©;,
the global null hypothesis region, then the consistency of 0 guarantees that in
large samples that it is very likely that 6 € ©,. Therefore, for large samples
it is very likely that the global null hypothesis will not be rejected for any of
the tests. Hence, from an asymptotic viewpoint the method will provide the
correct conclusion, although it again is a weak conclusion obtained by failing
to reject null hypotheses. If 8 € ©; where [ # i, then it is very likely that
0 e O; and that the alternative hypothesis H; : 8 € O is accepted. This
would result in the strong conclusion that @ € ©;, though it should be noted
that even in the asymptotic framework it is possible that other alternative
hypotheses will be accepted as well. In either case the observed confidence
level for the region that contains @ will be near 1 for large samples.

Note that the region ©; is afforded a special status in this type of multiple
comparison analysis, as it is the global null hypothesis. Therefore, ©; can
be thought of as the default region in the tests. A test will only reject the
null hypothesis Hy : 8 € O, if there is significant evidence that the null the
hypothesis is not true. It is this structure that results in the rejection of all
of the null hypotheses to be a weak conclusion that 8 € ©,;. When observed
confidence levels are applied to the same problem no region is given special
status over any of the other regions, because no null hypothesis needs to be
defined.

One way to avoid setting a single region to be the global null hypothesis is
to consider a set of tests that consider each region, in turn, to be the null
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hypothesis. In this approach one would test the null hypothesis Hy : 8 € ©;
versus the alternative hypothesis H; : 0 ¢ O; for i = 1,...,k. There are
essentially two basic situations to consider for this approach. First consider
the case where 6 € ©; and 0c ;. Given the assumptions of this section the
null hypothesis Hy : 8 € ©; would not be rejected in favor of the alternative
hypothesis Hy : @ ¢ ©;. In the best case the remaining k£ — 1 null hypotheses
of the form Hy : 8 € ©; where j # i would all be rejected. It is also very likely
in this case that the observed confidence level for ©; would be large compared
to the observed confidence levels for the remaining regions. Therefore, both
methods would provide a strong indication that 8 € ©;, which is the correct
conclusion.

Another likely outcome is that Hy : 8 € ©; would not be rejected along with
several other regions. The additional regions that are not rejected would most
likely be near, or perhaps border, the region ©;. The result is much weaker in
this case, essentially providing several possibilities for the region that contains
0, including the correct one. Observed confidence levels would likely provide a
similar conclusion in this case, by assigning relatively large levels of confidence
to the regions that are not rejected. It is likely that ©; would have the largest
observed confidence level, though as stated earlier, this need not always be the
case. As in the previous discussion, it is clear that while observed confidence
levels would provide similar results to the multiple comparison method, the
observed confidence levels would allow one to easily compare the regions of
interest without additional calculations.

The second case to consider has 6 € ©; but 6 € ©; for some j # i. The worst
possible outcome in this case occurs when Hy : @ € O, is not rejected, as
would be indicated by the assumptions of this section, while the remaining
k — 1 null hypotheses would be rejected. As indicated above, this result would
provide a clear, but erroneous indication that 6 € ©,. As with the previous
testing method, the observed confidence levels would most likely indicate this
solution as well by assigning ©; to have the largest observed confidence level,
relative to the remaining regions. It is also possible that several regions would
avoid rejection, including perhaps ©;. In this case these regions would likely
have comparatively large observed confidence levels compared to the remain-
ing regions. The possibility that the correct conclusion that 8 € ©; is virtually
not possible in this case with either method. However, if the region ©; avoids
rejection, in which case it would likely have a relatively large observed confi-
dence level, then the region ©; could not be ruled out as a possibility to be
the region that contains ©;.

From an asymptotic viewpoint both methods would provide strong evidence
of the correct conclusion. For large samples the null hypothesis Hy : 8 € ©;
would not be rejected, and all of the remaining k — 1 hypotheses of the form
Hy : 6 € ©; for j # i would be rejected under the assumption that 6 is in
the interior of ©;. The corresponding observed confidence levels would also
proved the correct conclusion as a(©;) — 1 as n — oo.
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Figure 7.2 Observed confidence levels for the the regions Oq (solid), ©1 (dashed) and
O4 (dotted) from the example.
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As an example consider the simple problem where a single value X is observed
from a normal distribution with mean 6 and unit variance. Suppose the regions
of interest are of the form ©¢ = [—1,1], ©; = (—o0,—1) and O3 = (1,00).
Simple normal theory yields a 100(wy — wr,)% confidence interval for 6 to be

C(a7 W, X) = [é - 21,WL70A - Zlfwy];
where § = X. Therefore, the observed confidence levels for ©g, ©1 and ©5 are
given by . .
a(@g) =20 +1)—d(0—1),
a(O1) = 1— (0 +1),

and

01(62) = <I>(9 — 1),
respectively. A plot of these observed confidence levels is given in Figure 7.2.

From Figure 7.2 it is clear that ©( will have the dominant observed confidence
level when @ is in the interval [—1,1], and as § moves away from 0 in either
direction the observed confidence level of either ©; or ©5 becomes dominant.
Note that due to the small sample size there will never be an overwhelming
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Table 7.1 Observed confidence levels in percent and the result of the two tests from
the multiple comparison technique using the global null hypothesis Hy : 6 € Oy.

Observed Confidence Levels Reject Hy : 0 € O
0 () a(O) a(03) versus Hy : 0 € ©; versus Hy : 6 € O9
0 6827 15.87 15.87 No No
16247  6.68 30.85 No No
1 4773 2.28 49.99 No No
2 15.73 0.13 84.14 No No
3 2.28 0.00 97.72 No Yes

amount of conﬁdepce for O, with the observed confidence level for ©¢ being
maximized when 6 = 0 for which «(©¢) = 0.6827.

To consider multiple comparison techniques for this example consider first
testing the global null hypothesis Hy : 6 € Oy versus the two possible alter-
native hypotheses Hy : 0 € ©1 and Hy : 0 € O5. A level « test of Hy : 6 € O
versus Hy, : 8 € ©; consists of rejecting Hy : # € Oy when 6 < -1+ Zas
and a level « test of Hy : 8 € ©qg versus Hy : 8 € Oy consists of rejecting
Hy:0€©pwhen 0 >1+21_,. A simple Bonferroni type technique will be
used to control the Type I error rate. Therefore, using a 5% significance level
for the overall error rate of the procedure implies that Hy : 0 € O will be
rejected in favor of Hy : # € ©1 when 6 < —2.96 and Hy : 0 € © will be
rejected in favor of Hy : § € ©5 when 6 > 2.96. Hence at this significance level
the null hypothesis Hy : 8 € ©y would not be rejected for much of the range
of 6 shown in Figure 7.2. In this same range the observed confidence levels
would move from favoring ©g, to showing virtually the same preference for
©p and ©; or Oy and O, and finally showing a preference for ©; or ©Os.

Some example calculations are given in Table 7.1. As the problem is symmetric
about the origin, Table 7.1 only considers non-negative values of 6. Note that
for virtually all of the table entries the multiple comparison technique only
provides the weak conclusion that # € ©¢. In this same range of values the
observed confidence levels show a preference for the region ©¢ when 0 is near
0, and equal preference for ©y and ©2 when 6 is near 1, and a strong preference
for ©, as 6 becomes larger. The multiple comparison technique does not give
a conclusion other than 6 € Oy until § moves past 2.96.

The second multiple comparison technique allows each of the regions to be
considered in the null hypothesis. Hence, this technique considers three tests:
Hy : 0 € ©g versus Hy : 6 ¢ ©g, Hy : 6 € Oy versus Hy : 6 ¢ Oy, and
Hy : 0 € ©y versus Hy : 6 ¢ ©Oy. The first test rejects Hy : § € O when
< —1+ Za/2 OT 6>1+ Z1—a/2- The second test rejects Hy : 0 € ©1 when
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Table 7.2 Observed confidence levels in percent and the result of the three tests from
the multiple comparison technique using the each region for the null hypotheses.

Observed Confidence Levels Reject
0 a(®) a®) aO) Hy:0€©, Hy:0c©, Hy:0e0,
0 68.27 1587 15.87 No No No
16247  6.68 30.85 No No No
1 4773 2.28 49.99 No No No
2 1573 0.13 84.14 No Yes No
3 228 0.00 97.72 No Yes No
4 013 0.00 99.87 Yes Yes No

0> —1+ Z1—q and the third test rejects Hy : 8 € ©5 when 0>1— Z1—a- As
before, the simple Bonferroni method will be used to control the Type I error
rate so that Hy : 6 € Oy will be rejected if § < —3.39 or 6 > 3.39, H, : 0 € ©,
will be rejected if 6 >1.12 and Hy : 0 € O, will be rejected if6 < —1.12.

Some example calculations are given in Table 7.2. Note that when 0 is near 0,
none of the null hypotheses are rejected which essentially provides no credible
information about . In this same range the observed confidence levels go from
having a preference for ©g, in which case g has a little more than four times
the observed confidence of ©; or B4, to approximately equal preference for
Op and O,, but little confidence in ©;. Clearly the observed confidence levels
are more informative when 6 is in this range. As 6 moves above this range,
the multiple comparison technique first rejects ©; as a viable possibility, and
finally when 6 nears 3.4, both ©g and ©; are rejected as possible regions that
contain 6.

7.4 Attained Confidence Levels

The method for solving the problem of regions used by Efron and Tibshirani
(1998) is based on one-sided p-values, or attained confidence levels. This sec-
tion will compare observed confidence levels to this method through examples
similar to those exhibited in Efron and Tibshirani (1998).

The first example described here is based on Example 1 of Efron and Tibshi-
rani (1998). To make the problem easier to visualize the two-dimensional case
will be considered here. The four-dimensional example in Efron and Tibshirani
(1998) proceeds in a similar manner. Suppose Y ~ Ny(6,1), a bivariate nor-
mal distribution with mean vector @ and identity covariance matrix. The pa-
rameter of interest is @ with © = R? and Y’ = (1/49/2, /49/2) ~ (4.95,4.95)
is observed. Suppose there are two regions defined as ©¢ = {6 : ||8|| > 5}
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Figure 7.3 The cylindrical shell example with two regions. The observed value of Y
is indicated by the “+” symbol.

-2
l

-6

and ©; = {0 : ||8|| < 5}. Figure 7.3 presents a plot of this situation. The
attained confidence level of Efron and Tibshirani (1998) is computed using a
one-sided p-value where O, is the preselected null hypothesis region. That is,
the attained confidence level of O is given by

Qa1 (©9) = P(Qy > 7%) = 0.9723,

where Q1 ~ x3(25), a noncentral x? distribution with 2 degrees of freedom
and non-centrality parameter equal to 25. Efron and Tibshirani (1998) also
compute a first-order approximation to «y that is a parametric bootstrap
version of the bootstrap percentile method observed confidence level defined
in Equation 3.11. This attained confidence level is computed as

acl(Qp) = P(Q2 > 57) = 0.9814,
where Qo ~ x2(49).

The observed confidence level for ©y can be computed using the ordinary
observed confidence level given in Equation (3.6) where n = 1, 3 =T and
gn(t) = ¢2(t). Therefore

fora(©0) = /19 ol = 09515, (7.3)
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Figure 7.4 Region of integration for computing the observed confidence level in Equa-
tion (7.8). For comparison, the dotted region contains a standard bivariate normal
random variable with a probability of 0.99.
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The region of integration in Equation (7.3) is plotted in Figure 7.4. The ob-
served confidence level is close to the first-order approximation of the attained
confidence level in this example.

A second example considered in Efron and Tibshirani (1998) again considers
observing Y ~ N3(0,I) with ©g = {6 : 5 < ||0] < 9.5}, ©, = {0 :||0] <5}
and ©; = {6 : ||0|| > 9.5}. As with the previous example, the two-dimensional
case is considered here to allow for for easier visualization. Suppose once again
that Y’ = (1/49/2,+/49/2) ~ (4.95,4.95) is observed. Figure 7.5 presents a
plot of this situation. Note that the distance between the observed value of Y
and the nearest point not in Qg is 2. Therefore, the attained confidence level
of B¢ is computed by minimizing the probability that the distance between Y
and the nearest vector € not in ©¢ exceeds 2, over all 8 € ©q. This probability
is equivalent to

@acl(©g) =1 — P(7? < Q1 < (7.5)%) = 0.9800.

This results in a paradoxical situation in that the region ©g is smaller than it
was in the previous example, but the attained confidence level has increased.
The observed confidence level of O is computed in an identical fashion as in
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Figure 7.5 The cylindrical shell example with three regions. The observed value of
Y is indicated by the “+” symbol.
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the previous example. That is

ord (©9) = / do(t)dt = 0.9741, (7.4)

6-0y
where the region of integration is plotted in Figure 7.6. Note the the observed

confidence levels do not suffer from this paradox as the confidence level for
O decreases as the size of O is decreased.

The third example is considered in Remark F of Efron and Tibshirani (1998)
and again considers a spherical shell example with Y ~ N2(0,I) and two
regions Qg = {0 : ||0|| < 1.5} and ©; = {6 : ||| > 1.5}. The observed value
of Y is (v/2/4,+/2/4)". See Figure 7.7 for a plot of this situation. The attained
confidence level computed by Efron and Tibshirani (1998) is ca1(©9) = 0.959
with @,c1(09) = 0.631. The observed confidence level of O is computed as

Qord(O0) = /,;_9 ¢2(t)dt = 0.630. (7.5)

See Figure 7.8 for a plot of the region of integration. Efron and Tibshirani
(1998) argue that @, (Og) is too large and é,1(Og) provides a more reason-
able measure of confidence for this situation. The observed confidence level of
O closely matches this more reasonable measure.
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Figure 7.6 Region of integration for computing the observed confidence level in Equa-
tion (7.4). For comparison, the dotted region contains a standard bivariate normal
random variable with a probability of 0.99.
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7.5 Bayesian Confidence Levels

The Bayesian solution to the problem of regions has, in principle, a relatively
straightforward solution. Let 7(6) be the prior distribution of 8 on ©. This
distribution describes the random behavior of the parameter vector 8, and
usually reflects the knowledge of 8 known by the experimenter, or an expert on
the subject matter of the experiment. Let X' = (X71,..., X4) be an observed
random vector from a d-dimensional parent distribution f(x|@). Note that
this distribution is taken to be conditional on 8. The posterior distribution of
the parameter vector 8, given the observed sample x, is

f(x|0)x ( )
m(0x) = Jo f(x0)m(6)d6"

Suppose that W is a specific region of interest of ©. Then the posterior prob-
ability that @ € ¥, which will be called the Bayesian confidence level, is then
given by the posterior probability that 8 € ¥. That is

f, F(x10)7(0)d0
C. \I}; = 9 d .
vam) = [ w(6 = I, Fx0)x(6)d0

© 2008 by Taylor & Francis Group, LLC



BAYESIAN CONFIDENCE LEVELS 229

Figure 7.7 The second cylindrical shell example with two regions. The observed value
of Y is indicated by the “+” symbol.

m_

where the notation emphasizes the dependence of the measure on the prior
distribution 7. Methods based on observed confidence levels or attained confi-
dence levels do not depend on a prior distribution for the unknown parameter
6. This is an advantage if no prior information is available, but may be per-
ceived as a disadvantage if such information is available. In the case where no
such information is available one can use a flat, or noninformative, prior to
create an objective Bayes procedure. The simplest noninformative framework
is based on the uniform, or flat, prior 7;(@) = ¢ for some constant ¢ € R for
all @ € ©. In the strictest since this prior may not be a true density func-
tion when © is not bounded. As is demonstrated below, this does not affect
the computation of the posterior probability. The Bayesian confidence level
corresponding to the flat prior for a region ¥ € © is given by

Ju F(x16)d0

C_Vbcl(\:[l) == abd(\Ij?Tr) f X|0 d0
S)

Efron and Tibshirani (1998) conclude that a flat prior may not provide confi-
dence values that are consistent with p-values and attained confidence levels.
As an alternative they suggest using the prior developed by Welch and Peers
(1963) that is specifically designed to provide a closer match to attained con-
fidence levels. This form of this prior varies depending on the structure of the
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Figure 7.8 Region of integration for computing the observed confidence level in Equa-
tion (7.5). For comparison, the dotted region contains a standard bivariate normal
random variable with a probability of 0.99.

< -

problem, but will be generally denoted by 7, with the corresponding Bayesian
confidence level for a region ¥ € © denoted as e (V) = Tpl (¥, Ty )-

A modest comparison of the Bayesian confidence levels discussed here may
be accomplished by revisiting one of the examples considered in Section 7.4.
In the first example Y ~ Ny(0,I) is observed and the regions of interest
are Og = {0 : ||0]] > 5} and ©; = {0 : ||0]] < 5}. The value Y' =
(v/49/2,1/49/2) ~ (4.95,4.95) is observed. See Figure 7.3 for a visual rep-
resentation of this problem. The first Bayesian confidence level considered
here is based on the conjugate family for the multivariate normal model. The
conjugate family for the multivariate normal model with known covariance
matrix is again normal. For this problem suppose the prior distribution on
0 is a No(A, A) distribution where the parameters A and A are known. The
posterior distribution of 0 is also normal with mean vector

A=A+ THATIAHY)

and covariance matrix A, = (A7! +I)7!. See Section 3.6 of Gelman et. al.
(1995). Therefore, for the region Og, the Bayesian confidence level is given by

avatl@0. 7 = No(A A) = | 6(8: A, A,)d6 = / 6(0)d6
©o AP (©0-2y)
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where ¢2(0; A,, A,,) represents a multivariate normal density with mean vector
Ap and covariance matrix A,. Obviously, this measure will depend on the
choices of the prior distribution parameters A and A. For example, if we take
A =0and A = Iit follows that A, = 3Y = (2.475,2.475) and A, = 3L
Therefore

B, 7 = Na(0,1)] = / 5(0)d0 ~0.0034,  (7.6)
V2(00—1Y)

which is well below the level of confidence indicated by the observed confidence

level and the attained confidence level. The region of integration is shown in

Figure 7.9. However, if we take a somewhat empirical Bayesian approach and

use A =Y = (4.95,4.95)" and A = I it follows that A, =Y = (4.95,4.95)’

and A, = %I. Therefore

b1 [0, ™ = Na(Y,I)] = / #»(0)d0 ~ 0.5016. (7.7)
V2(00-Y)

The region of integration is shown in Figure 7.10. These two calculations

demonstrate the strong dependence of the Bayesian confidence level on the
prior distribution.

An objective Bayesian procedure uses one of the non-informative prior distri-
butions studied earlier. In the case of the flat prior the measure is

o, 62(Y:0.1)d6
T 6a(Y;0,1)d0
Note that, taken as a function of 8, ¢(x; 0,I) = #(0;x,I). In this case © = R?

and therefore the denominator is 1. Therefore

abel(Oo) = ; ¢(Y;0,I)d0:/@ qu(e)do.

abel(Oo)

As Efron and Tibshirani (1998) point out, this measure is then equal to the
first-order bootstrap confidence value &,q(©¢) = 0.9814. Tibshirani (1989)
argues that the prior distribution developed by Welch and Peers (1963) for
this example is a uniform distribution in polar coordinates in R?, that is
7w (@) = ||0]| 7" so that the corresponding Bayesian confidence level is

 Jo, S0 D)) 716 [, 62(6:x.T)[J6]| " do

- - ~ 0.9027.
Jo d2(x;0,1)[|6]]71d6 [ 62(6;x, T)[|6]|~"d6

aihel(©9)

7.6 Exercises

1. Suppose a region ¥ has an observed confidence level equal 0.97. What can
be concluded about the results of a hypothesis test of Hy : 8 = 0 versus
Hy: 60 +# 0 for 8y € ¥ and 0y ¢ U? Assume that the hypothesis test was
created by inverting the same confidence region that was used to derive the
observed confidence level.

© 2008 by Taylor & Francis Group, LLC



232 CONNECTIONS AND COMPARISONS

Figure 7.9 Region of integration for computing the Bayesian confidence level in
Equation (7.6). For comparison, the dotted region contains a standard bivariate nor-
mal random variable with a probability of 0.99.
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2. Suppose X1, ..., X, is a set of independent and identically distributed ran-
dom variables from a normal distribution with mean # and unit variance.
Using the usual normal confidence interval for # demonstrate the follow-
ing properties using specific interval regions of the form ©g = [Lg, Up] and
©1 = [L1, U] that are subsets of the parameter space © = R.

(a) A smaller region, that is one that has a shorter length, can have a larger
observed confidence level than a larger region.

(b) A region that contains 0 need not always have the largest observed con-
fidence level.

(¢) There exist two regions such that «(©g) + a(©1) =1 but Oy U ©; # R.

3. Consider Applied Exercise 2 from Chapter 4 where three automobile engine
software control systems are compared using a one-way analysis of variance.

(a) Estimate the factor effects for the three software systems. What order-
ing, with respect to the estimated mean gasoline mileage, is observed?
Can this simple analysis suggest any additional possible orderings of the
means?
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Figure 7.10 Region of integration for computing the Bayesian confidence level in
Equation (7.7). For comparison, the dotted region contains a standard bivariate nor-
mal random variable with a probability of 0.99.
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(b) Using the Bonferroni method for controlling the overall error rate of the
tests, perform all possible pairwise tests of the equality of the means.
What information about the mean gasoline mileage for each software sys-
tem is obtained? How does these results compare to the results obtained
using observed confidence levels?

(c) Repeat the analysis using Tukey’s Honest Significant Difference (HSD)
method instead of the Bonferroni method. What information about the
mean gasoline mileage for each software system is obtained? How does
these results compare to the results obtained using observed confidence
levels and the Bonferroni method?

4. Let Xq,...,X, be a set of independent and identically distributed random
variables from a normal distribution with mean 6 and unit variance. Con-
sider two regions defined as O = [—1, 1] and ©1 = (—o0, —1) U (1, 00). For
a given value of =X , compute the attained confidence level for ©y when
0 € Oy and 0 € ©,. Compare the attained confidence levels to the ordinary
observed confidence level for ©g under the same circumstances. Comment
on any differences that are observed between the two methods.
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5. Let X1,...,X, be a set of independent and identically distributed ran-
dom variables from a normal distribution with mean 6 and unit variance.
Consider three regions defined as ©¢ = [-1,1], ©; = (—2,—-1) U (1,2) and
O, = (—00, —2) U (2,00). Suppose that § € ©1. Describe how the attained
confidence level and the ordinary observed confidence level are computed
for this situation.

6. Let X1,...,X, be a set of independent and identically distributed random
variables from a Bernoulli distribution with success probability 6. Suppose
the prior distribution on € is a beta distribution with parameters o and S3.

(a) Show that the posterior distribution of 4 is also a beta distribution. That
is, show that the beta distribution is the conjugate prior for 6.

(b) Let ¥ = (t,ty) be an arbitrary interval region of the parameter space
for 0 given by © = (0, 1). Write an expression for the Bayesian confidence
level for ¥ using the conjugate prior.

(c) Using the normal approximation to the binomial distribution, write out
an approximate observed confidence level for ¥ based on the sample
Xy, X5,

(d) Suppose the sample sum is 27 and n = 50. Compute and compare the
Bayesian confidence level and the observed confidence level for the region
U = [0.45,0.55]. Use @ = 1 and 8 = 1 for the prior distribution. Compute
again using o = 2 and 3 = 2 for the prior distribution.

7. Let Xq,..., X, be aset of independent and identically distributed random
variables from a normal distribution with mean 6 and unit variance. Sup-
pose the prior distribution on 6 is a normal distribution with mean n and
unit variance.

(a) Show that the posterior distribution of 6 is also a normal distribution.
That is, show that the normal distribution is the conjugate prior for 6.

(b) Let ¥ = (t1,ty) be an arbitrary interval region of the parameter space
for 6 given by © = R. Write an expression for the Bayesian confidence
level for ¥ using the conjugate prior.

(¢) Find a confidence interval for 6, and use the interval to derive an observed
confidence level for ¥ based on the sample X1,...,X,.

(d) The twenty-five observations given in the table below are taken from
a normal distribution with unit variance. Compute and compare the
Bayesian confidence level and the observed confidence level for the re-
gion ¥ = [—0.10,0.10]. Use a standard normal distribution as the prior
distribution for 6.

092 -0.57 1.54 0.06 0.28
034 215 132 013 1.05
0.69 122 035 031 0.12
1.23 -0.84 -0.25 -0.48 1.66
-0.57 -1.56 -2.51 -1.30 -0.41
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APPENDIX A

Review of Asymptotic Statistics

This appendix reviews some basic results, definitions, and techniques used
in asymptotic statistics. Many of the results presented here are used exten-
sively throughout the book. For more detailed treatments of asymptotic statis-
tics and large-sample theory see Barndorff-Nielsen and Cox (1989), Ferguson
(1996), Lehmann (1999), Sen and Singer (1993), and Serfling (1980).

A.1 Taylor’s Theorem

One of the most basic tools used in asymptotic statistics is Taylor’s Theo-
rem. This theorem, which often allows one to approximate a smooth function
with a much simpler function, is the basic tool used in the development of the
Central Limit Theorem, Edgeworth and Cornish-Fisher expansions, and many
other asymptotic results in statistics. The theorem is also useful in computa-
tional statistics. For example, as is demonstrated later in this section, one can
approximate the standard normal distribution function with a considerable
degree of accuracy without the use of numerical integration techniques. This
section will provide an overview of this theorem. A more in-depth develop-
ment can be found in Chapter 7 of Apostol (1967). A basic statement of the
theorem is given below.

TAYLOR’S THEOREM. Assume that f is a real function with p+1 continuous
derivatives on a neighborhood of a. Then, for every z in this neighborhood

P k) (g (r+1)
=Y et DB mart
k=0

for some ¢ € [a, x].
The final term in Equation (A.1) is usually called the error term. The elimina-

tion of this term results in what is often called a p-termTaylor approximation,
given by

P k) (g
o =3 S -,

235

© 2008 by Taylor & Francis Group, LLC
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where a is generally chosen to be close to = so that the error term is not too
large. In the case of asymptotic approximations it is often more convenient to
use a slightly different form of Taylor’s Theorem that approximates f(x + h)
with derivatives of f(x) for h near x. Applying Taylor’s Theorem to f(z + h)
with @ = x yields

(p+1)! ’

for some ¢ € [z — h, x+ h]. In this case the function f is required to have p+ 1
derivatives in a neighborhood of x that contains the interval [x — h,z + h].
The corresponding p-term Taylor approximation has the form

P (k)
k=0 ’

flw+h) =) f(k;'(x) h* 4 ARG hP 1 (A.2)
k=0 ’

An analysis of the error term in Equation (A.2) reveals that as long as f®+1
is bounded on [z — h,z + h] then

(p+1) c
tim L per g
so that the approximation is more accurate for small values of h. It will be
shown in Section A.4 that the approximation is also generally more accurate
for larger values of p.

As an example consider approximating the exponential function near 0. A
two-term Taylor approximation of e**" is given by e”™" ~ e”(1+ h + $h?) so
that )

eh:1+h+§h2. (A.3)

Therefore, the two-term Taylor approximation in Equation (A.3) provides a
simple polynomial approximation for e for values of h near 0. Figure A.1
presents a plot of e and the two-term Taylor approximation. From this plot
one can clearly observe that the approximation given in Equation (A.3) is
very accurate for values of h near 0. As a second example consider approxi-
mating the standard normal distribution function ® near 0. A two-term Taylor
approximation of ®(z + h) is given by ®(z + h) ~ ®(z) + hé(z)(1 — Lhz).
Setting = 0 yields a linear two-term Taylor approximation for ®(h) given
by ®(h) =~ L + h(2) /2, which will be accurate for small values of h. A plot
of ®(h) and the two-term Taylor approximation is given in Figure A.2; which
again indicates that the approximation is accurate for small values of h.

A.2 Modes of Convergence

The concepts of limit and convergence, which are easily defined for a sequence
of constants, are not be uniquely defined for sequences of random variables.
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Figure A.1 The exponential function (solid line) and the two-term Taylor approxi-
mation (dashed line) of the exponential function
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This is due to the fact that a sequence of random variables actually represents
a sequence of functions mapping a sample space to the real line. Hence, the
concepts of limit and convergence for random variables is essentially the same
as the corresponding concepts for sequences of functions. This section will
consider three basic definitions of limit and convergence for a sequence of
random variables.

Let {X,,}32,, be a sequence of random variables and let X be another random
variable. Then X,, converges in probability to X as n — oo if for every € > 0,

lim P(|X, — X| > ¢) = 0. (A4)

The notation X,, & X will be used to indicate this type of convergence. From
a functional viewpoint, the requirement of Equation (A.4) is that the function
X, be within an e-band of X over all points except those in a set that has
probability 0, as n — oo for every € > 0.

In terms of estimation theory, an estimator 0,, of 6 is said to be a consistent
estimator of 0 if 6,, % 6 as n — co. Chebychev’s Theorem is often a useful
tool in establishing the consistency of an estimator. For example, suppose that
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Figure A.2 The standard normal distribution function ® (solid line) and the two-
term Taylor approzimation (dashed line) of ®.
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0, is unbiased and has a standard error that converges to 0 as n — co. Then,
Chebychev’s Theorem implies that for every € > 0,

0< P(|0p, — 0] >€) < e 2V(0,).

Because .
lim e 2V (0,) =0,

n—oo
it follows that
lim P(|f, — 6] >¢) =0,
n—oo
and therefore 6,, 2 0 as n — co. Another common consistency result is given
by the Weak Law of Large Numbers, which in its simplest form, states that

if {X,,}22, is a sequence of independent and identically distributed random
variables such that F(X,) =6 < oo, then

Tty X 50, (A.5)
=1

asn — 00. The Weak Law of Large Numbers establishes the consistency of the
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sample mean under very weak conditions. This result can be used to establish
a much broader result for sample moments as shown below.

Consider a sequence of random vectors {X,,}22; where X, = (Xp1,..., Xpnp)
P

where X,,; are random variables for j = 1,...,p. It can be shown that X,, —
X as n — oo, where X' = (X1,..., X,,), if X, 2, X; asn — oo for every j =
1,...,p. That is, convergence in probability of the components of a random
vector implies convergence in probability of the corresponding sequence of
random vectors. Smooth transformations of random vectors also converge in
probability. That is, if g : RP — RY is a function that is continuous except
perhaps on a set D where P(X € D) = 0, then X,, 2 X as n — oo implies
that

9(X,) 2 g(X), (A.6)
as n — o0o. The continuity condition is a crucial assumption of this result.
See Section 1.7 of Serfling (1980). These result are useful in establishing the
consistency of the sample moments.

As an example consider a sequence X7, ..., X, of independent and identically
distributed random variables where F(X;) = p and V(X;) = 6 < oo. The

Weak Law of Large Numbers as stated in Equation (A.5) implies that [, LN W

as n — oo where
n
N | X,
fin =N -
i=1

Similarly, the Weak Law of Large Numbers, along with the smooth transfor-
mation result given in Equation (A.6) can be used to show that if 7 = F(X?),

then implies that 7, 2 7 as n — oo where

n
Fo=nty X7
=1

Note that it follows then that
fin pPoH
Tn T’

and an additional application of the smooth transformation result of Equation
(A.6) implies that

0=, -2 Lr—p2=9
as n — oo. Therefore, the sample variance is a consistent estimator of the
population variance. This result can be extended to all sample moments under
sufficient conditions. See Theorems 2.2.1A and 2.2.3A of Serfling (1980) and
Exercises 4 and 5 of Section A.5.

A stronger mode of convergence is provided by almost sure convergence. Let
{X,,}22; be a sequence of random variables and let X be another random
variable. The sequence {X,,}5°; converges almost surely to X as n — oo if

P(lim X, =X)=1. (A7)

n—00
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The notation X,, =% X will be used to indicate this type of convergence.
From a functional viewpoint, Equation (A.7) requires that the function X,
converge at all points in the sample space except perhaps on a set with proba-
bility 0. This type of convergence is also called convergence almost everywhere
or convergence with probability 1. This mode of convergence is stronger than
convergence in probability in the sense that X,, =25 X implies X,, & X as
n — 00, but that there are sequences that converge in probability that do not
converge almost surely. See Theorem 1.3.1 and Example A in Section 1.3.8
of Serfling (1980). Many of the commonly used properties of convergence in
probability are also true for almost sure convergence. In particular, random
vectors converge almost surely when each of their components converge al-
most surely, and smooth functions of vectors that converge almost surely also
converge almost surely. The Strong Law of Large Numbers, which states that
if {X,,}52, is a sequence of independent and identically distributed random
variables with finite mean #, then

n

— a.s.

n ! E X1—>9,
i=1

is the almost sure analog of the Weak Law of Large Numbers.

Weak convergence, or convergence in distribution or law, is another very com-
mon mode of convergence used in statistical theory as it is the mode of con-
vergence used in the Central Limit Theorem, summarized in Section A.3. This
type of convergence does not require the actual functions represented by the
random variables to converge at all. Rather, weak convergence refers to the
convergence of the distributions of the random variables. Formally, a sequence
of random variables {X,,}52 ; converges weakly to X if

lim F,(t) = F(t),

for each continuity point of F' where F,,(t) = P(X,, <t) forn=1,...,00 and
F(t) = P(X < t). The notation X,, = X will be used to denote this mode
of convergence. Weak convergence is important to statistical theory and can
be defined in very general settings. See Billingsley (1999) and Chapter 7 of
Pollard (2002) for further details.

Weak convergence is the weakest mode of convergence considered in this book
in the sense that both convergence in probability and almost sure convergence
imply weak convergence. It is a simple matter to construct an example to
demonstrate that the converse is not always true. Suppose X ~ N(0,1) and
X, = (—1)"X forn = 1,...,00. It is clear that X,, = X as n — oo but
that X,, does not converge in probability to X. Indeed, from a functional
viewpoint, the function X,, does not converge at all.

The properties of weak convergence can differ significantly from convergence in
probability and almost sure convergence. In particular, componentwise weak
convergence of the elements of a random vector does not insure that the corre-
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sponding random vectors converge weakly. This is due to the fact that a set of
marginal distributions does not uniquely determine a joint distribution. The
Cramér-Wold Theorem is required to show the weak convergence of random
vectors. See Theorem 1.5.2 of Serfling (1980) for further details. Note that the
weak convergence of random vectors can always be established by showing
that the corresponding joint distribution functions converge, but it is usually
easier to work with the marginal distributions. Smooth functions of random
vectors that converge weakly also converge weakly as with convergence in
probability and almost sure convergence.

As an example, suppose X ~ N(0,1) and Y ~ N(0,1) are independent
random variables and define sequences of random variables {X,}5°; and
{¥,}22 ;. such that X, L Xand Y, 5 Y as n — oo. Does it necessar-
ily follow that X, +Y;, = X +Y ~ N(0,2)? The truth of this result depends
on the relationship between X, and Y,,. Suppose that X,, = X and Y,, =Y
for n =1,...,00. Then the result is trivially true. If, however, X,, = X and
Y, = —X then X, +Y,, converges weakly to a degenerate distribution at 0,
and the result is not true.

The final property of weak convergence used periodically in this book is the
fact that if X,, — ¢, where ¢ is a real constant, then X, L, casn — oo.
Therefore, in the second construction of the example given above, it follows
that X,, + Y, L, 0as n — .

A.3 Central Limit Theorem

In its most basic formulation, the Central Limit Theorem refers to the result
that under a wide variety of conditions, a standardized sample mean weakly
converges to a normal distribution. The classic result in this context is the
Lindeberg-Lévy Theorem, given below.

LINDEBERG-LEVY THEOREM. Suppose Xq,...,X, is a set of indepen-
dent and identically distributed random variables with 4 = E(X;) and % =
V(X;) < oo. Then n'/?(X — pu)/o < N(0,1) as n — oo.

For a proof of this Theorem see Section A.5 of Lehmann (1999). The result
can be easily extended to the multivariate case given below.

MULTIVARIATE CENTRAL LIMIT THEOREM. Suppose Xy,...,X, is a
set of independent and identically distributed d-dimensional random vectors
with p = E(X;) and covariance matrix V(X;) = X. If 3 has finite elements
and is positive definite then 3=/2(X — ) = Ny(0,1) as n — oo.
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These theorems are special cases of several results with slightly weaker as-
sumptions. See Section 1.9 of Serfling (1980) for an exposition of several of
these results.

The Central Limit Theorems form the basis for large sample approximate in-
ference for means when the population is unknown, but it is reasonable to
assume that the variances are finite. In this book these results are extended
beyond the mean parameter by means of the smooth function model, which
extends certain asymptotic results to smooth functions of vector means. The
motivating result behind this model is given in the Theorem below.

SMOOTH TRANSFORMATION THEOREM. Suppose X,,...,X,, is a set
of independent and identically distributed d-dimensional random vectors with
p = E(X;) and covariance matrix X that is positive definite with finite
elements. Let g : R? — R? be a function of x’ = (x1,...,24) such that
9(x) = (g1(x),...,94(x))" and dg;(x)/dx is non-zero at x = p. Let D be a
q x d matrix with (7, )" element

D, - 99i(%)
s a(,Uj x=p

Then n'/2(DEZD’)~1/2[g(X) — g(p)] = N,(0,1) as n — oo.

For a proof and a more general version of this theorem see Section 3.3 of
Serfling (1980). To see the usefulness of this result, let X,..., X, be a set of
independent and identically distributed random variables from a distribution
F with mean 7 and variance 6. Define a new two-dimensional random vector
Y; = (X;,X?) for i = 1,...,n. In this case, the Multivariate Central Limit
Theorem implies that n'/2X~1/2(Y — u) %% Ny(0,I) where ' = (1,60 + n?)
and

_ 0 v=n0+n?)

S Lyen@+n?) = (0+0%)? |7
where v = E(X?) and k = E(X}). Define a function g(x1,z2) = x5 — 27 so
that g(p) = 6 and D = [—2n, 1]. Tt follows from the Smooth Transformation
Theorem that n'/2(DED’)~1/2[¢g(X) — 6] % N(0,1) as n — oo, where

(DID')~ Y2 = (3n* — 4y + 6020 + Kk — 62) /2,
Note that )
N I
X)==> X2 =) Xy,
which is the sample variance. Therefore the Smooth Transformation Theorem
has been used to establish an asymptotic normality result for the sample
variance. This type of argument is used extensively in this book to establish

asymptotic results for smooth functions of means such as correlations, ratios
of means and ratios of variances.
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A.4 Convergence Rates

The error terms from asymptotic expansions are often complicated functions
which may depend on properties of the function being approximated as well as
other variables. When using the Taylor expansion the error term depends on
the next derivative that was not used in the approximation and how far away
from the expansion point the function is being approximated. In asymptotic
expansions used primarily in statistics, the key component of the error term
is usually the sample size. The usefulness of approximations lies in the fact
that they are simpler than the original function and are easier to work with.
The gains in simplicity are erased is the error term itself must be accounted
for explicitly in each calculation. Typically this is not the case, but some
properties of the error term are usually required for the approximation to be
useful.

The error terms in question usually have some limiting properties that are of
interest. For example, the error term in the Taylor expansion converges to 0 as
the point where the function is being approximated approaches the point the
expansion is centered around. Similarly, in statistical applications the error
terms often converge to 0 either as a deterministic or stochastic sequence as
the sample size becomes very large. It is not only important to account for
the fact that these error terms converge to 0, but it is also important to keep
track of how fast they converge to zero.

As an example, consider two Taylor series approximations of the normal distri-
bution function ®(h), expanded around the point ¢ = 0. As shown in Section
A.1, a two-term Taylor expansion for ®(h) is given by ®(h) ~ 1 4 h(2m)~1/2
and a four term Taylor expansion is given by ®(h) ~ 1 + h(2m)~1/2 —
h3(27)~1/2 /6. Both of these approximations are plotted in Figure A.3. The
error of these approximations is plotted in Figure A.4. It is clear from these
plots that both errors converge to 0 as h — 0. It appears that the four term-
approximation is superior to the two term approximation. Does this behavior
hold as h — 07 To investigate this question the ratio of the absolute errors
of the four term approximation to the two-term approximation is plotted in
Figure A.5. Two conclusions can be made on the basis of this plot. First, the
error from the four-term expansion is uniformly smaller than that of the two-
term expansion for the range h € (0,2). The second conclusion is a limiting
property. Note that even though both errors converge to 0 as h — 0, it is
apparent that the error from the four-term approximation converges to 0 at a
faster rate than the error for the two-term approximation, because the ratio
of the absolute errors converges to 0. This type of argument provides the basis
for concluding that one sequence converges at a faster rate to 0 than another.

To formalize this procedure, let a(t) and b(¢) be real functions. Then a(t) is
of smaller order than b(t) as t — L, denoted as a(t) = o(b(t)) if

. a(t)
i v =0
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Figure A.3 The normal distribution function (solid line) along with a two-term Tay-
lor expansion (dashed line) and a four-term Taylor expansion (dotted line).
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While this notion is defined in terms of continuous functions, the definition
will also be applied to sequences of constants where the limit of the index is
usually taken to be co. In the statistical applications in this book, the function
b will often be taken to be of the form n~*/2, where k is a specified positive
integer. For error terms converging to 0, a sequence {ay, }5 ; with the property
an = o(n*/?) will be said to have faster than k*"-order convergence to 0.

Errors that are of asymptotically similar sizes are also compared though their
ratio, which in this case is assumed to stay bounded in the limit. That is a(t)
is of the same order as b(t) as t — L, denoted as a(t) = O(b(t)) if |a(t)/b(t)]
remains bounded as ¢ — L. As with the definition given above, the function
b will often be taken to be of the form n~*/2, where k, and for error terms
converging to 0, a sequence {a,, }°° ; with the property a,, = O(n~*/2) will be
said to have k*M-order convergence to 0.

The error terms from Taylor approximations can be written in terms of this
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Figure A.4 Errors in approximating the normal distribution function with a two-
term Taylor expansion (dashed line) and a four-term Taylor expansion (dotted line).
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order notation. In particular it can be shown that
p k)
f® ()
fla+h)=>" Thk + o(h®),
k=0

and
p

flx+h)= Z

k=0
as h — 0. This implies that the Taylor expansions for the normal distribution
function can be written as ®(h) = £ + h(27)~Y/2 + o(h?) and ®(h) = 5 +
h(2m)=1/2 — h3(27)71/2/6 + o(h*), where it is noted that the even terms in
this expansion are 0.

hk + O(thrl)

The errors associated with stochastic approximations can be compared in a
similar manner to their deterministic counterparts, though additional techni-
calities arise due to the random behavior of the sequences. To define these
concepts let {X,,}52; be a sequence of random variables and {a,}52; be a
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Figure A.5 Ratio of the absolute errors in approximating the normal distribution
function with a four-term Taylor expansion to a two-term Taylor expansion.
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sequence of constants. Then X,, = o,(a,) asn — oo if X, /a, 2 0asn — .
To define sequences that are of the same order, first define X,, = O,(1) if the
sequence {X,,}22, is bounded in probability. That is, for every e > 0 there
exist B. and n, such that P(|X,| < B.) > 1 — € for every n > n.. In most
applications the fact that X,, — X as n — oo implies that X,, = O,(1) can
be used. A sequence of random variables {X,,}>2 ; is then defined to have the
property X,, = Op(ay) if X,,/a, = Op(1) as n — oc.

The most common application of the results in this book is with respect to
the sample moments. In Section A.2 it is established through the Weak Law of
Large Numbers that if {X,}52, is a sequence of independent and identically
distributed random variables with finite mean 6, then

Xn = ’I”Li1 iXZ & 0
=1

as n — oo. It follows from this result that X, — 6 = o,(1), or that X, =
6+0,(1) as n — oo. Similarly, the Central Limit Theorem of Section A.3 shows
that if X,, has finite variance o2 < oo then it follows that n'/2(X,, — ) = Z,

© 2008 by Taylor & Francis Group, LLC



EXERCISES 247

where Z ~ N(0,1), as n — oo. This indicates that n'/2(X,, — 0) = O,(1)
as n — oo. Therefore, it follows that X,, — 0 = O,(n~'/2), or that X,, =
0+ Op(nfl/Q). These results can be extended to all of the sample moments
under certain conditions. See Exercises 4 and 5 in Section A.5 for further
details.

A.5 Exercises

1. Compute one-, two-, and three-term Taylor approximations for the function
sin(h) for values of h near 0. Express the error of these approximations in
term of the o and O order operators. Plot the function and the approxima-
tions on a single set of axes for values of h between 0 and 7. Comment on
the role that both h and p play in the accuracy of the approximations.

2. This exercise will explore two possible methods that can be used to approx-
imate the function sin?(h) for values of h near 0. As a first approximation,
directly compute a two-term Taylor approximation of sin2(h). Express the
error of this approximation in terms of the o order operator. A second ap-
proximation can be derived by squaring a two-term Taylor approximation
for sin(h). Express the error of this approximation, as accurately as possi-
ble, in terms of the o order operator. Comment on the difference between
the two approximations. The results from Exercise 7 may be required to
establish these results.

3. Let {X,,}52, be a sequence of random variables such that X, - X as
n — oo where the distribution function of X is degenerate at a real constant
c. That is, the distribution function of X is F(t) = P(X <t) = §(¢t; [¢c, 00)).
Prove that X, L, casn — oo.

4. This exercise will establish the consistency of the sample moments as de-
scribed in Section A.2. Let Xi,..., X, be a sequence of independent and

identically distributed random variables with ™" moment defined as pj, =

(a) Use the Weak Law of Large Numbers as stated in Equation (A.5) and the
smooth transformation result for convergence in probability to establish
the consistency of the sample moment

n
~ —1 k
iy =n E X/,
=1

as an estimator of py. State the conditions on X; that are required for
the result to be justified.

(b) Use the Multivariate Central Limit Theorem and the Smooth Transfor-
mation Theorem to prove that fi; is asymptotically normal, for some
matrix D that need not be explicitly identified. Use this result to con-
clude that fip = pg + Op(n~*/2) as n — .
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5. This exercise will establish the consistency of the sample central moments as
described in Section A.2. Let Xy, ..., X, be a sequence of independent and
identically distributed random variables with k' central moment defined
as v = E[(X; — p1)¥], where yu; = E(X;). The k™ sample central moment

is given by
n

o =n"" Z(sz — ).

i=1

(a) Show that 7, is a consistent estimator of v using the binomial expansion

n

n .

v = Z (l.)uﬁ,uk_i.
=0

Use the consistency of the sample moments established in Exercise 4 as

a starting point along with the results from Exercises 7-9.

(b) Use the Multivariate Central Limit Theorem and the Smooth Transfor-
mation Theorem to prove that 7 is asymptotically normal, for some
matrix D that need not be explicitly identified. Use this result to con-
clude that 7 = vg + Op(n™*/2) as n — oo.

6. Using the univariate version of the Weak Law of Large Numbers as stated in
Equation (A.5), establish the multivariate form of the Weak Law of Large
Numbers. That is, suppose that Xi,...,X,, is a sequence of independent
and identically distributed random vectors with 8 = E(X;). Show that

n
- P
n 15 X;, =0,
i=1
as n — 00.

7. Let {an}o2q, {bn}22y, {en o2, and {d,}32, be sequences of constants.

(a) Suppose that a,, = o(c,) and b, = o(d,,). Prove that a,b, = o(cnd,).
(b) Suppose that a, = O(e,) and b, = O(d,,). Prove that a,b, = O(c,d,).
(¢) Suppose that a, = o(c,,) and b, = O(d,,). Prove that anb, = o(cndy).

8. Let {X,,}22; and {Y;,}22; be a sequences of random variables and {a, }22 ;

and {b,}°2; be sequences of constants.

(a) Suppose that X,, = o,(a,) and Y,, = o,(b,). Prove that X, Y, =
op(anby).

(b) Suppose that X,, = Op(an) and Y,, = O,(b,). Prove that X,Y, =
Op(anby).

(c) Suppose that X,, = op(a,) and Y, = O,(b,). Prove that X,Y, =
op(anby).

9. Let {X,,}52, be a sequence of random variables and {a, }5 1, {b,}52; and
{en 152, be sequences of constants.
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(a) Suppose that X,, = o,(ay) and b, = o(c,,). Prove that X,,b,, = op(ancy).
(b) Suppose that X,, = O,(a,,) and b,, = O(c,,). Prove that X,,b,, = Op(ancy).
(c) Suppose that X,, = o,(ay,) and b, = O(c,,). Prove that X,,b,, = op(ancy).
10. This exercise will prove the collection of results commonly known as Slut-
sky’s Theorem. Let { X, }°° ; and {Y,,}52; be sequences of random variables
such that X,, - X and Y,, & ¢ as n — oo where ¢ is a real constant.

(a) Prove that X, +Y,, = X +c as n — oo.
(b) Prove that X,,Y,, — cX as n — oo.
(c) Prove that if ¢ # 0 then X,,Y;, = X/c as n — oo.

11. Suppose it is known that n'/2(6 — ) /o 2 N(0,1) as n — oo and that &
is a consistent estimator of the true standard error of 6 with the property
that & 2 o as n — oo. Prove that n'/2(6 — 0)/6 - N(0,1).

12. Suppose it is known that n'/2(6 — 6)/6 < N(0,1) as n — oo and that &
is a biased estimator of the true standard error of , where E(6) = by, for
a sequence of constants {b,}52; with the property that b, — 1 as n — oo.
Prove that n'/2(§—6) /6 < N(0,1) where & = b; ' where & is a consistent
estimator of o.
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